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Szeg6 Limit Theorems

BY RUSSELL LYONS

Abstract. The first Szegd limit theorem has been extended by Bump-Diaconis
and Tracy-Widom to limits of other minors of Toeplitz matrices. We use a
more geometric method to extend their results still further. Namely, we al-
low more general measures and more general determinants. We also give a
new extension to higher dimensions, which extends a theorem of Helson and
Lowdenslager.

§1. Introduction.

Let A\ denote Lebesgue measure on the unit-length circle T := R/Z. For a finite
positive measure p on T, its Fourier coefficients are fi(n) := [, e”*™"™" dpu(t). For n > 0,
define

Dy () := det[ii(k — j)lo<jk<n -

The Szeg6 limit theorems determine the asymptotics of D, (u). The first Szegd limit
theorem (Grenander and Szegé ([984), p. 44), which is the one of concern here, determines
limy, 00 Diny1(p)/ Dy (). To state this beautiful result of Szegd’s in its extended form due
to Kolmogorov and Krein, define, for f > 0 and log® f € L'()\), the geometric mean of
f by
GM(f) := exp/ log f d\.
T

According to the arithmetic mean-geometric mean inequality, if 0 < f € L()), then
log™ f € L*(\) and 0 < GM(f) < [ fdA.

THEOREM 1.1. (SzEGO LiMIT THEOREM) Let u be a finite positive measure on T with
infinite support. Let f = [du/d\] be the Radon-Nikodym derivative of the absolutely

continuous part of u. Then

lim Dy41()/ Do () = GM(S). (L1)

n—oo
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This result has been extended in various ways, three of which we consider here. The
first two extensions were proved by Bump and Diaconis (BOIZ) and Tracy and Widom
(2002), while the third was proved by Helson and Lowdenslager ([958). Our theorems
extend theirs further yet. These extensions concern quotients of determinants where,
instead of the determinant in the numerator having one more particular row and column
than the determinant in the denominator, as in [I.1), the numerator contains finitely many
more rows and columns arising from inner products among arbitrary vectors. In addition,
we shall consider the case where i is complex, as did Bump and Diaconis and Tracy and
Widom. Theorems Bl and B2 of this paper are used in Lyons and Steif (B003) for studying
entropy and phase multiplicity in stationary determinantal processes.

The approach of Bump and Diaconis relies on certain identities for symmetric func-
tions and representations of the symmetric group, while Tracy and Widom proceed via
factorization and analysis of Toeplitz operators. Our approach is different, although it
bears some similarities to that of Tracy and Widom. Namely, we go to the level of vec-
tors in Hilbert space and analyze projections on various subspaces. This more geometric
method appears to be more flexible and leads to a more transparent proof and formulation
of the results. Although we use row operations that leave determinants unchanged, one
could instead use multivectors and continue a geometric approach. However, to maintain
greater accessibility, we have omitted exterior algebra.

In a brief Section B, we recall some general notation and facts from complex analysis.
This allows us to state and prove our first result in Section B, which concerns the case
@ > 0. We turn to the case of complex p in Section B. This requires a lemma about
convergence of non-orthogonal linear projections in Hilbert space, whose proof is relegated
to the appendix of the paper. Helson and Lowdenslager (ITI58) proved an analogue of
Theorem [ for higher dimensions. In Section B, we extend their theorem by proving
analogues of our results for higher dimensions; both the real and complex case are treated
there. Actually, Helson and Lowdenslager stated their result not as a limit of quotients of

determinants, but as an extremum problem, as in Grenander and Szeg ([IZd).



§2. General Notation and Hardy Spaces.
Write e, (t) := 27" and for f € L*(\), write f(n) := Jp fen dX. For p > 1, let H(T)

denote the Hardy space of those f € LP(\) with fA(n) = 0 for all n < 0. Write P2 for
the orthogonal projection from L?(\) — H?(T). For all f € H*(T), we have GM(|f]) > 0
(see Rudin (IURA), Theorem 17.17, p. 344). For the converse, for any function f > 0 with

log f € L*()\), define

B (2) = exp % /T Zgi—fj log f(1) dA(t) (2.1)

for |z| < 1. The outer function

o1(0) = Tim @ (res (1) 22)
exists for A-a.e. t € T and satisfies |¢;|> = f M-a.e. Also, oy € HP(T) iff f € LP/2()\). If
f € L*()\), then the limit in also holds in L'()). See Rudin (I9X7), Theorem 17.11,
p. 340, and Theorem 17.16, p. 343. Cauchy’s integral formula shows that if f € L?()\),
then

27(0) = @£(0) = VGM(F). (2.3)

By the factorization Theorem 17.17, p. 344, of Rudin ([¥X2), if g € HP(T) and ¢ is an outer
function such that gp € L9()\), then gp € HY(T). Define @ := ¢ := 0 if log f ¢ L*(\).

