Version of 18 April 2025

Lecture Notes on Martingales

BY RUSSELL LYONS
Extended from the book by Patrick Billingsley

Suppose we gamble on a sequence of fair games. Let X, be our fortune after n plays
and %, = o(Xo, X1,...,X,) or more; e.g., we might use other randomness. Fairness is
X, = E[Xp+1 | #,]. Unfavorable gambling has > and favorable has <. Note .%,, C %, ;1.
One way to be favorable is to get handed some money before each fair game, where the
amount has conditional expectation > 0 and the future games remain fair.

Definition. Let X,, € L}(Q,.#, P) and .%,, C .¥ be o-fields. We call (%,,) a filtration if
Fn C Fpy1. We call (X,,) adapted to (F#,) if X,, € %, (ie., X, is F#,-measurable). We
call (X,,,.#,)) a martingale (submartingale; supermartingale) if (X,,) is adapted to
the filtration (.%,) and

Vn X, =E[ X1 | Fnlas. (<5 >)

Clearly, ((X,,%,)) is a submartingale iff ((—X,,.%,)) is a supermartingale. We’ll
later see the reason for the names of the prefixes; it is related to subharmonic functions
(convex functions in the case of R).

We call (X,,) a martingale if there is some filtration with respect to which it is a
martingale. In such a case, %, = 0(X3,...,X,,) always works. Similar definitions and
observations hold for submartingales and supermartingales. Note that if ((X,,,.%,)) is a
martingale, then E[X,, | %,] = Ximan a.s. and E[X,,] is the same for all n. Similarly, if
((Xn, Fn)) is a submartingale, then E[X,, | #,] > Xman a.s. and E[X,,] is increasing in n.

Example 35.1. Sums of independent random variables.

Example 35.5. If Z € L1(Q,.%, P) and (.%#,) is a filtration, then ((E[Z | %], %)) is a
martingale.

Extra Credit Homework XC1: Show that (nly/,); n > 1) is a martingale on [0, 1]
with respect to Lebesgue measure.

Homework HW1: 35.2.

Homework HW2: 35.6 (correction: Xy = E[X1]). Also, show that (Z,,) is predictable,
i.e., for all n, Z, is .%,_1-measurable.

Example 35.2. On (Q2,.%), let P be a probability measure and v be a finite, signed
measure. Let (.%,) be a filtration. Suppose that v[.%, < P[.%, for all n. Let X, :=
d(v|%#,)/d(P|#,). Then ((X,,.%#,)) is a martingale:

E[Xn-i-l ‘ yn](Pr‘g;O = (Xn+1p) TL%L = (Xn-l-lpryn—i—l)r/n
= W Fps1)Fn = V[P, = X (P Fn).

1



Example 35.3. Let P be Lebesgue measure on (0,1] and .%, (I(n) 0<k<2),

where I( ", (k2 " (k+1)27"]. Since (A € .%,,P(A) =0) = A = &, we have for all v
that 1/[/ < P|.%,. In this case,

Z ]_I(n)I/ (n) /P (n) Z ].I(n)V I( )

Example 35.8. If ((Xn, Jn)> is a martingale, then <(|Xn|, Fn)) is a submartingale.
This is a special case of:

Theorem 35.1. Let (X,,) be integrable random variables adapted to a filtration (%,), ¢
be convex on an interval containing all the ranges of X,, and ¢ o X,, € L*(P). Then
((poXn,F,)) is a submartingale if either

(i) ((Xn,Zn)) is a martingale;

(il) ((Xn,Fn)) is a submartingale and ¢ is increasing; or

(iii) ((Xn,Fn)) is a supermartingale and ¢ is decreasing.
Proof. In all cases, we have ¢(X,) < ¢(E[X,41 | #,]). By Jensen’s inequality, this is
< Elp(Xnt1) | Zul. |

We now depart from the book.

Wald’s Equation. Let Z,, € L*(P) forn > 1, 7 be an N-valued random variable, and
u € R. Suppose that
(i) for each n > 1, we have P[t > n] > 0= E[Z, |T>n]=pu (<; >)
and
(ii) one of the following holds:
(a) Vn Z, >0;
(b) sup,. P[TZ’!L]>OE|:|Z”| | 7> n] < o0 and E[r] < oo;

(¢) E[| Y01 Zn|] < o0 and limy—oo E[>p_1 Zilprsn] = 0.

Then .
E[Z Z| =Bl (=i 2)

where 0 - 0o := 0.

Proof. In case (ii)(a), we have by Tonelli’s theorem (or the MCT) that

E|:Z_:1 Zn:| = E|:Z_:1 Zn]-[nST]:| = Z_;E[Zn]‘["'z”}]

:ZE[Zn|7->n]P[T>n]:Z,uP[T>n]=,uE[T] (N1)

In case (ii)(b), we have

< E[r]sup E[|Z,| | 7 > n] < o0,
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whence we may apply Fubini’s theorem as in (N1).
Finally, in case (ii)(c), the LDCT gives

E LZ Zk] = lim E LZ Zk1[7<n]] = lim E {Z Zkl[k<T<n]]
=1 =1

k=1

= nh_)r{.lo E[Z Zi(Lr>k — 1[T>n])} = nli_{%oZHP[T > k] = p E[1].
k=1 k=1

(Note the cases p =0 and E[r] = 0o or u = 0o and E[r] = 0.) |

Definition. Given a filtration (%, ), a random variable 7 € NU {oc} is called a stopping
time with respect to (%) if Vn € N [t = n] € .#,. Equivalently, Yn € N [1 < n] € .%,,.

