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Abstract

We study the limit in low intensity of Poisson—Voronoi tessellations in hyperbolic spaces Hy
for d > 2. In contrast to the Euclidean setting, a limiting nontrivial ideal tessellation Vg appears
as the intensity tends to 0. The tessellation V, is a natural, isometry-invariant decomposition
of Hy into countably many unbounded polytopes, each with a unique end. We study its basic
properties, in particular, the geometric features of its cells.
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[The Cheshire cat] vanished quite slowly, beginning with the end of the tail, and ending
with the grin, which remained some time after the rest of it had gone.

“Well! I've often seen a cat without a grin,” thought Alice; “but a grin without a cat! It’s

the most curious thing I ever saw in my life!”

— Alice’s Adventures in Wonderland, Lewis Carroll

1 Introduction

Voronoi diagrams go back to Descartes. Their uses span the sciences, social sciences, and engineering.
Poisson—Voronoi tessellations are ubiquitous objects in stochastic geometry [M@l94, Chapter 4]. They
have been used to model real-world networks (see [BB*10, Section 19.3.2] for an introduction and
[BBKO5] for a concrete application) and have also been studied for their purely theoretical properties
and their intrinsic beauty. The recent works [Bhul9, BCP22] independently study properties of
Poisson—Voronoi tessellations in hyperbolic space in the limit when the intensity of their nuclei tends
to 0. Both these works also mention without proof the existence of a limiting tessellation. Here,
we prove existence of this limit and study its fundamental properties. The existence of a nontrivial

limit is surprising when one’s intuition is grounded in Euclidean space.



Ideal Poisson—Voronoi tessellations. Let (E,dg,0, 1) be an abstract, locally compact metric
space equipped with an origin point, o, and an infinite Radon measure, u, such that the spheres
centered at o have measure 0. For A\ > 0, we consider a Poisson cloud of points X(») = (X {)‘) , X é’\), ol
with intensity A -y (the points being ranked by their increasing distances to the origin of E). This

point process enables us to define the Voronoi diagram
Vor(XM) := (Cy, Cy, .. )

relative to XM which is a tiling of E where the tile (or cell) C; is made of the points of E that
are closer (in the weak sense) to XZ-(/\) than to any other X ]()‘). When the underlying space F is R¢
equipped with Lebesgue measure (hence having polynomial volume growth), the diagrams Vor(X()‘))
degenerate towards the trivial tiling (F) when the intensity A tends to 0. However, if the underlying
space has exponential growth, for example on d-regular metric trees with d > 3 equipped with the
length measure, or on d-dimensional hyperbolic spaces d > 2 equipped with their volume measure,
then Vor(X(’\)) may converge in distribution as A — 0 to a nontrivial random tiling, which we name
the ideal Poisson—Voronoi tessellation. We refer to Section 2, and in particular Theorem 2.3 for

details of the convergence and to Section 3.1 for background on hyperbolic spaces.

Ideal Poisson—Voronoi tessellations on hyperbolic spaces Hy. In particular, our general
convergence result, Theorem 2.3, applies when (E,dg,0, 1) is the hyperbolic space Hy equipped

with its volume measure and yields:

Theorem 1.1 (CONVERGENCE OF LOW-INTENSITY TESSELLATIONS). Let X[(i’\) be a Poisson point
process with intensity X > 0 on the d-dimensional hyperbolic space Hy with d > 2. Then we have the

convergence in law
Vor(XéA)) = V.

The limiting tessellation Vy is called the ideal Poisson—Voronoi tessellation of Hy; see Fig. 1.1.

Figure 1.1: From [BCP22]. Left to right: Poisson—Voronoi tessellations of the hyperbolic plane (in the
unit disk model) with decreasing intensity. Their limit (on the right) is Vs, the ideal Poisson—Voronoi

tessellation of the hyperbolic plane.

By tessellation in R? or Hy, we mean a locally finite collection of nonempty, closed sets (called

“tiles” or “cells”) that are (geodesically) convex, have nonempty and pairwise disjoint interiors, and



that cover the space. The cells are then (possibly unbounded) polytopes, i.e., each cell is the convex
hull of a locally finite set of points (its vertices)—equivalently, each cell is the intersection of a locally
finite set of closed half-spaces (see, e.g., [SW08, Lemma 10.1.1] for tessellations in R?; the same
follows for tessellations in H; by using the Beltrami—Klein model, where every complete, totally
geodesic submanifold of dimension & is the intersection of the Euclidean unit ball B; with an affine
Euclidean plane of dimension k£ [Rat19, Section 6.3]). The faces of a cell are the intersections of
the cells with one or more of its supporting (geodesic) hyperplanes. In our case, the intersection
of two cells will always be a face of each cell, or empty; such a tessellation is called face-to-face.
Furthermore, in our case, a k-face will always be the intersection of d — k + 1 cells, but no fewer and
no more; such a tessellation is called normal.

The limiting tessellation V; can be constructed from a Poisson process of points on the boundary
of the d-dimensional hyperbolic space, 0Hy, cross the real numbers, the second coordinates of which
we call delays. Equivalently, this product is the space of horospheres in Hy. In coordinates, we
provide the following explicit descriptions of V,; as a multiplicatively weighted Voronoi diagram,
where Leb denotes Lebesgue measure on the appropriate spaces, Sy_1 := 0By, and | - | denotes the

Euclidean norm:

Theorem 1.2 (COORDINATE DESCRIPTION OF V;). For the unit ball model of Hy, let N be a
Poisson point process with intensity Unif ® Leb on Sg_1 x Ry, while for the upper half-space model
of Hg, let N be a Poisson point process with intensity Leb ® Leb on R4~ x R, . In both models, the
ideal Poisson—Voronoi tessellation V; consists of the cells {0(9, r); (0,1) € N} defined by

C(0,r) = {z; P20 — g < sV2A=D 12— for all (1, s) € N}. (1.1)

This enables us to study the stochastic properties of V; directly. In particular, we prove that Vg

is a natural cell decomposition of Hy in the following sense:
Theorem 1.3 (TILES HAVE ONE END). Almost surely,
e V; is a tessellation of Hy;

e cach tile of Vy is unbounded with an infinite number of bounded faces and with a unique limit

point on the ideal boundary of Hy, which we refer to as its end;
e V), is face-to-face and normal; and
o the law of Vy is invariant under every isometry of Hy.

In particular, in dimension 2, the union 0Vo of the boundaries of the tiles is a random embedding in
Hs of the 3-reqular tree with geodesic edges whose law is invariant under isometries of the hyperbolic

plane.

The last bullet point of Theorem 1.3 follows from the Mobius invariance of the hyperbolic measure,
hence of the law of the Poisson cloud Xg‘) for each A > 0. The third point is also classical in
stochastic geometry and is in particular a well-known fact for standard Poisson—Voronoi tessellations

in Euclidean space; see [SW08, Theorems 10.2.1 and 10.2.3].



Figure 1.2: Simulations of the cell of V; containing the origin in the Poincaré ball model of Hy for
d =2 (left) and d = 3 (right), obtained by sampling from (1.3) conditionally on the median value
(d-1) log 2 of &;.

Cd

We denote by Cy the cell of V; containing the origin of Hy, which, by the M&bius invariance
of V4, has the same law as the cell of any other fixed point. We refer to Cq as the zero cell; see
Figure 1.2. Through the zero cell, we investigate the fine properties of the tiles of V;. As we stated
in Theorem 1.3, the cell C; almost surely has a unique end € 0Hy, and once we view Cq4 in the upper
half-space model of H; with its unique end sent to oo and the origin sent to (0,0,...,0,1), its law
can be described in a surprisingly simple and appealing way using a deposition model: Let £; be
a random variable with law Exp(%), where
i

r(3)

is 2174 times the Euclidean volume of Sy_;. Conditionally on &y, let II; be a Poisson cloud of

cq = 22id

(1.2)

hemispheres in R4~ x R, with centers z € R%~! and radii p > 0 having intensity

2. gd -dx pl_Qddp IPSW . (13)

Theorem 1.4 (DESCRIPTION OF Cy). The law of Cq is given by the complement of all open

hemispheres whose centers and radii are given by Ili; see Figure 1.3.

In particular, if one forgets about the condition 1p <\/THF in the intensity (1.3), which excludes
only finitely many hemispheres a.s., one sees that C; has almost the same law as a random dilation of
the complement of balls whose centers and radii have intensity p'~2¢dpdz. This complement is the
epigraph of a random continuous field over R?~! whose marginal law is made explicit in Proposition
5.4. This field and these balls have a law that is invariant under all Euclidean isometries of R%!
and yields after orthogonal projection a random tessellation of R%~! that is a special case of the

Laguerre tessellations studied in [GKT22b].



W

Figure 1.3: Representation of a finite portion of dC3 (top) and dCs (bottom) in the upper half-space

models in dimensions 3 and 2 (conditional as in Figure 1.2). In both cases, the portions go from —10
to 10 in the coordinate directions on the ideal boundary. The origin is shown on top as a yellow dot
with a vertical line below it, while the origin is shown as a black dot on bottom. Note that below
the boundary of the zero cell lie all the other cells. A portion of such in dimension 3 is shown in

Figure 1.4.

Figure 1.4: A vertical slice through the origin showing a portion of the boundary of the zero cell as
well as those cells that intersect the vertical plane of the slice. The origin is shown as a black dot

inside a white dot.

The above Poissonnian construction of the zero cell C; is the main tool to study various

distributional quantities such as:
e the hole probability (Proposition 5.1) for Cg,

e the stationary distribution of the height and azimuth field describing the deposition model
(Proposition 5.4),



e the vertex intensity of Cy4 in the Euclidean stationary model (Proposition 5.12).

By passing to the limit A — 0 in several computations made for nonzero-intensity Poisson—Voronoi
tessellations of Hy [GKT22a], we also compute explicitly the k-dimensional face intensities for
0 <k <d-—1 of the tiling V; in Theorem 4.7. At certain points in this work, we study the dual
complex to Vg, the ideal Poisson—Delaunay tessellation.

The paper is structured as follows: In Section 2, we set up an abstract framework for convergence
of Voronoi tessellations whose points converge to the ideal boundary of a space. Section 3 establishes
the main properties of the ideal Poisson—Voronoi tessellations in d-dimensional hyperbolic spaces,
along with the first three theorems stated in the introduction. At the end of Section 3, we develop
the basic properties of the ideal Poisson—-Delaunay tessellation. We then turn to precise computations
of various distributions related to V; and to C4. Using [GKT22a], we compute the k-face intensities
in Section 4, while we focus on the cell of the origin, C4, in Section 5. Section 6 treats the case for
regular trees and recalls some results obtained by [Bhul9]. Finally, Section 7 provides some future

directions.
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2 Abstract convergence results

In this section, we give an abstract point of view on the convergence of Voronoi diagrams based
on the concept of the Gromov boundary of a metric space (E,d). The main idea is that building a
Voronoi diagram requires us to compare only differences of distances, rather than actual distances.
In particular, the forthcoming Theorem 2.3 is purely deterministic and could be applied to many

different spaces.

2.1 Gromov boundary and ideal Voronoi diagrams

Let (E,d) be a locally and boundedly compact metric space. The set C(E) of real-valued continuous
functions on F is endowed with the topology of uniform convergence on every compact subset of E.
We define an equivalence relation on C(F) by declaring two functions equivalent if they differ by an
additive constant; the associated quotient space endowed with the quotient topology is denoted by
C(E)/R. Following [Gro81], one can embed the original space E in C(E)/R using the injection

. F — C(E) — C(E)/R

i "

r +— dy=d(z,) — dy .

The Gromov compactification of E is then the closure of i(F) in C(F)/R. The Gromov
boundary or horoboundary OF of E is composed of the points in the closure of i(E) in C(E)/R



that are not already in i(£). The points in OF are called horofunctions; see [Gro8l]. They
are obtained as limits of shifted distance functions d(z,, ) — d(x,,0) for some sequence of points
T, — 00. Let us denote a point on the Gromov boundary by # and fix the associated representative
function dg(-) so that dg(o) = 0 for all § € JE. In particular, if 0,6’ € OF and x € E, one can make

sense of the “difference of distances”
dg(x) —dg (.T) € R. (21)

We will then enhance the Gromov boundary by the addition of a second coordinate, real numbers
which we call the delays, yielding the extended ideal boundary, OE = OF x R. Extending the
preceding display, if x € E and (0,96), (¢',¢') € OE are two extended ideal points, we say that z is
closer to (6,0) than to (¢',0") if

dg(x) — dg(z) < &' — 4.

Letting
d(z,(6,6)) = dg(z) + 6,

which we call the linear separation of = from (6, ) and which is real valued, the condition becomes
d(z,(6,6)) < d(z,(¢,4)).