§3. Positive Measures.

Note that the determinant D, (u) is the same when j, k take values in any index set
of n + 1 consecutive integers. We shall, in fact, use the index set {—1,—-2,...,—n} for

Dy—1(p).
In this section, we extend Theorem I to more general determinants as follows.

THEOREM 3.1. Let p be a finite positive measure on T with infinite support. Let f :=
[di/dN] be the Radon-Nikodym derivative of the absolutely continuous part of p. Given
any functions fo,..., fryG0,---,9r € L*(n), let Fj := Py=(fip7) and G = Pg2(g;p5).
Define
o< i<,
pj = ej if-1>j>-n

and
_Jg 0<j<r,
G= Ve if-1>j>-n.
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We have

lim D,,_q(p) " det {/qu_kdu} = det {/ FjG_kd)\} .
n—oo —n<j,k<r 0<j,k<r

REMARK 3.2. If GM(f) = 0, then ¢ = 0, so F; = G; = 0. Otherwise, f > 0 M-a.e., so
that A < f\ and there is no ambiguity about the equivalence class of f; or g; with respect
to A\. Also, [|f;@712d\ = [1fj]Pfd\ < [|fjI?dp < oo, so that f;ipr € L*(A\) and Fj is
well defined. Likewise G is well defined.

REMARK 3.3. Since p has infinite support, [fi(k — j)]—1>k>—n is non-singular. Indeed, if
it were singular, then since it is a Gram matrix [(e;, ex),], where the subscript p indicates
that the inner product is taken in L?(u), it would follow that the vectors e_1,...,e_,
would be linearly dependent, i.e., there would be scalars a; such that ) jaje; = 0 p-a.e.
This would imply that © would have support contained in the zero set of this trigonometric

polynomial, i.e., 4 would have support of cardinality at most n — 1.

REMARK 3.4. The case considered by Bump and Diaconis (B002) and Tracy and Widom
(E0X2) is that where all functions f; and g; are of the form e, for various n > 0. These
give minors of the Toeplitz matrix other than merely D, (). In this case, when f; :=¢;

and gi := ey, the limiting matrix entries f FjG_k d\ become

min(j,k)
[ Puetesen Ptaznan =S G- Dok -0, (3.1)

1=0
Bump and Diaconis gave a different formula than [3.1); Tracy and Widom gave the same
formula as ours. Both sets of authors assumed that p was absolutely continuous. In
addition, Bump and Diaconis assumed that f = e9 for some g satisfying Y, ., (|g(n)| +
Ing(n)|?) < oo, while Tracy and Widom assumed that f was bounded above and bounded
away from 0. On the other hand, Bump and Diaconis showed the strong Szegd limit

theorem, which gives finer asymptotics.

REMARK 3.5. The special case r := 0, fy := go := e; for any fixed j > 0 and p is absolutely
continuous is due to Kolmogorov and Wiener (see Grenander and Szegé (IHZd), Section
10.9).

REMARK 3.6. In case one of F); or Gy, is easier to calculate than the other, one could use
instead of [ F;Gy d\ either of the equivalent expressions [ Fjgrpsd or [ f;GreydA.

Proof of Theorem [Z. For the ease of the reader, we treat first the case r = 0, fo = go = 1,

when Theorem Bl becomes the Szegé limit theorem. Since ji(k — j) = (e;, ex ), we have
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that
Dy (1) /Dp—1(pt) = || Paeoll?,

where P, is the orthogonal projection onto {e_1,...,e_,}* in L?(u). (This is sometimes
called “Gram’s formula”.) This quotient therefore tends (monotonically) to [|Pxeol?,

where P, is the orthogonal projection of L?(u) onto
Hy :={g € L*(1); Vn <0 (g, €n), = 0}.