We will write X, for the random variable X (w) := X;(,)(w) when 7 < oo a.s. This is
measurable because X, = Z;’;O Xnljz=p)-

Homework HW3: Show that if 71 and 75 are stopping times with respect to (%), then
so are 71 A To, 71 V T2, and 11 + To.

Corollary N1. Let ((X,,,.-%y); n > 0) be a martingale (submartingale; supermartingale)
and T be an a.s. finite stopping time with respect to (F,). If
(a) e <0 Vn X411 — X, > cas. and E[7] < 0
or
(b) E[|X;]] < oo and lim,, E[X,1;;~,] =0,
then
EIX,] = B[Xo]. (> <)

Proof. In case (a), apply Wald’s equation with Z,, := X,, — X,,_1 —cforn > 1 and pu := —c.
In case (b), apply Wald’s equation with Z,, := X,, — X,, 1 for n > 1 and p := 0. Note that
[T>n]=[r<n-1]°€ %,_1. |

Example N2. It is not immediately clear when the hypotheses (b) hold of Corollary NI1.
One easy case is when supT < oco. More generally, if {X;r,; n > 0} is uniformly
integrable (UI), then the hypotheses (b) hold, because E[|X;|] = lim, E[|Xx,|] and
B[ X015 = E[Xanlrsn)], With {X7an1i750); 7 > 0} uniformly integrable.

Here are some nice applications.

Example N3. Let (X,,) be simple random walk on Z starting from X, = 0. Let 7, :=
inf{n; X, =a}. Then E[r,] = oo for a # 0 since the conclusion of Corollary N1 does not
hold. But if 7 := 7, A 7_p for a,b > 0, then | X, x,| are bounded by a V b, so uniformly
integrable, whence

0=FE[X;|=aP[r, <71_p] —bP[T_p < T4,

giving Pl1, < 7_p] =b/(a +b).

Here, we assumed that 7 < oo a.s. This is implied by a martingale convergence theorem,
Theorem 35.5, but we can also prove it as follows at the same time as we calculate E|7].
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Problem 35.2 shows that ((X2 —n,0(Xi,...,X,))) is a martingale. Fix N € N. Then
7 A N is a bounded stopping time, so we may apply Corollary N1 to get

0= B[X] — 0] = E[X2,y — 7 AN] = E[X?\y] — Elr AN],

i.e., E[r AN] = E[X?,y]- Now let N — co. The right-hand side is bounded, whence so is
the left-hand side; this shows that E[r] < oo, whence 7 < 0o a.s. Furthermore, the MCT

and the BCT give
b a
Elr] = E[X?] = a® b =
=B = T
An alternative calculation of E|[r] that does not use the probabilities P[r, < T7_3| and

P[r, > 7_3] uses the martingale <(a — X)) (X, +0) + n>: We have
ab=(a— Xo)(Xo+0b)+0= E[(a — XoaN)(XoaN +0) +T A N].

Since X,y is bounded, it follows that so is E[T A N], whence E[r] < co. Letting N — oo
gives the result.

Extra Credit Homework XC2: Consider three players, A, B, and C, who play the
following game: They begin with fortunes a,b,c € N, respectively. At each time, a pair of
the players whose fortunes are strictly positive is chosen at random and a random one of
that pair gives one unit to the other. Let X,,,Y,, Z, be their respective fortunes after n
plays.

(a) Show that (X, Y,Z, + n(X, + Y, + Z,)/3) is a martingale.

(b) Show that the expected time until some player’s fortune is zero equals 3abc/(a + b+ c).
(c) Show that (XY, + Y,Z, + Z,X,, + n) is a martingale.

(d) Show that the expected time until two players’ fortunes are zero equals ab + bc + ca.

ab.

Definition. Let p(-,-) be a transition probability on a state space, S. A function f: S — R
is called harmonic (subharmonic; superharmonic) if

Ve e S fl) = ple,y)fly). (<;2)

yes

If (X,,) is a Markov chain on S with these transition probabilities and f is harmonic
(subharmonic; superharmonic), then (f(X,)) is a martingale (submartingale; supermartin-
gale).

Example N4. Consider the asymmetric random walk (X, ) on Z starting from 0 with
p(n,n+1) =pand p(n,n—1) =¢q:=1—p. Then f(n) := (¢/p)" is harmonic, whence
((q/p)*") is a martingale. If 7 := 7, A 7_, then this martingale is bounded up to time 7,
whence Corollary N1 applies:

1= E[(q/p)*°] = E[(a/p)*"] = (¢/p)* Plra < 7_3) + (¢/p) " P[r_4 < 7a).