The level sets of a horofunction dg are called horospheres at 6. A horosphere is thus a limit
of spheres in the sense that dg(z) = ¢ iff there are spheres containing x centered at points x,, — 6
with radii d(zy,0) + &, and d, — &. The horosphere d, ' [{§}] is also the zero set of d(, (8, —3)). If
¢ is an isometry of (F,d), then ¢ acts naturally on 0F mapping one horosphere to another in the

following way, as shown from the definition: for all x € F,

dg(o) (¢(x)) = do(x) — dg (¢~ (0)). (2.2)

Hence, if we write
¢(0.6) = (¢(0),8 + dg(¢~"(0))), (2.3)

then we obtain an action of ¢ on the space of horospheres, OF , that preserves linear separation:

Vo€ E Y(0,6) € 0E  d(¢(x), 6(8,8)) = d(, (6,9)). (2.4)

(Ideal) Voronoi diagrams. Let us first recall the basic definition of Voronoi diagrams. Fix a
sequence of distinct points (x;; i > 1) € E, called the nuclei. We will always suppose that the
nuclei z; are ranked by their increasing distances to the origin of F and that d(o,z;) — co. The

Voronoi diagram Vor(z;; i > 1) = (C;; i > 1) is defined via its tiles C; associated to z; via
Ci={weE;Vj>1dw,z)<dwz;)}.

We also define the “open” version of the tiles denoted by C7 when the weak inequality is replaced
by a strict one. Notice that the C are disjoint; since we imposed that d(o,z;) — oo as j — oo, it

follows that C; are indeed open sets.

The framework above enables us to define diagrams using nuclei that are not points of E but
extended ideal points of OE. More precisely, if € := (0;; i > 1) is a sequence of boundary points on
OF and § := (§; € R; i > 1) is an increasing sequence of reals tending to oo, we define the (ideal)

Voronoi diagram associated to (6,d) as follows:



Definition 2.1 (IDEAL VORONOI DIAGRAMS). The Voronoi diagram Vor((0;,6;); i > 1) is given
by its tiles (C;; © > 1), where

Ci = {a: S E; V] 75 7 d(:l), (91,(51)) < d((l), (9]',(5]‘))},
and similarly with C; defined via a strict inequality.

We say that the diagram is nondegenerate if CTO = (C; for every ¢ > 1. Notice that since we
impose that §; — oo, every compact K C FE intersects only a finite number of tiles of the diagram,
and the tiles C7 are again open. Also, the diagram is invariant under a shift of all delays (;; i > 0)

because it depends only on the differences of linear separations.

2.2 Convergence of diagrams

As we will see, the concept of Gromov boundary and ideal diagrams is well suited for studying
convergence of standard Voronoi diagrams. We will use the Fell topology on the collection of closed
subsets of E, which is generated by the sets {F'; FFNC = @} for compact C C E and the sets
{F; FNG # @} for open G C E. This topology makes the collection of closed subsets compact,
while if the empty set is omitted, then the collection becomes locally compact (see [SWO08, Section
12.2]).

Definition 2.2 (CONVERGENCE OF DIAGRAMS). We will say that the sequence of diagrams
k .

(<Ci( )3 [ 1))k21

C’i(k) converge to the closed subset C; in the Fell topology.

converges to (C;; i > 1) as k — oo if for each i > 1, the closed subsets

The following lemma, roughly speaking, entails the continuity of the Voronoi-diagram mapping

with respect to the convergence of nuclei towards the extended Gromov boundary, OE.

Theorem 2.3. Suppose that for each k, we have a sequence of points (a:l(k); i > 1) ranked by

increasing distances to o on a space (E,d) that together satisfy the following three conditions:

(i) (CONVERGENCE TO THE BOUNDARY) For all i > 1, we have convergence in the Gromov sense
)

Z

—— 0, € OF.

k—o0

(ii) (CONVERGENCE OF PROTO-DELAYS) For alli > 1, we have
d(z? o) — d(z, 0) —— 5.
k—00

Furthermore, §; — 00 as i — oo.

(iii) (NONDEGENERACY) Vor((6;,0;); i > 1) is nondegenerate.
(k)

Then the Voronoi diagrams Vor(z;; i > 1) converge as k — oo to the ideal Voronoi diagram
Vor((91,5l); 7> 1).

Remark 2.4 (Degenerate cases). To see that the third condition in the lemma is needed, suppose

that F = [0, 00), so that OF consists of a single point, 6. Then acgk) — 0 as soon as d(xz(k),

0) = o0
as k — oo. If d(xgk), 0) < d(mék), o) for each k and the limiting delays satisfy 0 = §; = d2 < d3 <
then the tiles C; of the limiting degenerate ideal diagram Vor((G, 6i); 0> 1) are Cy = Cy = FE and

C’Z-:@foriZS,yetCék)—>®ask:—>oo.



Proof. Denote by Ci(k) (resp., C:’(k)) the closed (resp., open) tiles of Vor(;vl(-k); i > 1) and by C;
(resp., Cf) those of Vor((6;,6;); i > 1). Since the space of closed subsets of E endowed with the
Fell topology is itself compact, we can suppose up to passing to a subsequence that we have

C(’f) S 0
v k—00 ¢

in the Fell topology for some closed subset €;, and our goal is now to show that &€; = C;. We define

the proto-horofunctions

d m(z) = d($§k), z) — d(xz(»k),o),
as well as the proto-delays 51@) = d(wl(k), o) — d(acgk), 0). A given point z € F thus belongs to C’i(k)
iff for all j # 4, we have the inequality

@, 2) —d(@'", 2) = d_w(2) = d_w (2) + 07 — 6 <0, (2.5)
i J

(k)

and similarly for C'io Y with a strict inequality. By our first two assumptions, the function of z in

the last display converges uniformly on compact sets towards
dgi(') - dgj(-) +6; — 5j.

It follows immediately that we have €; = limy_, Ci(k) C C;: indeed, if z € limg_,o Ci(k), then there
are zi(k) € Ci(k) satisfying (2.5) with z@(’f) — 2z, so that passing (2.5) to the limit, we deduce that
z € C;. For the other inclusion, we show that C7 C €; and use the non-degeneracy CTO =} to
conclude. If z € C7, then for every fixed j # ¢, (2.5) holds with strict inequality for all large &,

whence z € C’Z-(k)

for all large k. This gives z € €;, as desired. O

3 Ideal Poisson—Voronoi tessellations on hyperbolic spaces

As mentioned in the introduction, the limit in low intensity of Poisson—Voronoi tessellations in R¢
is trivial. This comes from the fact that, although the Gromov boundary of R? is nontrivial (it is
homeomorphic to Sy_1), the polynomial growth of R? imposes that the difference of distances to o
(the delays) of the first two closest points in a PPP with intensity A tends to oo in probability as
A — 0. Indeed, it is easy to convince oneself that superpolynomial growth is required to get tight

delays as A — 0. A natural choice of such a space is the d-dimensional hyperbolic space, Hy.

3.1 Background on hyperbolic spaces

For the hyperbolic space Hy with dimension d > 2, we will use the model of the open unit ball
By == {z € R?; |z| < 1} equipped with the metric 2|dz|/(1 — |2|?), which leads to the

2
1—|zf?

lz —yl
V(= [z[2)(1 - [y[?)

and the model of the upper half-space Uy := R%~! x R+ equipped with the metric |dz|/z4, where

d
distance (zx,y) > 2arcsinh and measure ( ) 1p, - Leb,

x = (z1,22,...,2q), which leads to the

— 1
u and measure —1,,50 - Leb,

2\/Td Yd zd

10

distance (x,y) + 2arcsinh



where Leb denotes the usual Lebesgue measure; see [Stol6, pp. 9, 11, 13, 14]. We will write
respectively dg, and Volg, for the hyperbolic distance and measure. The origin of Hy will be denoted
by o, meaning the center of the ball or (0,0,...,1) in Uy.

The isometries of Hy form the group Mob, of Mdébius transformations of Hy. An isometric
mapping from B, onto Uy is given by the generalized Cayley transform, which is the diffeomorphism
k: Bg — Uy defined by

1
K(z) =2 = 221, ..., 2zq-1,1 — |2]?),
(2) z%+---+z§,1+(2d—1)2( 1 d—1 ||)

1
-1 2
K () =2z:= 2x1,...,2x4-1,|x 1
(@) x%+---+x371—|—(xd+1)2( ! a1 |7] )

for z € By and x € Uy [Leel8, p. 66]. If rf denotes reflection in the plane x4 = 0, then the
maps z — £(rf(2)) and = — rf(k7!(z)) are both restrictions of inversion in the sphere of radius
V2 centered at (0,0,...,—1) € R% see [Stol6, Exercise 2.4.6(a)]. The maps x and ! extend
continuously to the boundaries where |z| = 1 and x4 = 0 or = oo, yielding the stereographic
projection from the north pole onto the plane containing the equator, Ste: Sy_; — R*~!, and its

inverse. The image of the uniform measure on Sy by Ste to R~ is given by:
Lemma 3.1. The image of the uniform measure on Sq_1 by the stereographic projection Ste: Sg_1 —
R~ 4s the stereographic law given by
1 1
dr =
d—1 d—1
ca(1+ 2255 )

_— d:Ul dxd—l?
ca(1+ |x\2)d !

where cq is as in (1.2).
Proof. This can be proved by a tedious but elementary calculation or by the explicit expression of
the metric tensor on the sphere S;_; in stereographic coordinates in [Leel8, Equation 3.7]. A third

proof uses the hyperbolic Poisson kernels, since Ste is merely the extension to the boundaries of the

isometry r; for such a proof, see [Stol6, Exercise 5.7.15]. O

3.2 The ideal tessellation V),

Below we prove a slightly stronger version of Theorem 1.1.

Theorem 3.2. The Poisson—Voronoi tessellation of (Xi()‘) ; 1> 1) converges in distribution as X | 0
towards the nondegenerate ideal Voronoi diagram Vor(®,D) where ® = (01,...) are i.i.d. uniform
angles over Sq_1 = OBy and D = (D;; i > 1) is such that (ﬁe(dfl)Di)izl is a homogeneous Poisson
point process (PPP) on Ry of unit intensity. The process D is independent of ©.

We call Vor(®, D) the ideal Poisson—Voronoi tessellation of H; and denote it by V,;; we still

need to prove that it is a tessellation, which we will do in Section 3.4.2 when we prove Theorem 1.3.

Proof. Let XM = (Xi()‘) ; i > 1) be a PPP of intensity! A%~ . Voly, on the hyperbolic space

Hy, where as usual the points are ranked by increasing hyperbolic distance to the origin, o. In

!The normalization of the intensity as A?~! is here to ensure that the closest point to o in XM s roughly at
distance log(1/X) as A — 0 for every d > 2.

11



particular, almost surely dg, (o, Xi()‘)) is strictly increasing in ¢ > 1. Our goal is to prove convergence
of the corresponding Voronoi tessellations towards a limiting ideal diagram as A — 0. To apply
Theorem 2.3, one needs to check convergence of points towards the ideal boundary and convergence

of proto-delays. Both turn out to be very easy:

Convergence of proto-delays. By the mapping theorem for Poisson processes [Kle20, Theorem
24.16], it is simple to see that as A — 0, we have

diz, (0, XV (®)
[log A| Ao

and so it is natural to introduce the shifted distances, i.e., the proto-delays, as
DY = dg, (0, XM) —log(1/X), i>1. (3.1)

The mapping theorem for Poisson processes readily entails that, as A | 0, the set of increasing

proto-delays (DZ()‘))

i>1 converges in law to the increasing points (D;);>1 of a Poisson point process
on R with intensity measure

cd eld=1s g

Equivalently, the set (dfdle(d_l)Di)izl is a rate-1 homogeneous Poisson process on R;. These
statements can be proved via the following simple calculation. Recall that the volume growth

function for hyperbolic space is given by

fa(u) = Volsz, (Ba, (0,4)) = /Ou (sinh p)~ dp,

where Qg4 = 2% is the Euclidean volume of S;_1. A straightforward calculation shows that for all
x,y € R, we hav2e

lim A1 ( £y (:c +log l) ~ Ja(y +Tog 1) _ 2, (@D _ o(d=1)y)

A0 A A d—1 ’

whence both claims follow from the mapping theorem for Poisson processes.