Now g € Hy iff g € L?(u) and gu is an analytic measure. By the F. and M. Riesz theorem
(Rudin (9%17), Theorem 17.13, p. 341), it follows that g € H, iff g = 0 a.e. with respect
to the singular part of i, g € L*(f) and gf € H*(T). In particular, we may from now on
disregard the singular part of . That is, Pyeg is the same as the orthogonal projection
of g in L?(f) onto Heo := {g € L3(f); Yn <0 (g, en)s = 0} and its norm in L?(y) is the
same as its norm in L2(f). Write hg := f - Pxeg and ¢ := 5.

If GM(f) > 0, then ho/f € L?(f), ho € HY(T) and ho/e € H?*(T). Also, for all
g € Hy,, we have

(ho/f, 9), = (e0; 9)u
For all m > 0, we have e,, /¢ € Hy, whence

(ho/f, em/P), = (eo; €m/P)u

or in other words, (h/o/\go)(m) — @(m). Since p(m) = /GM(f)do.m for m > 0, we obtain

that
(ho/@)(m) = v/GM(F)S0,m (3.2)
for m > 0. Since hg/p € H*(T), holds for all m. That is, hg = \/GM(f)p. Therefore,

|hol?

|Prceoll2 = [ho/ 1% = / dX = GM(f).

If GM(f) = 0, then for all g € H.,

M(lgf1)* = GM(lgfI*) = GM(lg*/)GM(f) = 0

since GM(|g|f) < [|g/*fd\ < oo as g € L?*(f). Since gf € H'(T), this means that
gf = 0 as noted in Section B. In other words, g = 0 p-a.e. Therefore H,, = 0 and so the
limit is 0.

We have thus proved the Szeg6 formula. This proof also shows immediately that the
linear span of {e,; n > 0} is dense in L?(u) iff GM(f) = 0, a theorem of Kolmogorov
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and Krein. (More precisely, as written, this proof decides the density of the linear span of
{en; n < —1} by deciding whether its orthocomplement is 0, but this is equivalent.)

Now we continue with the general case. Consider j > 0. Since

P.fj=f;— Z a;e;

—1>i>—n

for some constants a;, row operations can be used to change the jth row from its initial
value [(fj, ar)ul—n<k<r t0 [(Pnfj, @&)ul—n<k<r without changing the determinant. Since
P, is an orthogonal projection, we have (P, f;, qx), = (Pnfj, Paqi)u. If we change all

rows j > 0 in this manner, we obtain a block diagonal matrix, which shows that

anl(lu)il det [(pj7 Qk)u]_ngj,kgr det[(P f]? ngk) ]0§j,k§r-

Thus, the limit is

det[( oofja oogk) ]OS]'JCST'

As before, if GM(f) = 0, then H,, = 0 and the limit is 0. Otherwise, the reasoning that
led to now leads to

F(Pfs)/e] (m) = Fp(m)

for all m > 0, whence f(Pxf;)/¢ = Fj. Likewise, f(Poogr)/v = Gi. This gives the

formula since
(Poofj7Poogk)u:/Poofj'Poogkd,u:/Poofj'Poogk‘fd)\:/FjG_kd)\- |

REMARK 3.7. A bivariate generating function for the matrix entries of is

min(j,k) —

SN GGk —1) = W-

§.k>0 1=0 —(z



§4. Complex Measures.

We now consider the case of absolutely continuous complex measures, y. The proof
of the main result in this section, Theorem B2, could be modified so as to allow a positive
singular part to p and to include all of Theorem BTl. However, the proof would become
less elegant.

Let Poly, denote the linear span of {eg,e1,...,e,}. Given a pair of functions ¢, €

L2()), consider the condition
de >0 dng Yn >ng VS € Poly,, 3T € Poly,, \ {0} (@S, ¥T)x > €l|eS||x||vT]|x- (4.1)

Of course, this holds if ¢ = v, since we may then take ¢ := 1 and T := S. Some readers
may prefer the following restatement of [4.1]. Given two subspaces H; and K; of a Hilbert
space H, define

e(Hy,Ki;H) :=¢(Hy,Ky) = ziglbfl sup [(z,y)]| -

l=l=1 jy)=1
The condition €(Hy, K1) > 0 is weaker than H; = K; and stronger than H; N Ki- = 0.
Our condition is equivalent to

liminf €(y - Poly,,, ¥ - Poly,;; L*(\)) > 0.
n—oo
Condition [4.T] will be used via the following criterion. We write H,, T H,, to mean
that H,, C H,,41 for all n and |J H,, is dense in H,.