We can solve this to get another derivation of the probabilities in gambler’s ruin when
p # q. Again, the martingale convergence theorem will imply that 7 < oo a.s., but it is also
a consequence of the following homework.

Homework HW4: Let (X,,) be asymmetric random walk on Z with p > ¢, s := 1/q/p,
and r := 2,/pg. Show that (s*»r~") is a martingale. Deduce that if X, = 0, then
Plr, > n] < s7%™ for a > 1.



Example N5. What is E[r,] when p > ¢, a > 1, and Xg = 0?7 We use another
martingale: (X,, — (p — ¢q)n). Fix N € N and define 7 := 7, A N. Then 7 is bounded, so
0=FE[Xo—(p—q)0] =E[X; —(p—q)], ie., (p—q)E[ra N N] = E[X; rn]|. By the MCT,
E[r, AN N] = E[r,] as N — oo. Since | X, an| < 7o AN < 7, € L' by Homework HW4, the
LDCT gives E[X, An| = E[X,,] =a as N — co. In conclusion,

Homework HW5: For (X,,) be asymmetric random walk on Z starting from 0 with p > ¢,
calculate E[1, A 73| for a,b > 0.

Homework HW6: For (X,,) be asymmetric random walk on Z starting from 0 with p > ¢,
calculate Var(7,) for a > 0. Hint: Use problem 35.2.

Example N6. Consider an ordinary deck of 26 red and 26 black cards, well shuffled. The
cards are turned over one by one. At any time, and once only, we may bet that the next
card is red. What’s the best strategy to maximize our chance to be correct? It cannot hurt
to bet, so we assume that we do bet once.

Let Ay be the event that the kth card is red. If 7 is the time we bet, then [T = k] €
o(Ay,...,Ap_1) =: Py, i.e., T is a stopping time. At time k, the conditional chance of
winning would be X}, := P(Ay | #), so the chance of winning is F[X,]|. (Alternatively,
the event of winning is A, := U22:1 ApN[r=k] and P(A;) = E[X,].) Now for k < 51,

E[Xi1 | Fi) = E[P(Ak-i—l | Frt1) | ng] = P(Agq1 | Fi) = X,

because all cards we have not seen are in random order. Thus, (Xj; 1 < k < 52) is a
martingale, so E[X ;| = E[X;] = 1/2. All strategies are equally effective.

Having learned about this martingale, we realize that Vk Xj = E[X52 | Z%]. But
Xs2 = P(Asa | F52) = 14,,, s0 X = P(As2 | %1). In other words, X, is the same as the
chance to win if, at time k, we bet that the last card will be red. This shows more directly
that any strategy is equivalent to betting on the last card. That’s why it does not matter.
In fact, we can see this without any use of martingales: betting on the next card has the
same chance of winning as betting on the last card, no matter what we have seen, because
all cards we have not seen are in random order.

We can learn still more. Suppose we used the strategy, for some o > 1/2, to bet
at the first k£ (if any), that X > «. More precisely, let 7 := max{k < 52; X, >
a or k = 52}. Since this strategy wins with probability 1/2, it follows that 1/2 = E[X ] >
a Plmaxy<s2 Xi > «], whence P[maxy<se Xi > o] < 1/(2a). Later (Theorem 35.3), we
will see a more general, but similar, maximal inequality.

Recall problem 16.9: X is uniformly integrable iff sup{ E[|X|]; X € X} < oo and
Ve>0 36 >0 P(A) <d=sup{E[|X|; A]; X e X} <e
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Proposition N7. If X is Ul and G is a collection of sub-o-fields, then {E[X | ¥]; X €
X, 9eG}is UL

Example N8. X = {Z} for some Z € L'(P) and G is a filtration.

Proof of Proposition N7. Let M : sup{EUXH X € /'\f'} Given € > 0, choose « such
that
sup{E[|X|; A]; X € X, P(A) < M/a} <e.

Now for X € X and ¢4 € G, we have
P[|E[X |9]| > o] <a ' E[|E[X |9]|]] <o 'E[E[|X||¥9]] =a ' E[|X]|] < M/a.
Hence, with A := {|E[X | ]| > o}, we have
E(|E[X |9]|; A] <E[E[|X]||¥9]14] = E[E[|X|14 | 9]] = E[|X|14] <. |

Let (.#,,) be a filtration and 7 a stopplng time. What is the information up to time 7,
7.7 On the part of 2 where 7 = n, it is .%,,. Thus, we define

—{AE VnENAﬂ[T—n]Eggn}.
This is a o-field and 7 € %

Homework HWT7: Show that if (X,,) is adapted to (.%,) and 7 is a finite stopping time,
then X, € ...

Homework HW8: Let (Y}) be a sequence of random variables with E [sup,, |Y;|] < oo,
(Z1) be a filtration, 7 be a finite stopping time, and Xy := E[Y} | %]. Show that Y is
integrable and X, = E[Y, | Z#;].