Convergence to ideal points. Let us return to the Poisson point process of nuclei (XZ-()‘) ;i>1)
and adopt the ball model B; for hyperbolic space. By rotational symmetry, it is clear that
conditionally on the distance process (dH ,(0, Xi()‘)) ;1> 1), or equivalently conditionally on the
(M)

proto-delays, the angles (©,”; i > 1) of the points XZ-(/\) in the ball model B, are i.i.d. uniform over
Sq_1. It is well known that the Gromov boundary of By is Sy_1, or equivalently that a divergent
sequence of points z; € By with angles 6; converges to 8 € 0B; = Sy_1 if and only if 2; — oo and

0; — 6 (see [BH13, Example 8.11, page 265]).

We can now conclude the proof of the theorem. By the Skorokhod embedding theorem, we can
couple, on the same probability space, all the Poisson point processes (Xi()‘) ;0>1) for A >0 in
such a way that for every ¢ > 1, the proto-delays and the angles converge almost surely: DZ(/\) — D;
and @Z(.)‘) — 0;. In particular, D; — oo almost surely and the convergence of angles implies the
convergence towards the Gromov boundary. Using the fact that all ©; and D; have continuous
distributions, it is an easy matter to check that the limiting ideal diagrams are a.s. nondegenerate.

We can then apply Theorem 2.3 to get the desired convergence. O
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3.3 Computing the separations

Having identified the limiting tessellation, we now aim to look more closely into its properties. The
final piece needed to prove Theorems 1.2 and 1.3 is a concrete way of computing distances from
extended ideal points. For this, we will see that it is more practical to first perform a change of

variable and consider the exponentials of the delays.

Recall the definition of an extended ideal point (0, d) € 871-11\65 = 0Hy; x R where 0 is a boundary
point and § € R is a delay. It will be convenient in the rest of the manuscript to consider the following
equivalent description after taking the exponentials of the delays: Introduce ﬁfd = OHy x Ry,
which we call the corona, and consider the image of the extended ideal points

(6,6) € OHy > (6, dc_d L) € OH,,

where ¢g4 is as in (1.2). We call the first coordinate of a point in the corona its angle and the second
coordinate its radius. We will also use the letters r,r;, R, R; for radii and the letter “6” or “D”
for delays. It follows from the first part of the proof of Theorem 3.2 that (6;, %e(d*I)Di)izl is a
Poisson point process in the corona with intensity

pta = Unif ® Leb; (3.2)

the points of this PPP will be called ideal nucle:. In these new coordinates where r = %e(d_l)‘s

)

we introduce the (exponential) separation between z € Hy and a point (,r) in the corona in

terms of the linear separation between z and an ideal point (6,4) as follows:

d(z,(6,r)) = dc_d - exp{(d — 1)d(=. (6,9)) }. (3.3)

This monotone, strictly increasing transformation preserves the inequality in Definition 2.1 and hence
the associated ideal Voronoi tessellation. See Figure 3.1 for an example of the Poisson point process
on the corona and its associated Voronoi and Delaunay tessellations. In the latter tessellation, one
associates to every Voronoi vertex v the ideal simplex formed from the d + 1 angles of the ideal
nuclei whose separation from v is smallest. The resulting collection of ideal simplices forms the

Delaunay tessellation; complete details are given in Section 3.5.

3.3.1 Separations to the ideal nuclei via the Poisson kernel

Remember that the ideal boundary of B, is identified to the (d — 1)-dimensional sphere, Sy_1. In
this model, we recall the expression of the (hyperbolic) Poisson kernel that gives the density of

the harmonic measure on Sy_1 seen from a point z € By: For z € By and 6 € Sy_1, write

0= ()

9

see [Sto16, Definition 5.1.1]. For the upper half-space model, given z € Uy and § € R~! | the kernel

K(z,0) — cld(pfdep)d_l;

1S
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Figure 3.1: Portions of the ideal Voronoi V,; (in black) and Delaunay tessellations (in light blue,
where ideal nuclei are joined if the corresponding tiles are adjacent in V,;), with the corona showing
the first 500 ideal nuclei. The radii of the nuclei are scaled linearly to [1.02,2.02] for graphical
reasons. Each point (6,r) in the corona is joined by a line segment to € in the ideal boundary.
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see [Stol6, (5.6.1)]. However, a slightly modified kernel is more useful to us in Uy:

(Zd(l + |¢9|2))d‘1 if 0 # 00
K(z,0) = |z — 0] ’
(za)" if 0 = oo.

These kernels occur naturally when computing separations from ideal nuclei:

Lemma 3.3 (SEPARATION IN COORDINATES). The separation from z € Hy to (6,r) € 8’]}\]1/(1 satisfies

r .
m m th@ ball model,
d(z,(0,r)) =

= in the upper half-space model.
K(z,0) /

Thus, if (01,71), (02,72) are two points of the corona, then a given point z € B, has a smaller
separation to (01,71) than to (62, r9) iff

1 < T2
K(z,61) = K(z,02)

whereas for z € Uy, the condition is
— 0|2\ d-1 — 0y]2\d-1
oo T 7‘1(%) < 7"2(%) , (3.5)

K(z,61) ~ K(z02) 14161 1+ |62

where the fraction is interpreted as 1 if 6, = oco.

it 7]z — 0112070 < gz — Gy]24D), (3.4)

Proof. Since edresinht _ g—arcsinht — o e have e2*inht  9¢ a5 ¢ — 0o, Therefore, if By > x, —

0 € OH4 as n — oo, we have for all y € By that

410 — yf?
exp{de(xn,y)} ~ (1 — ‘9’2) (1 — !y\Q) : (36)

Recall from Section 2.1 that the horofunction dy(y) = lim, 0 (dH J(@n,y) —dm, (zn, 0)). Applying
(3.6) to y = z and to y = o yields
(o) _ 12 =0 (3.7)
1—z* '
Using the definitions of d(z, (0, r)) and of K completes the proof.
The proof is almost the same in Uy: For Uy 5 x,, — 0 € OH, as n — oo, we have for all y € Uy
that

0 _ 2
0=y 4y £ 00,
In
exp{ds, (zn,y)} ~ § T2V (3.8)
Dnd i g — .
Yd

Here, when 6 = co, we may take the first d — 1 coordinates of x,, to be fixed (not changing with n).

Applying this to y = z and to y = 0 = (04—1, 1) yields

—f|?
’27‘2 if § £ oo,
o) _ Zld(l +16]2) (3.9)
— if 8 = 0.
Zd
Using the definitions of d(z, (0, r)) and of K completes the proof. O
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It may appear incongruous that K rather than K appears in the upper half-space model. The
reason is that the radius r is based on the origin, o, which is not as natural a reference point for U
as it is for B. A more natural reference point for U is the ideal point, co. One can, in fact, couple
the PPPs of intensity A > 0 of nuclei in U by dilating from oco: see Lemma 3.6 below to see how a

more natural expression ensues.

The following corollary will be useful for the proof of Theorem 1.4.

Corollary 3.4. Consider two ideal nuclei, (61,71) and (0,7). In the upper half-space model Uy, if
01 = oo, then the (d — 1)-hyperplane of points at equal separation from the two ideal nuclei is the

Euclidean hemisphere centered at 0 with radius

TP (1)
1)

Proof. This is immediate from (3.5). O

3.3.2 Almost-sure limit via dilations
The convergence in Theorem 3.2 is a convergence in law, but actually there are explicit ways to
realize the coupling towards the end of the proof for different A via dilation as follows:

Remark 3.5 (DILATIONS FROM o IN By). Let (©,R) = ((©;, R;); i > 1) be a Poisson point process
on Sy_1 x Ry with intensity Unif ® Leb. Let v4(r) be the hyperbolic volume of the ball of Euclidean
radius r centered at the origin in the ball model of Hy. For A > 0, define the point process X® as

Angle(f(i()‘)) =0, and dEuC(O,X’Z.(A)) = v, (R /AT,

Then it is straightforward to check that for each A > 0, the point process X is Poisson with

intensity A% ! and for which we have the almost sure convergence XV — (©,D), where R =

74 exp{(d — 1)D}. In particular, by the proof of Theorem 3.2, its Voronoi tessellation converges

almost surely towards V,; see Figure 3.2.

Figure 3.2: Left to right: Poisson—Voronoi tessellations of the hyperbolic plane (in the unit disk
model) with decreasing intensity coupled via dilations from o using 1000 nuclei. Their limit (on the

right with 10,000 ideal nuclei) is Vo, the ideal Poisson—Voronoi tessellation of the hyperbolic plane.
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Lemma 3.6 (DiLATIONS IN Uy). Let X be a Poisson point process with intensity 1 in Hy. In the
upper half-space model, the intensity measure, dVoly,, is dzydzs - - drg— :c;d dxgy. Define X by
mapping (1, ...,xq) — (T1,...,T4—1, \tq), which we write as x — ™. Then XN is a PPP of
intensity X%=1. As X\ | 0, the Voronoi tessellation associated to XN a.s. converges to the diagram

given by (1.1).

Note that in contrast to the ball model, the process N used for the upper half-space model in

Theorem 1.2 does not use the radii as defined by using an origin in Hy.

Proof. The Poisson mapping theorem gives that XV is a PPP of intensity A*~. By (3.8), for each
x € X and all z € Uy, we have

exp{dH (l‘()\) Z)} N |9—Z|2
d ’ A\eg zq
where 0 = (z1,...,24-1), showing that the proto-delays converge a.s. Write p(z) = (0, ﬁmi_d)

Since X converges to V; by Theorem 3.2, it remains to show that {p(:n) S X} is a Poisson

process of intensity Leb ® Leb. This follows from the Poisson mapping theorem. ]

We can now conclude the proof of Theorem 1.2:

Proof of Theorem 1.2. Knowing that the limit V,; exists and is described by Theorem 3.2, the proof
follows by appeal to (3.4) in the case of the ball model. The description in the case of the upper

half-space model follows from Lemma 3.6. O

3.4 First properties of V,

Let us establish the first few properties of V; and Theorem 1.3. The faces of the ideal Voronoi cells
are totally geodesic. This follows from the equivalent fact for the Poisson—Voronoi tessellations with

positive intensity.

3.4.1 Topological properties

Our ideal Voronoi diagrams share the same a.s. local properties as standard Poisson—Voronoi

tessellations in dimension d:

Proposition 3.7. Almost surely, the diagram Vg is a locally finite, face-to-face, and normal

tessellation.

Proof. The argument is almost the same as for standard Poisson—Voronoi tessellations: Given a
fixed ball in By, the inequality (3.4) combined with the fact that the ideal radii tend to infinity a.s.
shows that there are only finitely many ideal nuclei that could have smaller separation from any
point in that ball than the separation from the ideal nucleus with smallest radius. Therefore, only
finitely many ideal Voronoi cells intersect that ball. Since the cells are convex, so is each intersection
with the ball, as well as all finite intersections among the cells. As a consequence, the diagram has
only finitely many faces in the ball, i.e., is locally finite. It then follows from Theorem 3.2 that V; is

a.s. a tessellation.
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We next prove that V; is face-to-face. Indeed, suppose that X and Y are two distinct ideal nuclei
whose cells C(X) and C(Y') have nonempty intersection. Write H for the geodesic hyperplane of
points at equal separation from X and Y. Then C(X)NC(Y) C C(X)NH. Since C(X)NH # &, we
have that H is a supporting hyperplane of C(X), whence C(X)NH is a face of C(X) by definition of
face. It remains to prove that C'(X)NC(Y) = C(X)NH. If not, then choose w € C(X)NH\ C(Y).
Since w ¢ C(Y), there is some ideal nucleus Z with d(w, Z) < d(w, Y’). However, d(w, X) < d(w, Z)
because w € C(X), and these two inequalities contradict w € H, i.e., d(w, X) = d(w,Y).

To show normality, recall that equality in (3.4) is the condition that z has equal separation from
two points in the corona. Given x; € 8/}1\-1@, let S(z1,...,xy) be the set of points z € B; whose
separation from z; is the same for all i € [1, m]. When x; # x9, the set S(x1,z2) is a totally geodesic
hyperplane in Hy, contained in a Euclidean sphere of dimension d — 1.2 It is straightforward to see
that for m > 2, the set S(x1,...,x,,) is either empty or contained in a sphere of dimension one less
than a sphere containing S(z1,...,2m—1) for pl*-a.e. (x1,...,2m) € 8AIPITdm with pg defined as in
(3.2). Therefore, @ # S(x1,...,2m) = S(x1,...,2m—1) only on a set of x/'-measure 0.

Consider now the ideal nuclei with radius at most p. Given that there are m such ideal nuclei,
their distribution in random order is proportional to the restriction of uj;' to m-tuples of points in
the corona with radius at most p. Thus, a.s., for any set {Y7,...,Y,,} of m ideal nuclei of radius at
most p, the totally geodesic plane S(Y1,...,Y;,) has dimension d + 1 — m or is empty. Because this
holds for all p, the same holds without this restriction on the radii.