LEMMA 4.1. Suppose that H is a Hilbert space, H,, K, are non-zero closed subspaces for
1<n<oowithH = ILH—K,% and HnﬂKj =0 foralll <n < oco. Suppose that H,, T H
and K, 1 Koo. Let T, : H — K- be the linear projection along H,, (1 <n < o00). Then
T, — T in the strong operator topology iff

linrr_l)ioréf e(H,,K,)>0. (4.2)
This lemma should be known, but we could not locate a reference. Thus, we include
its proof in an appendix. Note that when H,, = K,, which will correspond to the case
(o =1 in our application, it is trivial that 7;,, — T in the strong operator topology.
As we have noted already, e¢(H,, K,) > 0 implies that H, N K;- = 0. If dim H,, =
dim K,, < oo, as will be the case in our application of [4.2], this in turn implies that
H=H,+K-.



THEOREM 4.2. Suppose that p = Y@\ for some pair of outer functions o, € H*(T) that
satisfies condition [[{.1). Given any functions fo,..., frygo,---,9- € L2(J¢|* + |[¢|?), let
Fj == Py2(f;%) and G; := Py2(g;v). Define

oif0< <,
pj::{f]. f0<j<

ej if-1>j>-n
and
_Jg 0<j<r,
G= Ve if-1>j>—-n.
We have

lim Dy_1(p) "t det [ / qu_kdu} = det { / FjG_de] .
e —n<j,k<r 0<j,k<r

Note that L2(|p]? + |¢|?) € L2(|u|) by the Cauchy-Schwarz inequality.

Proof. Let H,(¢) := e1pPoly,,. By virtue of [4.T}, we have for n > ny,

H, () NHo(9) =0,

and so
1

L2(T> = Hn(@) + Hn(w)

A consequence of Beurling’s theorem (Rudin ([U87), Theorem 17.23, p. 350) is that

H,(p) 1 Hy(T) := e H*(T) . (4.3)

1
Thus the projection along H,,(y) to Hy, (1) tends to the orthogonal projection PHZ—(T)J_ =
0
Py

Now [p;grdu = (pj, ¥qr)r. Let Fj(n) be the projection of pfi along H,(y) to

L
H,(v) . Row operations show that for n > ny,

anl(ll’)il det {/Paq_kdﬂ} = det [(Fj(n)v Egk)k]()gj,kgr .

—n<j,k<r

Because of our assumption [4.1)] and Lemma BT, the limit is det[(F}, Ygr) AJo<j,k<r, which
is the same as det[(F};, Gk)rlo<jk<r- |



REMARK 4.3. The limit is often used to prove Beurling’s theorem and it has a simple
direct proof: If g € H2(T) and g L H,(p) for all n > 0, then gp(k) = 0 for all k > 1, i.e.,

gp € H1(T). Dividing by @, we get that g € H2(T) = (HZ(T))=, so that g = 0.

The case considered by Bump and Diaconis (2002) and Tracy and Widom (2002) is
that where all functions f; and g; are of the form e,, for various n > 0. In addition, Bump
and Diaconis assumed that f = €9 for some g satisfying Y, o, ([g(n)| + [ng(n)?) < oo,
while Tracy and Widom assumed that ¢ and i are bounded above and that the Toeplitz
matrix corresponding to ¥p has uniformly invertible finite sections.

The assumption of Bump and Diaconis implies that of Tracy and Widom. Indeed,
write g = g1 + g2, where g1 1= Y -, 9(n)e, and go := > _og(n)e,. Set fi = ed1ton
and fo := 92792, Then f = ¢Yp with =9 = ¢p and ¢ == €% = py,, so that 1
and ¢ are bounded outer functions. Furthermore, since g is continuous, Krein’s Theorem
(Bottcher and Silbermann (TI99), Theorem 1.15, p. 18) in combination with a theorem of
Gohberg and Feldman (Bottcher and Silbermann (II9), Theorem 2.11, p. 39) shows that
the Toeplitz matrix of f has uniformly invertible finite sections.