For instance, in Example N6, if Y, := 14,, then Y; =14_ and X, = P(4, | %;).

Homework HW9: Show that if 7y and 75 are stopping times, then F. rr, = % N Fr,
Hint: First show that 7 < 7 implies %, C Z.,.

Proposition N9. Let ((X,,, %)) be a martingale (submartingale; supermartingale) and T
be a finite stopping time. Then for all n,

E[Xn | ﬁr] = Xrpan @.8. (Z ; S)

Proof. 1t’s sufficient to do the submartingale case. Note that X, A, € ﬂ Since both sides
of the desired inequality are in .%,, it suffices to show that for all A € .#

E[Xn§ A] Z E[XT/\n§ A] (N2)
This holds by the following calculation:
E[X,14] =) E[X,1alp—y] > Y E[Xnarlal—y]
k — k
EFy,
= ZE[XTL/\’T]-A]'[T:]C]] = E[X’I’L/\’T]-A]' i
k

Homework HW10: Show that if ((X,,%#,)) is a submartingale and 7 is a stopping time,
then ((X;an, %n)) is a submartingale.



Corollary N10. If (X,,) is a UI martingale and 7 is a finite stopping time, then { X an}
1s UL

Proof. Apply Propositions N7 and NO. |
We’ll now usually write our results just for the submartingale case.

Corollary N11. If (X,,) is a UI submartingale and T is a finite stopping time, then
{XT/\TL} is Ul

Proof. Since |X;nn| < |X;| + |X,|, it suffices to show that E[|X,|] < co. Now (X;F)
is a submartingale by Theorem 35.1, so by Proposition N9, E[X},,,] < E[XT]. Also,
E[Xo] < E[X;an] by Corollary N1 to Wald’s equation. Hence,

E[|X7'/\n|] = 2E[X7_'|—/\n] - E[XT/\n] < 2E[X7ﬂ - E[XO] < 2E[|Xn|] - E[XO]-

Fatou’s lemma gives the result desired. |
Homework HW11: 35.7.

Proposition N12. If (X,,) is a submartingale and 71 < 15 < j € N are bounded stopping
times, then E[X, ] < E[X,,].

Proof. Write Z,, :== X,, — X,,_1. Then X,, = Xo+ >_;_, Z, so

T2

J
E[X’TQ - XT1] = E[ Z Zk:| - E|:Z Zk]‘[7'1<k§7'2]:| 2 0
k=7114+1 k=1

since [11 < k < 7| € Fp_1. |
The following extends Propositions N9 and N12:

The Optional Sampling Theorem. Ifm < 15 are finite stopping times and ((Xryan, Fn))
1s a Ul submartingale, then
X. <E[X., | #] as.

Note that by Homework HW10 and Corollary N11, ((X,an, %)) is a Ul submartingale
if ((X,,-#,)) is a Ul submartingale.

Proof. First, we show that F[X, | < E[X,,]. Fix j € N. Then 4 Aj < mmAj <
are bounded stopping times, whence Proposition N12 gives E[X ;] < E[X,1;]. Now
E[X:,r;] = E[X,,] since {X,,4;} is UL Furthermore, by Corollary N11, {X, A;} =
{ X A(ranj) } is UL whence E[X; 1;] — E[X]. Therefore E[X; | < E[X,,]. Note, too,
that by U, X, and X, are integrable.

To show the finer conclusion desired, it suffices to show that VA € %, E[X, ; A] <
E[X,,; A]. By Homework HW9, #. = % r;, € %,. Given A € %, , set 7 :=
7114 4+ 721 4c. This is a stopping time, because for all n,

[T <n]= ([7‘1 Sn]ﬂA) U ([7’2 Sn]ﬂAC).
EFn EFy



Also, 7 < 719, so by the result proved in the first paragraph, we have
0<EX,—-X;|=FE[X,, —Xr1a—X,1a]=FE[X,14— X 14]. |

When does a submartingale converge a.s.?” Note that the heuristic that it tends to
increase suggests that it always has an extended-real limit. However, this is not so, even if
it is a.s. bounded:

Example N13. Let (x,) be any sequence in R. Then there is a martingale (X,,) that
behaves like (z,), i.e., X,, — z, is eventually constant a.s. (stabilizes a.s.). To see this,
let z,, := x,, — x,—1 and (Z,) be independent, mean-0 random variables with Zn P[Z, #
zp] < 00. Set X, :=>"7_, Zi. Then (X,,) is a martingale and by the Borel-Cantelli lemma,
X, — x, stabilizes a.s.

Yet L'-boundedness assures convergence:

Theorem 35.5 (Doob’s Martingale Convergence Theorem). Let (X,) be a sub-
martingale (or supermartingale) with K := sup,, E[|X,|] < co. Then X :=lim,_o Xp
exists a.s. and E[|X|] < K.