Finally, suppose that s is a k-face of Vz with 0 < k < d — 1. Because Vy is face-to-face a.s., there
exist distinct ideal nuclei Y7, Ys, ..., Y}, the intersection of whose cells is s. By what we proved in
the last paragraph, m < d + 1. Thus, s affinely spans S(Y1,...,Y,,) and d+1—m = k. O

In fact, we have quantitative control over the number of faces that appear in a given ball:

Proposition 3.8 (TAIL BOUNDS FOR CROWDING). Let B, = B, (0) be the ball centered at o with
hyperbolic radius w. Write a .= 1/(2e*@=D% — 1), The probability that the number of k-faces of Vg
that intersect By, is at least n is at most 2(1 — a)"l/(d+l_k>_1 < Qe~am!/TH=R - for 0 <k <d and
n > 0.

Proof. If z is a point of B, that belongs to the cell of an ideal nucleus (0,7) # (01, R;), then the

separation of z from (6, r) is at most that from (01, R;), whence

)

where a := tanh(u/2) is the Euclidean radius of B,. That is, r < R [(1+a)/(1 — a)]Q(d_l) = Rye?,
where v := 2(d — 1)u. Hence, the number N of ideal nuclei with radius in (Rj, Rie"] is at least
the number of cells—other than the cell of o—that intersect B,,. Now, given R;, the conditional

distribution of N is Poisson with parameter R;(e” —1). Thus,

INT _ o [wBi(e?—1)(et=1)] _ 1
E[e""] = E[e™ ] 1— (v —1)(ef — 1)

when (e¥ — 1)(e! — 1) < 1. Choosing t so that this product is 1/2 yields the bound

P[N > n] =Pl > e <2(1 —a)" < 2¢7"

2For d = 2, the fact that this locus in the plane is a circle is due to Apollonius.
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by Markov’s inequality.

By normality, each k-face is the intersection of d + 1 — k cells. If such a face intersects B, then
so does each of the cells whose intersection forms that face. If the number of cells intersecting B,, is
m, then there are at most m?® intersections of s of them. Therefore, if at least n k-faces intersect
B, then at least n'/(@+1=F) cells intersect B, and so N > n'/(@+1=k) _ 1 This gives the result
desired. 0

We now prove that each cell has a unique end. In fact, we give a quantitative bound on how
far the cell of the origin can extend away from the ideal nucleus (01, R1) in the opposite direction

within a spherical cap of angle o € (0, 27) subtended at o:

Proposition 3.9 (TAIL BOUND FOR ONE END). Letu >0, a € (0,27), v := ((e“—1) cos(oz/4))2(d71)
and 3= (y—1)". Let A be the portion of the unit sphere intersected by the cone C of opening angle
a € (0,27) subtended at o in the antipodal direction to ©1. Write o/ for the (d — 1)-volume of A.
The chance that the zero cell contains some z at hyperbolic distance v from o and within the cone C'

is at most 1/(1 + o/B). Therefore, all cells have only one end a.s.

A

Figure 3.3: We have |z — ©1] > |z — ©1] > |z — y| = 2asin((7 — «/2)/2) = 2acos(a/4).

Proof. Let S be the intersection of the sphere about o of hyperbolic radius v with the cone C. For
z € S, we have Ri|z — 01D > Ry (2a COS(a/4))2(d_1), where a := tanh(u/2) is the Euclidean
radius of the sphere: see Figure 3.3. Note that the closest point z € S to § € A has Euclidean
distance 1 — a from 6. Therefore, if there is some z € S N Cy, then for all ¢ with ©; € A, we have by
(3.4) and the preceding inequality that

2(d—1)

R (2acos(a/4)) < Ri(1—a)?d-Y),
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The radii of the PPP on the corona restricted to ideal nuclei with angles in A has intensity o, so
the chance, given Rj, that the above inequality holds for all i with ©; € A is exp{—o/ Ry [5’} because
2a/(1 — a) = e* — 1. The unconditional probability that this inequality holds is therefore the bound
claimed.

Since this bound tends to 0 as u — oo, it follows that Cy4 a.s. contains no limit point in A. Since
« can be chosen as close to 27 as we wish, we conclude that C; has only the end ©;. There are only

countably many cells, whence the same holds for all cells. O

3.4.2 Mobius action on the corona via the Poisson kernel

In (2.3), we extended isometries to the extended boundary in a way that preserves separations.
Converting coordinates to the corona and using (3.7), we find that an isometry ¢: By — By of

hyperbolic space acts on the corona preserving separation via
6(0.7) = (#(0), /K (67 (0).6)). (3.10)

Lemma 3.10. The action of the Mobius group Moby on the corona 5IVB%d defined by (3.10) is a
transitive group action that leaves the measure pg of (3.2) invariant. In particular, the law of Vg is

invariant under isometries.

Proof. This can be checked directly on the corona using the equivariance of harmonic measure (i.e.,
¢« (K(z,-)Unif) = K (¢(z),-)Unif), but let us prove it using PPPs: Let X®™ be a PPP on By with
intensity A. Let R®™ be the corresponding proto-delays, exponentiated as in the coordinates of the
corona. It follows from Theorem 3.2 that (X, R™) converges as A — 0 towards a PPP on the
corona with intensity pg. On the other hand, the law of (X()‘), Ro‘)) is invariant under isometries.
It follows that Mdb, acts in a way that leaves the measure pg of (3.2) invariant. It is easy to check

that this action is indeed transitive. O

The measure g is therefore the Haar measure on 8/]?1@ for the action of Mobg. Also, the subgroup
of Méby that stabilizes (0, ) is the subgroup that fixes the horosphere at 6 that passes through the

origin (no matter the value of r).

Proof of Theorem 1.3. By Proposition 3.9, the cells are unbounded with one end a.s. Since the ends
are distinct, it follows that all lower-dimensional faces are bounded a.s. The remaining properties

were proved in Proposition 3.7 and Lemma 3.10. O

The separation field, whose value at z is the minimum separation between z and all ideal
nuclei, determines the ideal Voronoi and Delaunay tessellations. See Figure 3.4 for a sample. A
measurable map that intertwines two actions of a given group I' is called I'-equivariant. When
the actions preserve probability measures, the second action is then called a I'-equivariant factor
of the first. When the map is invertible with measurable inverse, then the two actions are called
I'-equivariantly isomorphic.

Our next result uses Proposition 3.9, which proved the first bullet point of Theorem 1.3.

Theorem 3.11 (ISOMORPHISMS AND FACTORS). The Poisson point process of ideal nuclei on the

corona, the separation field, and the IPVT are all Mobg-equivariantly isomorphic.
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Figure 3.4: Part of the separation field in Hy. The boundaries of the cells of the ideal Voronoi
tessellation are formed by the singular points of the field (where it is not differentiable).

Proof. It suffices to define measurable, equivariant maps fns, fsv, and fyn from the ideal nuclei
to the separation field, from the separation field to the Voronoi tessellation, and from the Voronoi
tessellation to the ideal nuclei, respectively, such that fyn o fov o fns is the identity a.s. In fact, we
need not prove that fyy is equivariant, because the composition being the identity forces it to be so.

For a simple counting measure N on 5]?1@ with radii tending to infinity, let fxs(/V) be the
separation field of N, i.e., fns(N)(z) = min{r/K(z,0); N(0,r) = 1}. Because Mdb, preserves
separations (2.4), fns(¢«(N))(2) = fxs(N) (¢ (z)) for all ¢ € Mob, and z € Hg, i.e., fxs(d«(N)) =
¢)( ns(N )), which is equivariance. This shows that the separation field is a factor of the ideal nuclei
via st.

The next step is trivial: Definition 2.1 defines the map fgy, which (2.4) shows is equivariant.

Finally, consider V,;. Each cell has one end a.s. by Proposition 3.9, and that end is the angle of
its ideal nucleus, so defining the set of angles of fyn(V;) is easy. Furthermore, we know the angle 6;
of the ideal nucleus of the cell of the origin. By Lemma 3.3, we have that for z on the boundary of

two neighboring cells with ideal nuclei (6, ) and (8',r'),

K(z,0)

-
r o K(z,0)
It follows that V; determines all such quotients and thus the set {r;/r;; ¢ > 1} (we may index r; in

increasing order). We determine 71 by 1/r; = lim; ”/% a.s. This defines fyn and shows that the

composition of all three maps is the identity a.s. O

Because every factor of an ergodic process is itself ergodic, it follows that the IPVT is ergodic.
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3.5 Delaunay tessellations

Intimately tied with Voronoi tessellations are their dual, Delaunay tessellations. Given a locally
finite set X of nuclei in Hy whose convex hull is all of Hy, let V' be the corresponding Voronoi
tessellation. For each vertex v of a cell in V', the dual Delaunay cell is defined as the convex hull of
those nuclei whose Voronoi cell contains v. Note that the nuclei just mentioned lie on the boundary
of a ball whose interior is disjoint from X. The collection of all Delaunay cells defines the Delaunay
tessellation. This is a face-to-face tessellation: a slight modification of the words in the proof of
[SWO08, Theorem 10.2.6] for the Euclidean case works in our case. When V' is a normal tessellation,
all Delaunay cells are simplices of dimension d and so all their faces are simplices as well.

If V is an ideal Voronoi tessellation, we similarly define dual ideal Delaunay cells. These are ideal
simplices with d + 1 ideal angles for vertices when V is normal. We now show that when V =V,
the dual ideal Delaunay cells a.s. form a face-to-face simplicial tessellation, which we call the ideal
Poisson—Delaunay tessellation (IPDT) and denote by Dy. We also show that Dy is the limit of
the Delaunay tessellations D((i’\) formed by PPPs of intensity A > 0 in Hy: see Figure 3.5.

Figure 3.5: Left to right: Poisson-Delaunay tessellations of the hyperbolic plane (in the unit disk
model) with decreasing intensity coupled via dilations using 1000 nuclei. Their limit (on the right)

is Dy, the ideal Poisson—Delaunay tessellation of the hyperbolic plane.

Proposition 3.12 (DILATIONS FOR DELAUNAY). Adopt the notation of Remark 3.5. Let Dc(l)\) be
the Delaunay tessellation corresponding to X®) and Dy be the Delaunay cells associated to Vyq. Then
as A — 0, a.s. Dc(l)\) converges to Dy in the sense that each cell of Dy is a limit in the Fell topology

of cells of Dl(i)‘).
The same holds for the dilations in the upper half-space model, Lemma 3.6.

Proof. By Remark 3.5, a.s. each ideal Voronoi vertex, v, is a limit of Voronoi vertices v®) of VC(IA).
Now v a.s. has exactly d 4 1 ideal nuclei at smallest separation, s, by Proposition 3.7, and the other
ideal nuclei have separations from v that do not cluster at s. Therefore, when X is sufficiently small,
v also have closest nuclei that approach these d 4 1 ideal nuclei, which means that the Delaunay
simplices corresponding to v® also converge to the ideal Delaunay simplex corresponding to v.

Hence, Dc(l)‘) a.s. converges to Dy. O
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We will use the results and observations of Section 5 for this next result, but the reasoning will

not be circular.

Proposition 3.13 (BAsic PROPERTIES OF THE IPDT). The ideal Poisson—Delaunay tessellation,

Dy, is a.s. a face-to-face tessellation.

Proof. Since each ideal Delaunay cell is an ideal simplex, it has nonempty interior. In Section 5,
we consider the zero cell in the upper half-space model with its ideal nucleus’ angle at co. In
Section 5.3.2, we explain how the zero cell is closely related to the Laguerre diagrams studied in
[GKT22b] for certain choices of parameters there. In particular, a.s. each set of d ideal nuclei in
R?~! that form an ideal Delaunay simplex when joined with the ideal nucleus at oo gives a Euclidean
simplex in R?~! that is one of the so-called 3’-Delaunay simplices, and conversely. These 3’-Delaunay
simplices tessellate R4~ [GKT22b, p. 1263]. It follows that the set of ideal Delaunay simplices
containing oo is locally finite a.s. and each ideal Delaunay simplex containing oo has the property
that each of its (d — 1)-faces containing oo is a face of another such Delaunay simplex. The same

then holds a.s. for every ideal nucleus, whence Dy is locally finite and covers Hy a.s. O

There is an equivariant, measurable bijection between the k-faces of V; and the (d — k)-faces
of Dy (and similarly for the positive-intensity tessellations), known as duality: the k-face of Vy
given by the intersection of the cells corresponding to ideal nuclei Yi,..., Y411 is mapped to the

(d — k)-face of Dy given by the convex hull of Y1, ..., Y1 k.