Our theorem covers that of Tracy and Widom since boundedness of ¢ and uniform
invertibility of finite sections implies uniform boundedness of the projections along m

to H,(¢) , as we see by simply writing the equations: If g € L?()\) is written as g = u+wv

L
with w € Hy,(p) and v € H,(¢)) , then write u = Y., _, axerp. The coefficients aj, are

determined by the requirement that ¢ —u L H,(¢), i.e., by the equations

Vke[l,n]  dg(—k) = Zaﬂb%(j — k).

L~ 1/2
Now observe that [, [5g(—k)| < lgllx < [¢]<llgllx.
We next give some additional cases when holds. We begin with a reformulation

of [4.1], for which we are grateful to Doron Lubinsky. Let w := |¢|? and o := ¢ /4. Then

(S, YT\ = /JSTw X,

ot (S, 0T)| (5. 7).
P, A g0, w
sup ———"— = sup = || Ppoty, (09)|w »
TePoly,, ||¢TH>\ TePoly,, ||T||w g
where the orthogonal projection onto Poly, takes place in L?(w). Note that o € L?(w)
since ¢ € L?(\). Let p, be the standard orthogonal polynomials for the weight w, i.e.,

pn € Poly, with positive leading coefficient and (py,, Prn)w = Om,n. If we write

oS = Z aLPEk , (44)

k>0
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then [[0S|[7, = 350 lak|® and || Py, (0S)[12, = >24_ lax|*. Thus, is equivalent to

de >0 dng Yn > ng VS € Poly,, Z lag|* > ez lax|?, (4.5)
k=0 k=0

where ay, are defined by [4.4).

PROPOSITION 4.4. If o, € L*(T) and o := ¢/ is an analytic polynomial that has no
zeroes in the closed unit disc, then holds.

Of course, this means that Theorem B2 applies to the pair ¢, ¢ if, in addition, they

are outer functions.

Proof. We use the notation above and show that holds. Let the zeroes of o be
Z1,...,2m, all outside the closed unit disc, and suppose first that each zero is simple. Let
S € Poly,,. Since (¢5)(z;) = 0, we have

E an—l—lpn—H Z] E arPk Z]

for 1 < j < m in the notation of [4.4]. Write these equations as

Zan+zpn+z(23 G4 = - Zakpk )25 =1 ¢, (4.6)
=1

where .
Be(=) == pul(=) (2,) -

Recall Szegd’s asymptotics
for all p > 1, klim 27 py(2) = 1 uniformly for |z| > p (4.7)
— 00

(see Grenander and Szegd ([I=4), p. 51). Because |z;| > 1, it follows that
= supz 1Pr(25)/ "+1|2 < 00.
I k=0
By the Cauchy-Schwarz inequality, we obtain that
n
G <Ol
k=0
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Let M,, :== [ﬁn+l(zj)/z;l+l]1§j7l§m be the matrix of coefficients in the system of equations

for a1, considered as variables. If M,, is not singular, then

[anti)1<icm = M, [Glicj<m -

Now by [4.7), the matrix M,, tends to the Vandermonde matrix determined by z1, ..., 2.
Hence, for all large n, we have not only that M, is nonsingular, but also that its inverse
has £2-norm bounded by some constant D that depends only on o. Therefore, for all large

n, we have
m m mn
S lan £ D230 I < CDPm Y. .
1=0 j=1 k=0

This clearly implies for € := 1/(1 + CD?*m) and finishes the proof for the case of
simple zeroes.

Now suppose that the zero z; of o has multiplicity r;, so that s := Z;n:1 r; is the
degree of o. Multiply by zP and take the rth derivative (Rudin (I987), Theorem
10.28, p. 214) to obtain that

r—1
(") () — o7
Jim a7, (2) = 2 tll)(p—t) for [2] > 1, (4.8)

where

a)@) = () B

-\ -1
Since z — 27" ta(2)5(2) <<I>w (2_1)> has a zero at z; of order at least r;, it follows that