To prove this, we will bound the number of upcrossings of intervals [a, 5]: Given
(X1,...,Xpn), set o :=min{j € [1,n]; X; < aorj=n}, n :=min{j € (o1,n]; X; >
Borj=mn} oy :=min{j € (r,n]; X; < aorj=n}, o:=min{j € (o2,n]; X; >
p or j =n}, etc. These are clearly stopping times. The upcrossings are the intervals [o;, 7]
for which X,, < a and X, > 3. Note that each upcrossing is responsible for an increase of
>p—a.

Theorem 35.4 (Doob’s Upcrossing Inequality). If (X;,...,X,) is a submartingale
and o < 3, then the number U of upcrossings of [a, B] satisfies

E[(X, —a)*]
EU| < .
v < =5
Proof. Define (Y;) := ((X; — «)"). This is a submartingale, with U being the number of
upcrossings by (Y;) of [0,7], where v := 8 — a. Because all Y; > 0, we have

n n

Yo=Y, 2V, — Y, => (Vs =Y, )+ > (Yo, = Yr_,).

k=1 k=2
1) = 0. Also, Y, — Y, >~
for each of the U upcrossings and is > 0 otherwise. Hence Y ,_, (Ym — Yak) > ~U, so
ElY,] > E[y U], i.e., E[U] < E[Y,]/~. |

Extra Credit Homework XC3: Show that if (X;,...,X,) is a supermartingale and
a < (3, then the number U of upcrossings of [«, /3] satisfies

Since n > o} > Tx—1, Proposition N12 gives E[Y,, — Y,

E[(X, —a)7]
E[U] < 5o )

Hint: (B—a)U <301 (Xr, — Xo) + (X0 —a)™.
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Proof of Theorem 35.5. To show first that lim X, exists a.s. in [—00, 0], it suffices to show
that the number of upcrossings of each [«, 5] is finite a.s. for «, 8 € Q with a < . Let U,
be the number of upcrossings of [a, §] by time n. Then

E[(X,—a)T] _ E[|X,]] + |af _ K+ ||
f—a - B-a T B-a’
Since U,, T, the MCT shows that lim U,, < oo a.s., as desired.

Let X :=limX,. Then |X| = lim|X,,| and Fatou’s lemma gives E[|X]|] < K, so
| X| < 00 a.s. |

E[U,] <

Corollary N14. If (X,,) is a nonnegative supermartingale, then X = lim,,_,~ X,, ezists
a.s. and E[X] < E[X;]. |

Example N15. Consider the asymmetric random walk (X,,) on Z starting from 0 with
p(n,n+1)=p>1/2and p(n,n—1) =1—p. Let 7, :== inf{n; X,, = a} with a > 0. Then
(a — Xpar,) is a nonnegative supermartingale. By Corollary N14, it converges a.s., whence
Ta < 00 a.s. It follows that if p = 1/2, the case of simple random walk, (X,,) is recurrent.

Extra Credit Homework XC4: Let (Y,,) be IID with law (61 + d_1)/2.

(a) Find B,, € 0(Y3,...,Y,) such that P(B,,) — 0 and P(B,, i.0.) = 1.

(b) Define Xy :=0, X,,11 := X,,(1 4+ Y,41) + 15, Y41 for n > 1. Show that (X,,) is a
martingale.

(¢) Show that X,, — 0 in probability.

(d) Show that P[X,, converges] = 0.

It is very useful to know when E[lim X,,] = lim F[X,,]. Recall from the corollary to
Theorem 16.14 that if X,, — X a.s., then {X,,} is UL iff X,, — X in L' (in which case
E[X,] — E[X]). Thus:

Proposition N16. If (X,,) is a submartingale, then the following are equivalent:
(i) {X,} is UL

(i) lim X,, ewxists a.s. and in L'.

(iii) lim X,, emists in L'.

Proof. (ii) = (iii) is trivial. (ii) = (i) by the general corollary and (i) = (ii), (iii) = (ii) by
Theorem 35.5. i

However, there is a martingale (X,,) that is bounded in L! with E[X,,] = 0 = E[lim X,,],
vet E[|X,|] # 0. For example, let X; = Xp = X3 =---~ (01 + 6_1)/2. It is also possible
to have an example with X,, — 0 a.s.; see Extra Credit Homework XC6.

We get an additional equivalence for martingales:

Theorem N17. If ((X,, %,)) is a martingale, then X,, — X in L' iff X,, = E[X | Z,.]
a.s. and X has a version in O'(Un g"n)

Write %, := O'(Un 3%); we also write this as .%,, T F, and as F, = \/
say that ((X,,%,)) is closed by (X, %) in the situation of the theorem.

Z,. We

n
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Proof. =: Because X, L, X, we have X, 14 L X1, for all A. Take A € .%,,. Then
E[X; Al =lmE[X,; A] = E[X,,; A].

That is, X,, is a version of F[X | .%,,]. Since all X,, € %, also X has a version in % .