Remark 3.14. Tt follows from Theorem 3.11 that the ideal Delaunay tessellation is a Mobg-factor of

the point process of ideal nuclei.

Figure 3.6 gives a side view of some of the 2-faces belonging to the ideal Delaunay tetrahedra
that have one of their vertices at infinity in the upper halfspace model of Hj3. The 2-faces containing

oo are not shown.

— )
»(“ﬁ%m Ol

Figure 3.6: A side view of some of the 2-faces belonging to the ideal Delaunay tetrahedra that have

one of their vertices at infinity in the upper halfspace model of H3. Shown is the portion over a

6 X 6 square in the ideal boundary.
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4 Face intensities

Since V; is invariant under isometries of Hy, we can define the intensities of various geometric
quantities such as k-faces. Using existing results in stochastic geometry, many of those quantities
can be explicitly computed for the ideal Poisson—Voronoi tessellations. Let us first recall the classical

construction of the Palm distribution for general stationary point processes.

4.1 Palm measures and typical points
4.1.1 Euclidean space

Recall that a point process on R? can be seen as an (atomic) measure on the Borel sets B(R?) of R?,
and that the set Mes(R?) of measures on R? can be endowed with the smallest o-algebra ¥ that renders
evaluation functionals on Borel sets measurable. Given a random point process X (hence a probability
measure on Mes(R?)), one can define a (possibly infinite) measure u on the space R% x Mes(R?)
endowed with the product sigma-field B(R?) x ¥ by the formula u(B) :==E [p, 15(z, X — z) dX(z)
for B € B(R?) x ¥. The intuitive meaning of y is that it gives the joint “distribution” of a point
of the process together with how the other points look relative to that point. When the law of
X is invariant under translation, A — E[X(A)] is a translation-invariant map on Borel subsets
of R, whence is a multiple of Lebesgue measure; that constant multiplier is called the intensity
Ix of X. Similarly in this case, p is invariant under translations in the first coordinate, that is,
i(B1 x Ba) = p((By — ) x Bs) for Borel By C R%, measurable By € X, and z € R%. Hence, if Ix is
positive and finite, then p = Ix - Leb ® P° for a unique probability measure P® on measures on R?
[SW08, Theorem 3.3.1]. For example, P°(By) = Iy" 'EfxeBl 1p,(X — z)dX(z) for every By with
Leb(Bj) = 1. The measure P° is called the Palm distribution of X. When X is a point process,
P° has one of its points at o a.s., o then being referred to as a typical point of X. When X is a
PPP, Slivnyak’s theorem [SWO08, Theorem 3.3.5] shows that the P°-law of X equals the P-law of
X + do. Let E® denote integration with respect to P°. The definition of u tells us that to integrate a
nonnegative, measurable function f with respect to u, we merely replace the indicator 15 by f, which
is the content of the refined Campbell theorem: Ix -E° [, f(z,X)dz = E [, f(z, X —z) dX(z)
[SWO08, Theorem 3.3.3].

4.1.2 Hyperbolic space

Similar definitions hold for a random measure on a group whose law is invariant under translations.
In the case of a random measure X on a homogeneous space like Hy, a slightly more complicated
definition of Palm measure is needed [Las10]. Assume that the law of X is invariant under Mdby.
Then A — E[X(A)] is an isometry-invariant map on Borel subsets of Hy, whence is a multiple of
Voly,; that multiplier is called the intensity Ix of X. Let x be the probability Haar measure on
the isotropy (stabilizer) subgroup Mobj of o. Choose maps x — ¢, from Hy — M&by such that
#z(0) = z. Write Mob% = {¢ € Mdby; ¢(o) = x} and K, = K o ¢;'; the measure x, does not
depend on the choice of ¢;. Define pu(B) = E [y be‘bg 1p(z,X 0 ¢)dky(¢p) dX(x) for B in the
product o-field generated by Borel sets in Hy and the evaluation functionals on Borel sets. If Ix

is positive and finite, then p = Ix - Voly, ® P° for a unique probability measure P® on measures
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on Hy. The measure P° is called the Palm distribution of X. When X is a point process, P°
has one of its points at o a.s., o then being referred to as a typical point of X. The refined
Campbell theorem says that Ix - E° [y f(z,X)dVoly,(z) = E [y fMabg f(z,X 0 ¢)dr,(¢) dX(z)
for nonnegative, measurable functions, f. When X is a PPP, we again have a Slivnyak-type theorem:
the P°-law of X equals the P-law of X + d,. This is proved as follows. Let X be a PPP with intensity
A. By Mecke’s theorem [SWO08, Theorem 3.2.5], we have that for all nonnegative, measurable g,

E / o2, X) dX(z) = A / E[g(x, X + 6,)] dVolg, (). (41)
Hy Hy
Choose By C Hy with Voly,(B1) = 1 and a Borel set By of measures on Hy. Consider
9@ X) = [ L (0)15,(X 0 0) drs (),
M&b?
By the refined Campbell theorem,
E/ g(z,X)dX(z) = )\IEO/ 1p,(x)1p,(X) dVoly,(xz) = AP°[X € By]. (4.2)
Hd Hd
On the other hand, because (X + d;) 0 ¢ = X 0o ¢ + I, for all ¢ € Mob,
A / E[g(e,X + 8,)] dVols, (z) = A / / 15, () ELp, (X 0 ¢ + 6) dra(6) dVoly, (x)
Hy Hy JMsb?

) /H d /M s 1) LK 0a) () Vol (),
— AP[X + 60 € B, (4.3)

where, in the second step, we used the Mobg-invariance of the P-law of X. Comparing (4.1), (4.2),

and (4.3) proves our claim.

4.1.3 Marked random measures

We will be especially interested in the Palm distribution for marked random measures, with marks
being polytopes. Let E be either R? or H,. Although we can use any measurable space for the
space of marks [Las10, Remark 3.9], we will use the metrizable space M, which is the set of closed
subsets of E with the Fell topology. A marked random measure X on E with marks in M is a
random measure on F x M that projects to a random measure on E. We say that the law of X is
invariant if it is invariant by the group of translations or isometries in the first coordinate, that is, if
P[X € A x B] does not change under the group action on A for each fixed B, where A C E and
B C M are Borel. In this case, the preceding paragraphs with virtually no modification give the
Palm distribution of X, which, when the projection of X to F is a point process, is concentrated on
points of the form (o, m), and also give the refined Campbell theorem. In this point-process case,

we also call the (random) mark m of o a typical mark.

4.1.4 Tessellations

Let us apply the preceding paragraphs to our setting. Recall that we denote by VC(IA) the Poisson—

Voronoi tessellation on Hy with positive intensity A > 0 and by V; our limiting ideal Poisson—Voronoi
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tessellation. For fixed 0 < k < d — 1, to each k-dimensional face s of V; or of Vc(l)‘) (we speak of
vertices when k = 0 and edges when k = 1), we associate a point Cen(s) € s, called the center, in
an isometry-equivariant, measurable way (i.e., Cen(tﬁ(s)) = qﬁ(Cen(s)) for every isometry, ¢). It
will be convenient to assume that Cen(s) lies in the relative interior of s, which implies that Cen is
injective on the set of k-faces. The centroid [Rat19, p. 222] is such a center. We will also have use for
the measure centroid, defined like the centroid using the hyperboloid model [Rat19, p. 59], but

integrating with respect to v, rather than with respect to 0., where vs is the k-dimensional

zesnV,
hyperbolic measure on s. Thus, the centers of the k-faces of a (li:;tz)issoanoronoi tessellation allow
us to define the invariant marked random measure corresponding to Vy that was described in
Section 4.1.3 as
Xap: A Z / ] 14(Cen(s), ¢~ '(s)) dFcen(s) (4.4)
s€k-faces Mébgen(J)

for Borel A C E x M, where k; is as above [Her21, Section 5.4]. A typical mark is now called a
typical k-face. This applies to k = d as well when \ > 0, since the cells have finite volume, making
it possible to define a center; in this case, we refer to a typical cell. When k = 0, we speak of a
typical vertex; in this case, the origin may be thought of as conditioned to be a Voronoi vertex.

Similar considerations apply for the faces of the (possibly ideal) Delaunay tessellations D((i’\) or
Dy and for the Delaunay simplices themselves. Here, it may be necessary to use (generalized)
centers of the k-simplices, where we no longer require that the generalized center of a k-simplex lie
in that simplex or we use extra randomness. In our case, we may use the randomness of the PPP of
(ideal) nuclei. In fact, for the generalized center of a Delaunay k-simplex, we will use the center of
the corresponding (d — k)-face of the Voronoi tessellation. Here, 1 < k < d, although in the case of
positive-intensity nuclei, rather than ideal nuclei, we may allow k = 0. The only centers we will use
for the ideal Delaunay tessellation are the generalized centers of the ideal Delaunay simplices, which

are, then, the corresponding Voronoi vertices.

4.2 Intensities and ergodic properties

Let Vg, denote the collection of k-faces of cells of Vy; in particular, Vg4 = V4. Consider the random
measures
pak = Y Ocens and figr= Y Vs (4.5)
5€Va K 5€Vq i
Of course, 140 = figo- Since Vg is isometry invariant in law (Lemma 3.10), so are pq and fig,
whence the mean measures (their expectations) are multiples of the hyperbolic measure on H,. We
thus set

E[,ud’k] = Id,k . VOIHd and E[[Ld7k] = id,k . VOlHd . (46)

We call the constant I, € [0,00] (resp., id7k)> the counting k-face intensity (resp., measure
k-face intensity) of V;. The latter intensity is called by [SWO08, p. 141] the k-volume density
or specific k-volume.

The counting intensities do not depend on the choice of center function. To see this, let Cen and

Cen’ be two center functions. Denote by pq ) and ), , the corresponding random measures as in

26



(4.5). Define the measure
ﬁd,k = Z 5Cen(s) ® 5Cen'(5)
SEdek
on Hy; x Hy. For Borel A C Hy, we have

fig (A x Ha) = par(A) and  fgr(Hg x A) = pig(A).

The measure jiq is equivariant under the diagonal action of Mébg and the law of V,;, is invariant
under the action of Mobg, whence the mean measure E[fig ] is invariant under the diagonal action

of Méb,. By unimodularity of Méb,, the mass-transport principle [LP16, Theorem 8.47] yields

E(fig (A x Hg)] = E[figr(Hg x A)].

This gives our claim.
These intensities can naturally be defined for the Poisson—Voronoi tessellation VC(IA) with positive

intensity A > 0, which we denote by I((if‘,z and i((f,z for 0 < k < d. By choosing the center of a cell to

be its nucleus, we obtain Ig‘; = X. The definition gives igg = 1. Similar intensities can be defined
for the (ideal) Poisson—Delaunay tessellation.
As one would expect, the intensities for A > 0 converge to the corresponding intensities of the

ideal tessellation as A — 0:

Lemma 4.1 (CONVERGENCE OF k-FACE INTENSITIES). For 0 < k <d — 1, we have

1% I d iV i .
dk Sy Tak € (0,00) an dk Sg Tak € (0,00)

Proof. Let B, = B, (0) be the ball of hyperbolic radius u > 0 around the origin in Hy, so that

-t

for u > 0, with a similar formula for positive intensities A > 0. As the center of a face, choose
its measure centroid, which is continuous with respect to the Fell topology when restricted to
compact, nonempty polytopes. Since Vé/\) — Vg4 by Theorem 1.1, we have, with obvious notation,
that ug‘z(Bu) — pdk(By) in distribution as A — 0. By (4.7), it thus suffices to prove that
(u((i’,\lz (By); 0 < A < 1) is uniformly integrable to deduce convergence of the expectations from
the convergence in law. Define N(;);C) (By) to be the number of k-faces of Vé/\) that intersect B,,.
Adapting Proposition 3.8 for positive intensity A > 0, we obtain again a (uniform in A € (0, 1))
stretched exponential bound on the tail probabilities of N é:\k)(Bu), which yields the desired uniform
integrability because Hé?;?;(Bu) <N Cg);c) (Bu)-

Since ﬂg‘,g(Bu) < Voly, (quk)) . Ncg,);f) (By), where quk) is a ball of radius w in Hy, a similar proof

holds for the convergence of ié’\lz. O
These face intensities are directly related to aspects of typical faces and cells as shown in the
following two propositions.