(r)
E an+lqn+ll 1 ZJ E :aqul 1 ZJ

=1
for 0 <r <rjand 1 <j <m. We may now follow the same reasoning as for the case of
simple zeroes, but instead of finding a coefficient matrix tending to a Vandermonde matrix,

we find instead a limit matrix that has r; columns corresponding to each z;, namely, for

each r =0,1,...,r; — 1, it has the column
r—1
[z§‘1‘r [Jo-1- t)] .
t=0 1<i<s

Thus, by reasoning analogous to before, it suffices to establish that these columns form a
nonsingular matrix. To do this, we show that there is no nontrivial linear relation among

the rows. Indeed, if by, ..., b, are constants such that for 1 <j <m and 0 <7r <rj,

r—1
Zblzl r]Je-1-0=o,
t=0
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then the polynomial Y, , b;z'~! has a zero at z; of order at least r; for each 1 < j < m.
But since this polynomial has degree at most s — 1, this implies that the polynomial is

identically zero, i.e., all b = 0, as desired. |

It would be interesting to have a good characterization of those ¢, such that
holds.

§5. Higher Dimensions.

The technology we use to replace the theory of Hardy spaces for higher dimensions was
provided by Helson and Lowdenslager (II58), who proved the extension of Theorem I to
higher dimensions. We review the relevant definitions and facts from their theory before
giving our theorems, which extend Theorems Bl and BE=2. Fix a positive integer d and let
A be Lebesgue measure on T¢ := R /7.

For k € Z¢ and = € TY, let ey (x) := e2™* . For f € L?(T?), write f(k;) = (f,er)x =
Jpa fERdX. Let S C Z% have the properties S U (—=S) = Z%\ {0}, SN (-S) = @, and
S + 8 C S. The associated ordering of Z¢ is that where k < [ iff | — k € S. For example,
we could have (ki,ko,...,kq) < 0 if k; < 0 when i is the first index such that k; # 0,
which we call the lexicographic ordering. The replacement for the Hardy spaces H?(T)

(p > 1) are the Helson-Lowdenslager spaces
HL? := HLP(T¢, S) := {gp € LP(T%); supp@ C SU {0}} .

Let Py2 : L?(T%) — HL? be the orthogonal projection Dokezd Wk€k = D e sufo) @kek- For
0 < f € LY(\) and any set R C Z%, let [R] be the linear span of {ej; k € R} and [R]; be
its closure in L2(f). In place of outer functions, we use spectral factors, which are the

functions ¢ € HL? with the properties
»(0) >0 (5.1)
and

1/g0 € [S U {0}]|<p|2 . (52)

Helson and Lowdenslager (II58) show that for 0 < f € L'(T9), the condition GM(f) > 0
is equivalent to the existence of a spectral factor ¢ such that |p|?> = f. (More precisely,
they prove GM(f) > 0 iff 3p € HL? satisfying and |p|? = f. Their proof shows that
in this case, ¢ can be chosen so that also holds.)
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LEMMA 5.1. Suppose that o satisfies [5.2), h € HL*, and h/¢ € L*(T%). Then h/p € HLZ.

Proof. Let f := |p|®. By [5.2], there exist trigonometric polynomials p, with suppp, C
S U {0} and such that p, — 1/¢ in L?(f). Since h/¢ € L?(T9), we have h/f € L?(f).
Thus,

Wlol) = [ Sevan= [ Z5 pan= (/s 1/%); = Jim (i) £ )

= lim [ hpnerdr = lLim hp, (k).
n—oo n—oo

Since hp,, € HL', we have hE(k) = 0 for k ¢ S, whence l%(k) =0 for k ¢ S. That is,

h/p € HL? |

For A C Z%, let (A) denote the set of corresponding complex exponentials {ey ; k € A}.

For any two finite ordered sets of functions F,G C L?(u1) of the same cardinality, let

(f‘, g)u = det [(p, Q)H}pe]—',qeg'

Here, the ordering of the sets F,G is used to order the rows and columns of the matrix
whose determinant appears in this equation. Also, we write (p, ¢),, := [ pgdu even if u is
a complex measure. Write F U G for the set F UG ordered by concatenatmg G after F.

We are now ready to state and prove our extension of Theorem BI.