<: We have seen that {X,} is UL so let X := limsup X,,. We must show that
X = X a.s. Since |J.%, is a w-system, it suffices to check that VA € |J.%,, E[X; A] =
E[X; A]. Indeed, if A € .%,, then by the tower property, E[X; A] = E[X,; A] =

E[Xs ; A], the second equality following as in the other part of the proof. |
Theorem 35.6. If Z, 1 Fo and Z € L*(P), then E[Z | #,] — E|Z | ] a.s.
Proof. Apply Theorem N17 to X := E[Z | #]. |

Corollary (Lévy’s 0-1 Law). If %, 1 % and A € F,, then P(A| #,) — 14 a.s. 1

Corollary (Kolmogorov’s 0-1 Law). If {#,} are independent, then the tail o-field of
{Z,} is trivial.

Proof. Let ¥, := o(F1,...,%y,). If Ais in the tail o-field, then A € \/, %, so 14 =
lim P(A | %,) =lim P(A) a.s. since A is independent of ¢4,,. Thus, P(A4) € {0,1}. |

Homework HW12: 35.4 (In fact, show that if 3¢ > 0 Y P[Y,, > 1+ €] = oo, then
X =0as.)

Homework HW13: Let Z, be IID, mean-0 random variables. Let © € L! and Y,, :=
© + Z,,. Show that E[O | Y1,...,Y,] — O as.

Homework HW14: (Pdlya’s urn) An urn contains 1 red ball and 1 green ball. Choose one
ball at random and replace it together with another of the same color. Repeat indefinitely.
Show that the fraction of red balls in the urn has an a.s. limit.

Extra Credit Homework XC5: Identify the limit distribution in Homework HW14.

Extra Credit Homework XC6: Give a martingale (X,,) such that sup E[|X,|] < oo,
for all k, E[Xy] =0 = lim X,, a.s., but EUXnH # 0.

Recall Example 35.2: On (£2,.%), let P be a probability measure and v be a finite,
signed measure. Let (%,) be a filtration. Suppose that v[.%, < P[.%, for all n. Let
X, =dv|%#,)/d(PF,). We saw that ((X,,,.%,)) is a martingale. Let X := limsup X,,.
Write Zoo 1=\ ,,>1 Fn.

Theorem 35.7. Adopt the notation of Example 35.2.
(i) If V]| P oo € P|F oo, then X =d(V]-Z»)/d(P]| ) P-a.s.
(ii) If v|Z» L P].Z, then P[X =0] = 1.

Proof. (i) Write Z = d(v|.Z~)/d(P]Z~). Checking the definition verifies that X,, =
E[Z | #,] a.s., whence X = Z a.s. by Theorem 35.6.

(ii) Consider the probability measure @ := (|v|+ P)/(||v]|+1). Then v|.Z < Q| ,
whence the result follows from (i). |
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Also recall Example 35.3, the specialization to P being Lebesgue measure on (0, 1],
Ty = a([,in); 0 < k < 2"), where I,gn) = (k27" (kK + 1)27"]. We always have that

v|%, < P|.%, and
2" —1

_ (n)yon
&—;%WMJl

We get that X,, — F’ P-a.s., where F(w) := v((0,w]) is function of bounded variation: see
Example 35.10 on p. 471.

Theorem 35.3 (Doob’s Maximal Inequality). If ((X1,.%1),...,(X,, %)) is a sub-

martingale and o > 0, then

Plmax X; > o] <o 'E[X,; m<aXX¢ >a] <a ' E[X,]].

i<n
This extends Kolmogorov’s inequality (Theorem 22.4), since if S; are the partial sums
of independent, mean-0 random variables, then (S?) is a submartingale.

Proof. The idea is similar to the discussion ending Example N6: Suppose that we must
choose exactly one X via a stopping time, our goal being to maximize its expectation.
According to Proposition N9, we cannot do better than choosing X,,. Nevertheless, we
consider the strategy to choose X, where 7 := min{i < n; X; > aori = n}. Write
M, := max;<y X;. Then for all k,

(M, > o]N[r < k| =[My > a] € Z,
ie., [M, > a] € #,. Thus, (N2) gives
aP[M, >a <E[X,;; M, >a] <E[X,; MnZOz]SEUXnH. |

Homework HW15: Show that if 7 is a finite stopping time and (X apn,-%5)) is a Ul
submartingale, then for all a > 0,

P[supXT/\n > a} <at E[X;; sup Xonn > o] < a ! E[|XT|]

n

Extra Credit Homework XC7: Show that if (X;,...,X,,) is a supermartingale and
a > 0, then
aP[rr1<aXXi > o] < E[X1]+ E[|X,]].
Doob’s LP Inequality. If (Xi,...,X,) is a nonnegative submartingale and p > 1, then
| masx Xl <~ Xl
i<n P T p—100"P
Proof. Because of Theorem 35.3, it suffices to show that for any random variables X, Y > 0,
if
Va >0 PlY >a]<a 'E[X;Y >a, (N3)

11



then »
W>1 Y, < L)X,

Namely, apply this inequality to ¥ := max;<,, X; and X := X,,.
Now

szmwh/’HW>ﬂ®:/}m>§m®
0 0
:/ pt!~t PIY > ] dt S/ ptp_Q/ X1y >ydPdt

z/pX/ P2 Ly >y dth:/ P _xyr-1qp
Q 0 - op—1

p _
< EHXHPHYP Hlgs
where ¢7' =1 —p~! = (p—1)/p. That is,

E[yp] S L
p —

- B[P,

If ||Y]|, < oo, then this gives the desired inequality. If not, then note that we may replace
Y by Y A K in the hypothesis: [Y AK >a]=[Y >a fora < K and [Y AK > o] = @ for
a > K. This gives

p
¥ A Kl < P51,

and now we may let K — oo. |

Doob’s LP Convergence Theorem. If(X,,) is a martingale or nonnegative submartingale,
p > 1, and sup,, E[|Xn|p} < 00, then 3X such that X,, — X a.s. and in LP.