Proposition 4.2 (INTENSITIES AND TYPICAL VOLUMES). For 0 < k < d — 1, the quotient id,k/Id,k
equals the expected k-volume of the typical k-face of Vg. For A > 0 and 0 < k < d, the quotient
iglf‘,z/lg‘,g equals the expected k-volume of the typical k-face of Vc(l)\)'
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Proof. Define the measure
fak = D Ocen(s) ® Vs

EEVd’k

on Hy x Hy. Write ||vs|| for the total k-volume of s. For Borel A C Hy, we have

flap(Hg x A) = figr(A) and fige(AxHg) = Y |lval.
5€V4, k>
Cen(s)eA
The mean measure E[fiq ;] is invariant under the diagonal action of Mébg, whence the mass-transport
principle yields
E(figr(Ha x A)] = E[figr(A x Hg)]. (4.8)
The left-hand side equals Iy - Volg, (A), while the right-hand side equals E[Z seVar, lIVsll|- Let

Cen(s)€A
X denote the marked random measure corresponding to V; defined in Eq. (4.4). Using the

function
14(Cen(s))||ve|| if tis the unique k-face with Cen(t) = o
f(Cen(s), Xqy) = ( )

otherwise

in the refined Campbell theorem, we obtain that E[Z S€Va 1, ||1/5||} equals the expected k-volume
Cen(s)€A
of the typical k-face times Iy - Volp,(A). Hence (4.8) gives our claim.

A similar proof gives the result for positive . O

Proposition 4.3 (TYPICAL FACE VECTORS AND VOLUMES). For A >0 and 0 < k < d — 1, the
mean number (resp., k-volume) of k-faces of the typical cell of V()‘) (d+1-— )IE;‘,Z/)\ (resp.,

(d+1—k)I d,k/>‘)-

Proof. Let fi(t) be the number of k-faces of a cell, t. Define the measure

e A
M((i,k): = Z Lsct OCen(s) ® OcCen(t)
seVy, tevM

on Hy; x H,. For Borel A C Hy, we have

ANA X Hy) = (d+1-k)ug)(A) as. and AGLHax A) = > fi()

eV,
Cen(t)eA

The mean measure E[fi,; % )] is invariant under the diagonal action of Mobg, whence the mass-transport

principle yields
E[fgy (A x Ha)] = E[A5)(Ha x 4)]. (4.9)

The left-hand side equals (d + 1 — k)I((i/\lz - Volg, (A), while the right-hand side equals, by the refined
Campbell theorem, the expected number of k-faces of the typical cell times 12’2 - Voly, (A). Hence

(4.9) establishes our claim. The proof is similar for the mean k-volume. O

We now give the distribution of the separation of the typical vertex from its closest ideal nucleus.

Surprisingly, it equals the distribution of Rgy.
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Proposition 4.4 (TYPICAL SEPARATION). The separation of a typical vertex of Vg to its corre-
sponding d + 1 ideal nuclei follows a Gamma(d + 1) distribution.

Proof. For a Voronoi vertex v of the ideal tessellation Vy, let s(v) denote the least separation
from any ideal nucleus, as defined in (3.3). Let E%¥P denote expectation with respect to the Palm
distribution of V; for vertices. We have that for every pair of compactly supported, continuous
functions fi, fo: Ry — R with [ fi(dm, (v, 0)) dVolg,(v) = 1,

B fa(s(0))] =133 E| 3 fi(day(0,0) (o) | (410

UEVd,()

Consider the Poisson—Voronoi tessellation associated to a Poisson point process X with intensity
=1 For a (d+1)-tuple 7= (n1,...,0441) € Hg“, we denote by B(7) an open ball whose boundary
contains the points 71, ...,7m4+1, by O(7) the ball’s center, and by R(7) its radius—unless no such
ball exists. Let B C Hg“ denote the set where such a circumscribed ball does exist and is unique.
Consider the coupling of X as in Remark 3.5. As remarked there, we have convergence of Voronoi
vertices towards the ideal Voronoi vertices. Furthermore, as shown in the proof of Proposition 3.12,
the closest nuclei to the Voronoi vertices converge to the corresponding ideal nuclei, and so the
distances of Voronoi vertices to their closest nuclei converge, when properly normalized as proto-
delays, to the linear separations of the ideal Voronoi vertices to their corresponding ideal nuclei. It
remains to calculate those distances and take the limit of their normalized distribution. We will use
the normalization corresponding to the exponential separations of (3.3) rather than the proto-delays.

We now continue with evaluating the right-hand side of (4.10). For any compactly supported,
continuous function f: Hy x Ry — R,

1 o G \d—1_(d—1)R(7
]E[ Z f (v, s(v))} = 1/\1&)11&3[ Z f(O(n), - 1)\ e (W)>13(ﬁ)mx(x):@] )
UEVdp ﬁG(X(A))dJAﬁB

By the Slivnyak—Mecke formula, the expectation on the right-hand side is given by

_ - _Cd \d-1_(d—1)R(Z) \d-1 . Pl 1o
B
Using the spherical Blaschke-Petkantschin change of variable x; = z+u-6; for (z,u,601,...,0441) €

Hy x Ry x (Sg_1)%*! stated in [Chal8, Proposition 1.1]3, the previous integral becomes

C(d) / f(z,dc_dlx\dfle(dfl)“) exp{—)\dlﬂd/o (sinht)dildt}(sinhu)dL1 dudz,  (4.11)
HdXR+

d=1)u and passing to the

where C(d) is a finite constant. By the change of variable s = %)\d_le(
limit A | 0 with the aid of the Lebesgue dominated convergence theorem, we see that the quantity

(4.11) converges to C'(d) [ f(z,s)s%~*dsdz for another constant C’(d). The proof is concluded

Hd XR+
by choosing f(z,s) = fi (de(v,o))fg(s) for f1 and fy as above. O
3The formula there is missing a factor of 1z(x1,...,2441) on the left-hand side, where B is as defined here.
Necessarily, {z1,...,2Z4+1} lie on a common sphere, namely, the sphere centered at z with radius w.
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We close this subsection by showing that the face intensities are not only expectations, but also
a.s. limits on large balls, as well as showing two ergodic limits concerning the separation. For this,
we use the following ergodic theorem of [Nev94, NS97] specialized from the context of a general

probability-measure-preserving action to our setting:

Theorem 4.5 (Specialization of [Nev94, NS97]). Let f be a function on the space of ideal Voronoi
tessellations such that f € LP with respect to the natural probability measure P on IPVTs for some
p > 1. Let F, be the set of isometries of Hy that map the origin into the ball B, = By(0) of
hyperbolic radius u and volume by, and p be a Haar measure on Moby normalized so that u(Fy) = by
(and hence p(F,) = by for all radii, ). Then lim, o by * fFu f(gVa)du(g) = E[f] a.s. O

We give three examples.

Proposition 4.6 (ErGoDIC LIMITS). We adopt the notation of Theorem 4.5.
(i) For 0 <k <d—1, the counting face intensities satisfy

. Hd k(Bu)
Iy, = lim k2w
k= 5% Volg, (Ba)

(ii) Let s(z) be the separation of z from the ideal nucleus of its Voronoi cell. Then a.s., for all

t € (0,1), we have
1

lim —— ts(2) qVol

In other words, the limit empirical moment generating function of the separation is the moment

1
1=t

generating function of an Exp(1) random variable.

(iii) Let D, be the empirical distribution of the separations of the Voronoi vertices in By, from their

associated ideal nuclei. Then D, tends weakly as u — oo to a Gamma(d + 1) distribution a.s.

Proof. (i) Recall (4.5) and let fc(V4) = pqr(Be)/be be the number of k-face centers within distance
e of o divided by b.. Note that E[fc(V)] = I4. Write

Al =8 [ 1aVi) duto).
According to Theorem 4.5, limy_,o A(u, €) = Iy a.s. for each € > 0. We have the inequalities
bu—cA(u —€,€) < pgp(By) < burcA(u + €, €).

Divide by b,, take u — oo, and then take € to 0 along a sequence.
(i) All s(z) have the same distribution, namely, that of R;, which is Exp(1). Since

/ ets(z)dVOIHd(z):/ e*9°) dyu(g),

the result follows for each ¢ separately from Theorem 4.5. Applying this result to rational ¢ and

noting that e’*(*) is monotone in ¢ allows a comparison for irrational ¢ that gives the result.
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(iii) Let fc+(Vq) be the number of vertices within distance € of o whose separations from their
nuclei are at most ¢, divided by Ijg - be. Then E[f:(Va)] = 3 fot e *dz for all ¢, > 0 by
Proposition 4.4 and the refined Campbell theorem. Write

A, e,t) = b /F fea(gVa) dug).

According to Theorem 4.5, limy oo A(u,€,t) = 5 fot e Pdzx a.s. for each ¢,t > 0. We have the
inequalities
La,0bu—eA(u —€,6,t) < p1a,0(Bu)Du(t) < laobutecA(u + €, €,1).

Divide by 140by, take u — 0o, and then take € to 0 along a sequence. The result of part (i) for £ =0
then gives limy o0 Dy (t) = d' 0 ! 2%~ dz a.s. Use this for all rational ¢ together with monotonicity
in t to get the result for all ¢. O

One can prove similar ergodic theorems for various statistics within horospherical shells. This
follows from the Euclidean ergodic theorem (e.g., [SWO08, Theorem 9.3.1]) by using the upper
half-space model, U;. We also have that the action by translation along a geodesic or along a

horocycle is ergodic.

4.3 Computations via limits as A\ — 0

With Lemma 4.1 at hand, we can now use the explicit results [Iso00b, Iso00a, GKT22a, CCE18] to

compute the k-face intensities. To give the exact expressions, define

I'(a)
JaT(a—1/2)

. d d2 o0 1 1 d+1 U il k
9 d Dot h . 4.12
Jd k (k)c< 5 )/0 costhl(u)%(z +i c< 5 )/0 cos (v) dv) du (4.12)

In particular, j;0 = 1. (It actually turns out that jq 4 is the expected sum of the internal angles at

c(a) =

and

all (d — k — 1)-faces of a simplex in R?~! generated by d i.i.d. points with density proportional to
z— (1+ |:U]2)1/2 % see [Kab21, Section 1.4] for more on the values and computation of j;.) For
d = 2,3,4,5, we have the following values of (jg; 1 <k < d—1): (1), (3/2,1/2), (2,170/143,27/143),
and

2'3 T 1397088072 931392072° 6 2794176072

(5 5 62173301 62173301 1 62173301 )

Also, define

2/
Vg VT (d2 d) L(5 d2) 1 (4.13)
((d- D) 'T (%)
Theorem 4.7 (COUNTING FACE INTENSITIES). |DV is the mean volume of the typical ideal Delaunay
simplex. For 0 <k <d—1 andd > 2, we have

d+1 1
d+1— k% bV,

Lok =
When k = 0, this limit is asymptotic to \/2e3/12=4/2qd=1/2 g6 4 — o,
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For 2 < d <5, the vertex intensity (which is the reciprocal of IDV,) evaluates to

1 167 1287 398131272

7’ 357 1672 676039

The case of d = 2 is easy directly, since every vertex of V, is the generalized center of its corresponding

Delaunay triangle, which is an ideal triangle, and because every ideal triangle has area .

Proof. [GKT22a, Theorem 3.11] gives the mean face vector of the typical cell of Vc(l)\)' We then use
Proposition 4.3 to get Ig‘; and take the limit as A — 0. Here is an outline of the calculation of the
limit. The formula for the mean face vectors, [GKT22a, (3.18)], is a sum over an index, s. The term
with s = 0 tends to infinity as A — 0 much faster than the others, so that is the only one whose
asymptotics concerns us. In the notation of [GKT22a]|, this term is written 2H27d(d)jd,d—kz(d —1/2).

In our notation (see [GKT22a, (2.8)]):
o IT 4(d) = adI;d(d)/d!,
o Jaa—k(d—1/2) =ja,

with « = 29X\ /éq.q, Eap = T'(b)/ (72T (b — a/2)), and

00 P
aald) = EL(dzH)/Q/ sinh®* 1 © - exp{—aéudﬂ)/g/ sinh?~! HdG}dcp.
0 0

Taking the limit A — 0, we can approximate in the integrand sinh @ by ¢’ /2 and likewise sinh ¢
by €#/2. Approximate the resulting inner integral by e(¢=1¢/ ((d —1)277!) and change variables to
¥ == el@1¥_ Then observe that the resulting integral is asymptotic to 1/(2d(d_1)a517(d+1)/2) times

the dth moment of an exponential random variable with parameter (d — 1)2d_1/(a617(d+1)/2). O

We remark that for k& = 0, we could also have used the vertex intensity for A > 0 given in [CCEI1S,
Theorem 1.2(ii)] (which does not appear in the published version, [CCE21]). Furthermore, instead
of using the tail bounds for £ = 0, we could have used the fact that the volumes of simplices in
Hy are bounded (see, e.g., [Bow94, Lemma 5.2]), which yields convergence of the mean volumes of

typical Delaunay simplices and thereby convergence of vertex intensities.