THEOREM 5.2. Let w : T¢ — [0,00) be measurable with GM(w) > 0. Let ¢ be a spectral
factor for w. Given any two finite ordered sets of functions F,G C L*(w) of the same
cardinality, let F' = (Py2(f®); f € F) and define G' likewise. Let S,, C —S be finite

ordered sets increasing to —S. We have

i (FU(S,), GU(Sn)),,

gt ((Sn); (Sn))w = (f’7 g')A- (5.3)

The case F = G = (1) is the theorem of Helson and Lowdenslager (II58). Actually,
there are special considerations in that case that allow Helson and Lowdenslager to make

the same conclusion when w = [du/dA] and the matrix entries are given by inner products
in L2(u).

Proof. Let P, be the orthogonal projection onto (S,)* in L?(w). Also, let P, be the

orthogonal projection of L?(w) onto

Hy = (=St ={ge L*(w); Yne -8 (g, en)w =0} .
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Define F) := (P,f; f € F) and likewise for G/, F!

o, and G . By row and column

operations, we have

(FU(Sn), GU (Sy))
((Sn)s (Sn)),,

This therefore tends to (7, Q(’X))w (indeed, we have entry-wise convergence of the corre-
sponding matrices). Now g € H,, iff g € L?(w) and supp gw C S U {0}. Thus,

== (Fo Gn)

w "

Hy = {g € L*(w); gw € HL'}.

Let f € L?(w) and write h := w - P f. Since h/w € H,,, we have h/w € L?(w) and
h € HL'. From the first of these relations, we see that h/p € L?(T%). Also,

Vg € Hyo (h/w, g)w =(f, Qw - (5.4)

For all m € S U {0}, we have e,,p € HL? c HL!, so that em/® € Ho. Therefore, [5.4)
implies that

(h/w7 em/ﬁ)w = (f, em/P)w

or in other words, m(m) = fi(m) for all m € SU{0}. Since h/p € HL? by Lemma B,
it follows that h/¢ = Py 2(f®). Thus, we have proved that for all f, we have
Py2(f)

Pof = ? . (5.5)

This gives since
(Pt Prcg)s = [ Pt - Prag-wah = [ Pus(/9) P (g9 2. '

Unlike in Theorem B, the limit is not necessarily 0 when GM(w) = 0. For
example, let S be the lexicographic ordering on Z? and w(z1,z2) be a function that
depends only on x5 with GM(w) = 0. If F := G := {e(1,0)}, then the left-hand side of [5.3]
is equal to @w(0), which need not equal 0.

However, if the order is archimedean, such as if S = {k € Z?; k-x > 0}, where
x € R? has at least two coordinates whose quotient is irrational, then the limit is 0
when GM(w) = 0, as we now show. (All archimedean orders arise in this way; in fact, for
a characterization of all orders, see Teh ([[UGET), Zaiceva ([953), or Trevisan ([U53).)

14



PROPOSITION 5.3. Let w : T — [0,00) be measurable with GM(w) = 0. Suppose that
the order induced by S is archimedean. Given any two finite ordered sets of functions
F,G C L*(n) of the same cardinality, and any finite ordered sets S, C —S increasing to

—S, we have
lim wo_—
n—oo ((Sn)a (Sn))w
Proof. 1t suffices to establish that H,, = 0 in the notation of the proof of Theorem B2.

Now for all g € H,

GM(|gw|)* = GM(Jgw|*) = GM(|g[*w)GM(w) = 0

since GM(|g|?w) < [|g|?wd\ < oo as g € L?(w). Since gw € HL', this means that guw = 0
by the main result of Arens (IxA). Thus, Hy = 0. |

REMARK 5.4. Suppose that GM(w) > 0 and that ¢ is a spectral factor for w. By [5.5], we
have wPs1 = Py 2(@) = @(0)p, so that ¢ is uniquely determined by w. It is essentially
by this formula that Helson and Lowdenslager (IIAR) proved the existence of a spectral

factor. This method goes back to Szegé (ITZI).

