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@ Holley & Liggett, 1975
Opinion exchange among social agents
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Voter model

@ (&t)r>0 Markov process on {0, 1 )2¢
@ x € 79 voter, 0,1: opinions
@ Dynamics: each x € Z9, with rate 1 chooses a vertex

y € B )\ X} ={yez?: |x—yllh <1}\{x}

and copies the opinion of y.

@ Spread-out model:
y € B(x, R)\ {x}
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e 2 Jim - process started from [IBer(e)
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Backward in time in time: coalescing random walks
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Construction of p,

@ run X7, x € 29 coalescing random walks
@ partition Z9: x and y in same block if XX and X? coalesce

@ given this partition: color blocks with i.i.d. Ber(«) (0 or 1)
(Note: each block size is infinite!)
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Properties of j,

@ indeed d = 1, 2 trivial: they all coalesce
e if d > 3 then
Cov,, (€(x),€(1)) = Ix = yIIP~°
(decays like SRW Green function)
@ strong correlations, clustering
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@ £ €{0,1}%°, 0=vacant, 1= occupied
{0,112 > A= {¢ : 3 infinite cluster of 1’sin £}
@ ergodicity + monotonicity — 3 o € [0,1] :

a < ag :pe(A)=0,
a>ae :pe(A)=1.

Conjecture (Bricmont, Lebowitz, Maes, 1987)
Ifd=3, R=1then0 < a; < 1.

@ Non-triviality of percolation phase transition

@ Physics prediction [Halperin, Weinrib, 1983]:
Different critical exponents than Bernoulli percolation
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Context

Percolation models with "Green” decay of correlations on 79, d > 3:

@ Vacant set of random interlacements V¥ = z9 \ 7V
Non-triv phase transition:
[Sznitman, 2010], [Sidoravicius, Sznitman, 2009]
@ Level set of Gaussian free field
Non-triv phase transition:
[Rodriguez, Sznitman, 2013]
@ Random interlacements 7!
No phase transition: Z" is connected for any u > 0
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Our result on voter model percolation

Theorem (Rath, Valesin, 2015)

O<ac<1
@ fd>5 R>1
@ ifd>3, R>1

Low dimensions, R = 1?

@ d = 4 is the "critical dimension” for our method

@ d = 3 ??? Simulations [Marinov, Lebowitz, 2006]:
Non-triv phase transition

@ Our proof:

Multi-scale renormalization =
bottom level estimates + decorrelation inequalities
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@ XX, x € 79 coalescing random walks on Z¢
@ Annulus: A(L) = B(0,2L) \ B(0, L)
@ Block of x € Z9 at time T:
Y={yez%: X}=X}}

We only have a chance to show a. > 0 if

lim P (Bgo crosses A(L)) =0

L—oc0

@ d=3777
@ d > 50K !l Why?
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Why d > 57
@ Want: lim;_,, P (B% crosses A(L)) =0
@ Let T = [?¢ then

im P(E)=1, E ={VxeA(L): diam(B%) < L}

L—oo

@ If BY crosses A(L) and E; occurs, then

Ix~ycAlL): XF£XS, but XL =XL=X2
o (XX =XL|Xx£X )= VT ¢
@ number of choices of x ~ y € A(L) is roughly L9
o P(XX =X%) <

P (Bgo crosses A(L) | EL) < LY. ﬁzfd — |4-d . (d/2=1)e
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Decorrelation

then

where

N;

Question:

Kccze, O<a<i

o (€l =1) =

=#{X : xe K},

E (a’\’oo) <777

(")
Nt i Noo

Noo > 777
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Trick: Let Y/, x € K be annihilating random walks. Coupling:

{Y  :xeK}C{X{: xeK}

A, = total number of annihilations
Ny > |K| — 2A%

1\
E (() > <7 A <7
a2 = oo =

E(ﬁAfw) <777 B>1
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Decorrelation (d > 3, R > 1)

x,yeK, {x,y}=-e, ne=1[YX annihilates Y”]

Aoo: Zﬂe

o<(2)
K .
Ne, € € <2> are negatively correlated:
E(p"~) <E(8"),
where 73, e € (§) independent with E(n%) = E(e) and
A = Z Ne
e<(3)

This trick only helpful in spread-out case



Thank you for your attention!