Corollary 4.8 (TYPICAL FACE VECTORS). Let ’7;()‘) be the typical cell in the Poisson—Voronoi
tessellation of Hy with intensity A > 0. For k, £ € [0,d — 1], the limit as A — 0 of the mean number
of k-faces of 7;()‘) divided by the mean number of £-faces of 7:1()‘) i8 Jd i /Jde-

(d—l—l—k)ld’k
m . Then

substitute the values from Theorem 4.7. O

Proof. Use Proposition 4.3 and Lemma 4.1 to get that the quotient has limit

This can also be proved from the formula for the mean f-vector of 7:1(’\) given in [GKT22a,
Theorem 3.11], using the fact that the term with s = 0 in (3.18) there approaches co much faster
than the other terms do (see (2.7) there for the definition of the terms).

We can combine Proposition 4.3 with results of Isokawa [Iso00b, Iso00a] to compute measure

intensities in dimensions 2 and 3.
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Proposition 4.9 (MEASURE FACE INTENSITIES THROUGH ISOKAWA). We have
- 2 - 4 ~ 8m
I1=—, Izo== d Ish=—
2,1 g 3,2 3’ an 3,1 15’

where Ty, is defined in (4.6).

Proof. We first note that 2 - 12,1 has already been computed in [BCP22, page 5] using [Iso00b] as
the A — 0 limit of the mean surface area of the typical cell of VQ(M divided by the mean volume
of the typical cell of V2(/\). By Proposition 4.3, this limit amounts to 2 - 1271 since the mean typical
cell volume is 1/X. To compute i372 and i371, we proceed similarly and use the mean surface area
and mean perimeter length of the typical cell of VéA) in [Iso00a, Theorem 1.1] divided by the mean
volume of the typical cell of Vé)‘) and by the combinatorial factors 2 and 3 respectively, as every
2-dimensional face is common to 2 and every 1-dimensional face is common to 3 cells in VéA). More

specifically, by Lemma 4.1,

6,2 6,4

= 20me 4 = 201" 3
1372—}\11%3.2)\ J4()\) and 1371—}\%5.3)\ Jﬁ()\), (4.14)

where -
Im(N) = / exp [—27A(sinh 7 coshr — 7)] sinh™ rdr  for m € N.
0

For small A\, the maximum of the integrand occurs at ryax = % log(7x)+o(1). Letting z := r—7rnpax,

the dominated convergence theorem results in

m/2 00 1
m A2 g () = (™ 2_m/ M 2 _ F(@) .
lim A Im(A) ( - > . exp{ 5 ¢ +ma}de 2@\ 2
Substituting the right-hand side evaluated at m = 4 and m = 6, respectively, into (4.14) concludes
the proof. ]

Table 1 gathers these measure face intensities with the corresponding counting face intensities.

An extension of these results is given in Proposition 5.3.

i(d,k)/l(d,k) ]C - 0 k‘ — 1 k‘ == 2
=2 | /b | 2k

167 / 167 8t /32w 4 /16w

d=3 ﬁ/ﬁ 5/ 35 3/ 35

Table 1: Values of i(d,k) and I(gp) for d =2 and d =3, 0 < k < d— 1. Note that the mean length of
a typical edge for d = 2, i.e., 1(271)/1(271) by Proposition 4.2, is equal to 4/3, while for d = 3, it is
equal to 7/12.

5 The tile of the origin (zero cell)

In this section we will describe the law of the cell C4 containing the origin in the upper half-space
model Uy of hyperbolic space, once the ideal nucleus closest to o (the only end of its tile by Theorem
1.3) is sent to oo (Theorem 1.4). We then use it to compute the hole probability, as well as several

other quantitative characteristics of Cg.
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5.1 A deposition model for the tile of the origin

Recall the construction of V; = Vor((@i, Ri)izl) given in Theorem 1.2. We will focus here on the
cell C4 containing the origin o € Hy. Recall that by our change of variable,

R; =

Cd
T 1exp{(d - 1)D;}
are the radii of the nuclei on the corona, where ¢4 is as in (1.2). Clearly, the origin is closer to the

nucleus (01, R;) than to any other ideal nuclei. We will consider the tile Cy4 in the upper half-space

model and where the ideal nucleus angle ©; has been sent to co in Uy.

Proof of Theorem 1.4. By Corollary 3.4, inside the upper half-space model U; and where O is sent
to oo, for all i > 2, the bisector between (01, R1) and (0;, R;) is a Euclidean hemisphere: denoting

the stereographic projection of ©; as Ste(©;) € R4™!, we may write its center and radius as
(Ste(©:), v/1 + [Ste(©) 2(R:1 /R;) 7@ 1),

or, more usefully,

(Ste(@i), 1+ [Ste(0)]2 (R1+(2—Rl)>m)‘

By Lemma 3.1, conditionally on R;, the point process (Ste(@i), R, — Rl)i>2 is a PPP with intensity

1 1
ca (14} a2)"!

dxl s dl‘dfl ® dt 1t>0

in R x R,
Now conditionally on R; = s, we apply the Poisson mapping theorem to compute the intensity
1
of the point process of the centers and radii by the change of variable p = /1 + |x!2( 5 )2(d D

which gives, for a test function w,

) ( \/1+|xl2( ° )(dl”)ldx o dag_ dt
7 — dz1 d—1

Ca JRi-1xR, (1+ [z[2)°

d—1 / 2s
= u(z,p) 551 2s 2 dzy - -dxg—q dp.
ca Jriium, ( )de 1 1+z[2=p
Recalling that R; is an Exp(1) random variable and noting that =% times an Exp(1) random
variable is an Exp(74;) random variable concludes the proof. O

5.2 The hole probability

In this section, we use the preceding construction of the zero cell of V; to compute the probability

for C4 to contain a ball centered at the origin: this provides the law of the distance of o to 9Cq.

Proposition 5.1 (HOLE PROBABILITY). The hole probability, i.e., the probability that the ball By (0)

centered at o with hyperbolic radius u is contained in Cq, is given by, respectively,
(i) conditional on Ry = s,

P[Bu(0) C Cq | Ry = s] = exp (—slq(u));
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(ii) averaging on the value of Ry,
1

PIBu0) € Cal = 1oy

Here, 1;(u) as defined below in (5.1) satisfies
d—3
2

2471T(d /2 Logd=2 (1 -2
1+ Ii(u) = \/ﬂ((/l)(cosh u)ld/o 1 t(tanh u))2d2 dt.

)
In particular, P[By(o) C Cq4 | R1 = s] < e=3@=Dv gnd P[B,(0) C Cyg] < e @=Du; that is, the
distance from o to the boundary of Cq is stochastically dominated by an Exp(s(d — 1)) random

variable when conditioned on Ry = s and is stochastically dominated by an Exp(d — 1) random
variable unconditionally. Also, P[By(o) C Cq] > e 2=V that is, the distance from o to the
boundary of Cq stochastically dominates an Exp(2(d — 1)) random variable.

Proof. First, we condition on Ry = s, so that the intensity measure of the Poisson point process (z, p)
dp

241 1p§\/1+|:r\2'
here, B,(0) is represented by a Euclidean ball B(C,, R,) of Euclidean center Cp = (0, ..., 0, coshu)

and Euclidean radius R, = sinhu. Hence the event B, (o) C C; corresponds to the event that this

is given by ZS%da: 5 Second, we parametrize By, (0) in the upper half-space model Uy:

point process has no point in the region {(x,p) elIl; (p+ RO)2 > |z* + ]CO\Q}. Therefore, by
Theorem 1.4, the conditional hole probability is

P[Bu(0) CCq | R1 =s] = exp {—sIy(u)},

where

2(d-1) dp
Iy(u) = T /Rd_l dz /R+ Wl(HRO)Z’EIxMCE X 1p2ciqaf? o)

1 1 1 1
=, d 2d—2_/ do——— 71
Cqd Jrd-1 (\/W _ Ro) Cq Jrd-1 (1 + |x‘2)
The equality arises from the fact that the region {(z, p) € IT; (p+ Ro)* > |z> + |Co|?} contains the
set {(z,p); p? > 1+ |z[*}, which is where the hemisphere corresponding to (z,p) contains o. The
second integral is equal to 1 by Lemma 3.1. For the first integral, change to polar coordinates, then
to sinhn = |x|/|Co|, and finally to ¢ := 1/ coshn. This gives (i), which immediately implies (ii).
The last unconditional inequalities are equivalent to eld=1u <14 Ig(u) < e2(d=1u for 4]l y > 0.
(For the conditional inequality, we also use that e(4~1* —1 > (d—1)u.) These follow from elementary
calculations: Because 1 = e~2% 4 2(sinhu)Ve =24 < e~2* 4 2(sinhu)y/e~24 + [[2, it follows that

|Col? + |2]? < (\/m + Ro)2. Therefore,

1 dz 1 dz
L+ Ig(u) = — | g il R d-1
Cqd Jra-1 ( /‘Co|2+|$‘2_Ro) Cd Jrd-1 (e 2u+‘$|2)
1 eld=Dugy (d—1)u

)

a Jrat (14 )"

where we used the change of variables y := e“z. Also, (1 —e 24)(1 + |z[?) > (1 — e 2%)\/1 + |22 =
2e"“(sinh u)/1 + [z[2, whence |Co|?* + [z]? > (e7“\/1 + |z]? + RO)Q. Hence,

1 dx 1 eXd=Du g “1u
1 + Id(u) = / B 2d—2 § / B T od-1 = 62(d 1) . Il
cq Jpa-1 ( /’Co|2 4 |x’2 _ Ro) Ccd Jpd-1 (1 4 ‘$|2)
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Remark 5.2. For d = 2, we have I(u) = 1 (4 (arctane®) cosh? 4 + 2sinh u) — 1, which gives, for the
integrated hole probability,

™

4 (arctan %) cosh? u + 2sinhu ’

P[B,(0o) C Ca] = (5.2)
a result first obtained in [Bhul9] (Theorem 3.3) by computing the hole probability in Poisson—Voronoi
tessellations with positive intensity A on Hy and then taking the limit as A — 0. It is easily seen,
using the change of variables v := 1 — ¢ tanh u, that for odd d > 3, the (integrated) hole probability

reduces to a rational function of e*. For example, when d = 3 we get

36—2u

In dimension 2, differentiating the above expression (5.2) yields that the density for the distance

from o to 0Vy is
7 cosh u (2(arctan ") sinhu + 1)

(sinhu + 2(arctan e*) cosh® u) 2

2u

whose value at 0 is 4/7. The tail probability is asymptotic to 2e”** as u — o0o. The mean

distance is 0.66137", and the median distance is 0.50264~. The tail probabilities are plotted in
Figure 5.1. These statistics are reflected in the portrait of the cell given by 60 (pseudoindependent,
pseudorandom) samples in Figure 5.2. Here are some additional nice values: for d = 3, the mean
distance is 3(2 — log 3)/8 = 0.34~ and median is 1 log(v/7 — 1) = 0.257, while for d = 5, the mean is
5(2791log 7 — 184v/6 arctan(v/6/13) — 378) /2352 = 0.17" and median is 0.12%.

o]
0.8 :
0.6 :
0.4 :

0.2

20
Figure 5.1: The tail probability to be farther than hyperbolic distance u from the ideal Voronoi

edges in dimension 2.

Proposition 5.3 (MEASURE FACE INTENSITIES lqg_1). For all d > 2, we have
L(5)r(d)
L(HT(d - 3)

The first few values are 2/, 4/3, 32/(57), and 96/35. For large d, it is asymptotically d/v/2 —
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Proof. Fix d > 2, and for A\,e > 0, consider the probability that the origin is within distance less

than ¢ from the boundary 8VC(I>‘) = V(S,ii)_l of the Poisson—Voronoi tessellation V(g)‘)

A on Hd:

with intensity

h(e,d, \) := P[B.(o) n oV # 2].

By isometry invariance, h(e, d, \) can be interpreted as the mean volume (per unit volume of Hy) of

the region within distance ¢ from 8VC(I)‘). We then have the limit

h(e,d,\) <(\)  Lem. 41 3
— 1 — 154 .
2 es0 dd-1 Ty " Tddr] (5:3)

and the one in which we interchange the order of limits, which can be evaluated explicitly thanks to

our results,

... h(g,d,\) . [P[BE(O) NoVy # @]
lim lim ——~ = lim
e—=0A—0 2¢e Thm. 1.3 e—0 2¢e

1

2

d
= —-._-P[B.(o)CC
de [s d:|5:0
(

L(5)L(d)
S CEE))

We claim that exchanging the order of limits gives the same result, whence the above display

Pro; 5.1 (

combined with (5.3) computes T4 1.