Proof. Since || Xp|1 < [|Xn|lp, Theorem 35.5 gives X,, — X a.s. Since |X,,| is a submartin-
gale, Doob’s LP inequality and the MCT (or Fatou’s lemma) give sup | X, | € LP. Since
| X, — X|P < 2Psup |X,|P € L', the LDCT gives X,, — X in L”. |

Remark N18. Problem 35.4 gave a counterexample for p = 1. Also, doubling bets on fair
games gives a martingale counterexample.

On the other hand, Doob also showed that if (X1, ..., X},) is a nonnegative submartingale,
then
e
. +
E[rlnga?)l(Xz] < - (14 E[Xy logt Xn]). (N4)

This follows from the following consequence of (N3):

Ely] < - -(1+ E[X log* X]).

e —
By replacing X; with X;/ E[X,], we may improve (N4) to
e
E[ry1<axXi] < T E[Xn (1 +1log™ (Xn/ E[Xn]))]. (N5)
i<n —

(N4) can be further improved by changing log™ to log, and thus similarly for (N5): see “On
pathwise counterparts of Doob’s maximal inequalities” by Gushchin (2014). Note that if (X,) is
a submartingale and sup,, E [|Xn| log™ | X, |] < 00, then Doob’s martingale convergence theorem

and Ul already guarantees that (X,) converges a.s. and in L'.
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Homework HW16: Let p > 1, A,, be independent with P(A4,,) = (niﬂ)p for n > 1, and
X, = nlan-1 g, - Show that (X,,) is a supermartingale and F[X?] =1, but X,, — 0 a.s.

Thus, Doob’s LP convergence theorem does not extend to nonnegative supermartingales.

A sub/super/martingale indexed by the negative integers is called a backwards or
reversed sub/super/martingale. This adjective refers only to the index set! A filtration
can be defined with respect to any poset.

Example N19. Let (Y,) be IID in L' (P), S,, :== > _, Y&, X_,, := S, /n, and F_,, :=
0(Sn, Sn+1,-..). Then for 1 <k <n, E[Y1 | #_,| = E[Y} | #_,] a.s. by symmetry.

To prove this rigorously, we note that both sides here depend only on the joint
distribution of Y7 (or Yy) and (S,,, Sp41,...): see Proposition N20 below. So assume that
P is a product measure, the law of (Y,,) on R>. Then there is a bijection of the probability
space (R*°,R*°, P) interchanging Y7 and Y} but preserving P and S, for all m > n. This
proves the equality.

Since > ¢, E[Yy | #_,] = E[S, | #_,] = S as., it follows that E[Y; | Z_,] =
Sp/n=X_, a.s. Thus, ((X_,,%_,)) is a Ul reversed martingale.

Proposition N20. Let X:(Q2,.#,P) — (Y, F') and Y:(Q, F,P) — (", F") be random
variables and f: (Y, F') — R be Borel with f(X) € L1 (P). Then E[f(X) | Y] depends only
on f and the law of (X,Y). More precisely, for every probability measure p on F' x F"
such that [ |f(z)|du(x,y) < oo, there is a g,: (", F") — (R, R) such that gix vy, p(Y) is
a version of E[f(X) | Y].

Proof. Write f(z,y) := f(z) and F" := {Q' x A; A € F"}. Set g, to be the Radon—
Nikodym derivative of (fu)[.#” with respect to ul.#"”. Since g, € F", we may also

consider g, to be an .#"-measurable function on Q”. A check of the definition of conditional
expectation shows that this works: writing v := (X,Y ). P, we obtain that for all B € .#",

v = v vr,y) = x)dv(z,y) = 1
/[YGB]Q(Y)dP /[yEB}g(y)d( y) /[yeB]f( ) dv(z,y) /[YGB]f(X)dP

Note: every reversed martingale is UI. This automatically gives us better properties
than ordinary martingales have.
Write #_ o :=(),, F—n.

Theorem 35.8. Let (X_,,%_,)) be a reversed submartingale. Then its limit, X ., =
limy, 00 X_p, exists a.s. in [—00,00) and X_oo < E[X_1 | F_] a.s. In case ((X_pn, F_p))
is a reversed martingale, then X_o € (—00,00) a.s. and X_o = E[X_1 | F_] a.s.

Proof. Given [a, ], let Uy, be the number of upcrossings of [, 5] by (X, X _pi1,..., X _1).
Then the upcrossing inequality gives

E[(X_1 —a)T]
E[U,] < a .