The extension of Theorem B is relatively straightforward:
THEOREM b5.5. Let S, C —8S be finite ordered sets increasing to —S. Let y = Y@\ for
some pair of spectral factors ¢, that satisfy the condition

liminfe(yp - [—S,], 9 - [-Sn]; L*(N)) > 0. (5.6)

n—oo

Given any two finite ordered sets of functions F,G C L?(|p|?+||?) of the same cardinality,
let F!':= (Py2(f®); f € F) and G' := (Py2(g¥); g € G). We have
(FU(S,), GU(S,))

R (CANTR I RIS 51)

Proof. Let H,(¢) := {per; k € —S,}. By virtue of [5.6)], we have for n > ny,

H,(9) NHo(9) =0,

and so

LA(T) = H, () + Ho($)

We claim that
2 2 -
Ho(p) T HLE = (HL ) . (5.8)

15



Indeed, if g € HL2 and g L H,(¢p) for all n > 0, then gp(k) = 0 for all k € S, ie.,
gp € HLE. By Lemma BT, we may divide by @ to obtain that g € HL? = (HL2)*, so that
g = 0. This proves [5.8].

Thus the projection along H,(p) to Hn(z/))L tends to the orthogonal projection
Przs = P

Now (f, 9)u = (Bf, ¥g)x for any f,g € L*(|p|*> + [¢|?). Let F, be the image of F
under the projection along H,(y) to Hn(@b)L. Let G” := {¢g; g € G}. Row operations

show that for n > ng,

(FU(Sn), GU (Sy))
((Sn), (Sn))

B (-Fna g//))\.

m

Because of our assumption and Lemma BT, the limit is (7, G”),, which is the same
as (F’ , G ) K |

§6. Appendix.

In order to prove Lemma B, we first demonstrate the following lemma.

LEMMA 6.1. Suppose that H is a Hilbert space, Hy and Ky are non-zero closed subspaces,
H=H +Ki, and HHNKi{ =0. Let T : H — Ki- be the linear projection along Hy and

GZZE(Hl,Kl).
Then
1 1 1
T < =+ + = 6.1
I7) < 5 \/2<1—m> 1 (61
and
1

(6.2)

€2 —F—
V1T
Proof. Let v € H with |[v|| = 1. Write w := Tv € Ki- and u := v —w € H;. Choose
y € K; such that (u, y) > €||ull/||y|| and |ly|| = €]|u||. We have

L= ol? = llu+wl* = [[ul® + [w]* + 2R(u, w)

= [[ull® + llw]* + 2R(u — y, w) > [Jull]® + [|w]* = 2[lu — y]|[[w]

1/2
= [l + fJwl* = 2[jwl]| [lul® + [ly]I* — 2R(u, y)]

1/2
> [lul|® + flwl® = 2flwll [[lell* + [lylI* — 2l llyl]
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= [Jul]? + [[w]|* — 2[fw]|[lull V1 - €

= (lull = wl)® + 2lwllul(1 - V1 - €)

> 2flwllflufl (1 — V1 —€) = 2|jw|||v — wl|(1 - V1—€)
> 2llwl|(Jwl - 1)(1 - V1-e2).

Simple algebra shows that this inequality implies

7ol = flull < 5 + —
v|| = |lw|l < = -
T2 20-V1-¢€) 4
Since ||v|| = 1, this is equivalent to [6.1].
To prove [6.2], note that by definition of €, we have that

dr e Hi\{0} Vye K1 [(z, y)| < elz(yll- (6.3)

Choose such an z with ||z]| = 1 and set y := Pk, z, the orthogonal projection of x onto
Ki. Then y # 0 because H; N Ki- = 0. Write z := x —y € Ki-. Since y = z — z with
xr € Hy and z € Ki, it follows that Ty = —z. By applied to y, we have

121 = llz = yllI* = 1+ [lyl* — 2R(z, )

> 1+ [lyl1* — 2¢y (6.4)
=1+ ([yl —e)? =€
21—62.

Furthermore, ||2]|> = 1— ||y||?, whence comparison to shows that ||y|| < e. Therefore,

1T = NTyll/lyll = [=/1lyll = v1—e/e,
which is equivalent to [6.2]. |

Proof of Lemma 1. For each n and any v € H,,, we have T,,v =0 = T,v for all m > n.
Also, for each v € KOLO, we have T),,v = v = Tv for all m. Therefore, T,,v — T,v for all
v belonging to the dense set |J, H,, + KL. It follows by continuity and the principle of
uniform boundedness that T,, — T in the strong operator topology iff

sup |1, ]| < oo (6.5)

If holds, then [6.5] is a consequence of [6.1)], while if holds, then [4.2] is a
consequence of [6.2]. |
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