Hence sup U,, < 00 a.s., s0 X_o := lim X_,, exists a.s. in [—o0, o0].

13



Given a < 0, (X_,, V a, #_,)) is a reversed submartingale. Thus,
VAe F_ Yn>1 E[X_,Va; A]<E[X_1Va; A
Taking n — oo gives B[X_~; A < E[X_ Va; Al < E[X_; Va; A] by Fatou’s lemma.

The rest then follows by taking a — —oo using integrability of X _;. |
Theorem 35.9. If Z € L'(P) and (F_,,) is a filtration, then E[Z | F_,] — E|Z | F_]
a.s.

Proof. ((E|Z | Z_.], #_,)) is a reversed martingale, so its limit, Z_ ., satisfies
Z-w=E[E[Z|Z.4]| %] =E[Z| F_x] as. |
Example N21. With Example N19, we have
Sp/n— X_oo = E[X_1 | F_o] = E[Y} | F_o]

a.s. and in L'. On the other hand, by Kolmogorov’s 0-1 law, lim S, /n is a constant a.s.
Hence X_o = E[X_o] = E[E[Y) | #_]] = E[Y1] a.s. This gives a new derivation of the
SLLN. While it doesn’t give Etemadi’s version that assumed only pairwise independence, it
doesn’t need full independence either—exchangeability is enough, though we don’t then
get that the limit is constant a.s.

Here, we call (Xy,...,X,) exchangeable if for all permutations 7 of (1,2,...,n),
(Xz(1)s+--» Xr(n)) has the same distribution. We call (X;; i > 1) exchangeable if for all
n, (Xi,...,X,) is exchangeable.

Suppose that all X; are indicators (i.e., Bernoulli random variables). It is not hard to
give examples of exchangeable (X7,..., X,,); for example, pick k uniformly out of n to be
1. In fact, every exchangeable sequence (X7i,...,X,,) of indicators is a mixture of these
examples, because if S,, := Y "}_; X}, then the law of (Xi,...,X,) conditional on S, is
the uniform measure on S,, out of n. The analogue for infinite exchangeable sequences is
that every example is a mixture of Bernoulli trials:

Theorem 35.10 (de Finetti’s Theorem). Let (X;; i > 1) be an exchangeable sequence
of indicators, Sy, ==Y r_, X, and © :=limsup,,_, . S,/n. Then given O, a.s. (X;) has
the distribution of Bernoulli trials with success probability ©, i.e., for all m and u; € {0,1},
PX1=u1,..., X = Uy | O] = OF(1 —0)"* a.s., where k :=>"1" u;.

Proof. This is just a limit of the finite case in the same way that sampling with replacement
is a limit of sampling without replacement: Define .#_,, := o(S,, Sn+1,...). Fix m > 1,
and consider n > m. Because (X1,...,X,,) is exchangeable, so is its law conditional on
% _, by Proposition N20. Thus, given .#_,,, all ways to choose S,, of the n indicators to
be 1 are equally likely. Given u; € {0,1}, write A := [X; = uq,..., X}, = uy,]. Then with
k:=>" u;, there are (g;f}c) values in {0,1}" of (X1,...,X,,) where A occurs, so that
a.s.

ez = (5 70/ (5)

_& S, —1 S,—k+1 n-S5, n—-5,—-1 n—S,—m+k+1
T n n-—1 n—k+1 n—k n-—-k-—1 n—m++1
— OF(1—@)m*F
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a.s. as n — oo by Example N21. By Theorem 35.9, we obtain P(A | #_,,) = ©F(1—-0)™~*
a.s. Because this is ©-measurable, the result follows by the tower property, Theorem 34.4.

Homework HW17: (Pélya’s urn) An urn contains r red balls and ¢ green balls. Choose
one ball at random and replace it together with another of the same color. Repeat indefinitely.
Let X,, be the indicator that the nth ball is red. Show that (X,,) is exchangeable.

Extra Credit Homework XC8: Identify the distribution of the random variable © that
gives the mixture of de Finetti’s theorem for Homework HW17.

Extra Credit Homework XC9: With the notation of the proof of de Finetti’s theorem,
show that .#_., = 0(©) up to sets of probability 0.

Homework HW18: Let (X;; i > 1) be simple random variables, each taking values in a

finite set, U.

(a) Suppose that (Xi,...,X,) is exchangeable. Define Z,(u) := |{i < n; X; = u}|.
Describe the law of (X7, ..., X,) conditional on Z,, := (Z,(u); u € U).

(b) Suppose that (X;; i > 1) is exchangeable. Show that Z := lim,,_,~ Z,/n exists a.s.
Hint: Let y—n = O'(Zn, Xn+1, Xn_|_2, . )

(c) With the assumptions and notation of part (b), show that given Z, a.s. (X;) is IID,
namely, for all m and u; € U, P[X1 =wuq,..., Xpm = U | Z) = [[12 Z(u;) as.

You may omit pp. 474-478.
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