To establish our claim, suppose that we have a sequence C1) = ((C’i(j ) ;1> 1))].>1 of normal
Voronoi tessellations that converges to a normal, ideal Voronoi tessellation C = (C;; i > 1) as
j — 00. Fix 1 <k < d— 1. Denote the e-neighborhood of the k-skeleton of a tessellation C by C(e).
Suppose that x is an interior point of a k-face of a cell, C;. Then z is a limit of interior points of
k-faces of Cl-(j ) but not of any other k-faces, because faces are convex and the tessellations are normal.
This implies that 8_1V01(C(j)(€) N Bi(0)) converges to e ' Vol(C(e) N Bi(0)) as j — oo uniformly in
e € (0,1), whence lim;_, lim._,g e~ *Vol(CYW ()N By (0)) = lim. 0 lim;_, e~ Vol(CW) ()N By (0)).
In particular, this holds a.s. for VC(IA) and Vy if we take a coupling that converges a.s. as A — 0. As
in the proof of Lemma 4.1, uniform integrability shows that

lim lim E e Vol (VM (€) N By (0))] = E[lim lim e “Wol (VM (e) N By (0))]

= E|[lim lim e~ Vol(V( )(8) N Bi(o))]

e—0A—0

— lim lim B[z~ "Vol (VY (€) 1 B1(0))].

e—=0A—0

Choose k = d — 1. Since E[Vol(V{)(¢) N By (0))] = h(e,d, \)Vol(By(0)), dividing by Vol(B (o))
gives our claim. O

It would be interesting to compute the hole probabilities for lower-dimensional faces, in particular
for vertices, but the calculations seem considerably more intricate. As in the preceding proposition,

this would provide one way to compute id’k for other k.
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5.3 Asymptotic properties of the zero cell: the typical cell

In this section, we give the basic properties of the underlying stationary model defining the law of
Cq far away from the origin. It is obtained from the original deposition model of Theorem 1.4 by
removing the indicator function in the intensity (1.3), which ensured that no ball would contain the
origin.

More precisely, following the proof of Theorem 1.4 in Section 5.1, conditioning on the value of
the smallest radius Ry = s, we denote by 75 = T4(s) the random closed subset obtained by removing
the balls whose centers and radii (x, p) are distributed according to a Poisson point process with
intensity

d—1 dp

Cd
In their natural coupling, the sets T3(R1) and Cy4 are created by the same PPP of balls except that
Ta(R1) uses Pois(R;) more balls given R;, as we saw in evaluating the last integral of (5.1). Hence
Tq uses Geom(1/2) — 1 more balls than C4, so that Ty = C4 with probability 1/2. (The fact that
an Exp(1) mixture of Poisson random variables is Geom(1/2) — 1 can be seen by classifying the
events of a Poisson process of rate 2 into two equally likely types, then counting those of type 1 that
appear before the first event of type 2.) In particular, the asymptotic properties of C; and of Ty
are the same a.s. Clearly, the law of 7y is R '-invariant and ergodic. Generally, we are interested
only in geometric properties of T that are Mobg-invariant. For example, given ¢ > 0, the homothety
(z,p) = (tz,tp) of Uy = R x Ry is an isometry that preserves co. It corresponds to changing s
in (5.4) to t4~1s. Thus, Ta(s) for all s > 0 can be coupled to be isometric to each other. Hence, in
studying 74(s), the value of s will mainly be important for the natural coupling of Cy with 7j.

By virtue of Corollary 3.4, another way to describe 7;(s) is that it is the ideal Voronoi cell of the
ideal nucleus (oo, s) in Vor(X U {(co, s)}), where X is a PPP with intensity g4 on OHgy. Because
Moby acts transitively on 8A}HTd preserving pg (Lemma 3.10), we have that 7;(s) has the same law
as the cell C(Y) of Y in Vor(X U {Y'}) for any fixed Y € OHg, provided that we restrict to the
Mobg-invariant o-field.

Consider now the typical cell ’7:1()‘) in Vor(X®W) for A > 0. As before, we use the nucleus of a cell
for its center, so that the typical cell is the cell of a typical nucleus in XV, By Slivnyak’s theorem,
as explained in Section 4.1.2, it follows that 7:1()‘) is the cell of o in Vor(X®™ u {o}). Again, this
has the same law on the Mdby-invariant o-field as the cell C(z) of z in Vor(X™ U {z}) for any
z € Hy. Consider temporarily the ball model of Hy and fix any z # o. Let us use the dilations X™
of Remark 3.5 together with the corresponding dilations 2, and let A — 0. The cell C(z™W) in
Vor(XM U {zW}) will tend to the cell of Y = limy_,0 2" in Vor((6, R)U{Y}) in the Fell topology
on Hy, whose law is thus that of 73. Therefore, it is reasonable to call 7 the typical (ideal) cell.

There is another reason for that nomenclature. Namely, we have constructed our IPVT based
on a PPP on the corona, 5}1\{1. We regard this as a marked PPP on 5}1\-1@ with the mark of an ideal
nucleus being its cell in Hy. In this way, we may define a typical cell of V; as the cell of a typical
ideal nucleus. However, the action of Mobg on 8AIHTd does not yield compact isotropy groups. Instead,
we may use an alternative notion of Palm distribution based on disintegrations [Kall7, Chapter 6].
For a PPP X on a standard Borel space F, the Palm distribution at x € E is X + J, according to
Mecke’s theorem [Kall7, Lemma 6.15]. In our case, if X is a PPP with intensity ug4 on 67/14151 and
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Y € (‘f/l-]ld, then the typical cell corresponding to Y is the cell of Y in Vor (X U {Y}) Transitivity
allows us to call any fixed Y typical.

5.3.1 Height and angle of the boundary

The typical cell T4 can be seen as the epigraph (see Figure 1.3 for the graph) of a stationary random
function #: RI-1 — R whose law is computed below. Specifically, for 29 € R, let us denote by
7—~[(x0) the height of 07y at xy and by W(z() the angle the hypersurface 07; makes with the vertical
direction at that point (in other words, the complement of the angle between the vertical direction
and the direction orthogonal to the hypersurface). It should be clear that this angle is defined for
almost all zg € R?"!, and since the law of (ﬁ(wo), W(xzp)) is independent of zg, we denote it for

short by (#H,©).

Proposition 5.4 (HEIGHT AND ANGLE OF THE BOUNDARY). For d > 2, the law of (H,©) satisfies

(i) conditional on Ry = s,

1 . d+1 d—-1
(W’SIHQ(@D ~ Exp (s) ® Beta( 5 ,T);
(ii) averaging on the value of Ry,
1-U d+1 d—1
d—1 . 2
(H*,sin*(0)) i ® Beta< 5 g >,

where U is a uniform random variable over [0,1].

Proof. (i) Without loss of generality, we consider the variables (H,©) = (ﬁ(()), ¥(0)). Condition

on Ry = s. In a preliminary step, we study the first marginal of this pair, namely, the law of H.
Recall that the intensity measure of the Poisson point process Il is given by (z, p) — 23dc_dl dz® p;}fi T.

The event H < h corresponds to the event where this point process has no point inside the region

{(z,p); p* > |x|* + h?}. Hence, changing variables to y := z/h and ¢ = p/h gives

d—1 dp
PH < h| =ex {—23 / dr——1 . }
[ ] P cq Juiryg, O AT P

d—1 do
= exp{—28mﬁ Rd_IXR+ dyﬁloQZl_HyP}

- ef )

Let g: Ry x [0,7/2) — Ry be a nonnegative Borel function. For |z| < p, let A(z, p) be the event
that p? — |z|? = max{p’? — |2/|?; (2/,p') € II}. Then

Q(Hv @) = Z g( V p2 - |.’L’|2, arccos ?) ]-A(z,p)-

(x7p)eHd7
lz[<p

(5.5)

Also, II; \ {(x, p)} has the same law as II; itself. Thus, by Mecke’s formula,

d—1 dxd
Elg(H,0)] = 2s /R %g(x//ﬂ — |x|?, arccos ?)1x|<pP[H < Vp?—z?].

Cd d_1XR+ P
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Using polar coordinates and (5.5) yields

d—1 d
Elg(H,0)] = 2s . Qg1 /R . drrd=2 p2d/ilg<\/p2 — 12 arccos %) 1<, P[H < \/p? —12]
+ xRy

d

5 5 (%) -
= d—1)— — od__ 12/ gndp -2y h.0) dh do,
/]R+><[0,7r/2)<( )hd exp{ hd—1 }>( VT (&) Sm- 6 cos )9( )

2
(5.6)

which implies (i).
(ii) Recalling that Ry ~ Exp(1), we find that P[HI"! < t] = t/(t + 1) for t > 0, i.e.,
HI ~ (1 —U)/U, as desired. O

5.3.2 Intensities of the Laguerre tessellation £;

For 0 < k < d — 2, we can define the k-dimensional facets of the hypersurface 07;. After orthogonal
projection, this defines a random tessellation £4_; of R4~! whose law is stationary; see Figures 5.3
and 5.4.

N e

Figure 5.3: A piece of the hypersurface 973 seen from various angles. After orthogonal projection, it

yields a tessellation £y of R?.

Figure 5.4: A piece of the hypersurface 073 seen from above, which also shows the tessellation Lo of
R2,
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This tessellation L£4_1 is actually a special case of point processes studied in [GKT22b]: the
relevant process for us is what they call the 3’-model with certain choices for their parameters 3 and
7. They use the PPP on R?"! x R_ of nuclei and heights with intensity given in [CKT22b, (3.2)],
where their —h corresponds to our p?: see the last line of [GKT22b, p. 1258]. The point is that the
Laguerre diagram in R%~! corresponding to their power function is precisely the tessellation Lq4_;
for an appropriate choice of their parameters, 8 and v. We use 8 := d. Their other parameter v is a
scaling factor. To be able to make the correspondence, we need to match our intensity in (5.4) with
their intensity. We will condition that R; = s. Writing (5.4) as sdc;dl dz d(p?)/(p*)?, we see that for
the two models to match, we need to choose v := sy/7 F(d/2)/F(%).

In [GKT22b, Theorem 2], they compute moments of volumes of weighted typical cells of the
Delaunay tessellation corresponding to their Laguerre diagram. Of most interest to us is the
case where their 8 := d as we said above, their v := 0, and their s := 1. This yields after some

simplification the following;:

Lemma 5.5. The mean (Euclidean) volume of the typical Delaunay cell of L4_1 is s-DVy, where

L5 (F(dgl)>d I'(d*/2)

.

P(d/2)/ (&)

For example, DV, for 2 < d < 5 takes the following values: /3, 35/(327), (167%)/2145, and
676039/(597196872).

[GKT22b, Proposition 3] gives the face intensities of the Voronoi tessellation in terms of those of

DV, =

T 2.(d—2)! -

the Delaunay tessellation by duality. The latter are given on the same page in Theorem 6.# This

yields the following;:

Lemma 5.6 (COUNTING FACE INTENSITIES). For 0 < k < d— 1, the (Euclidean) counting intensity
of the k-faces of Lg_1 and thus of 0T4(s) is
Jdk
S - DVd’
where jq 1, is defined in (4.12). O

The values of (jqr/DVg; 0 <k <d—1) for 2<d <5 are (3/m,3/m), (32m/35,487/35,167/35),
(2145/(1672), 2145/ (872), 1275/ (87%), 405/ (1672)), and

<59719687r2 1492992072 641088 n 995328072 4461632 820544 B 9953287T2>
676039 676039 245245 676039 ’ 245245 * 245245 676039 /°

This allows us to deduce the mean f-vector of the typical cell in £;_1, which equals the mean

f-vector of the typical boundary cell of 7y:

Theorem 5.7 (MEAN FACE VECTORS).> For 0 < k < d — 2, the mean number of k-faces of the
typical cell of the boundary of Tq is (d — k)jak/id.d—1-

4However, there are two typos: Here and before, the factor of 1 should be i and the subscript of ¢’ in the last line
should have +1 in place of —1. These mistakes stem from a mistake at the bottom of p. 1282 when quoting “[14] (see
Theorem 1.7 and the discussion thereafter)” and then a slight miscalculation.

"This is a special case of [GKT22b, Theorem 7] as stated for L£4_1, but there are several typos there: The
denominator in both right-hand sides should instead be multiplying the middle quantities, and both the middle and
right-hand sides should be divided by J;i)l (B —1/2). The displayed equation in the proof is missing a factor on the
right-hand side of v4—1(Vg), which equals Ja,1 (8 — 1/2)/E[Vol(Zg,0)].
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Proof. Each k-face belongs to d — k cells a.s., being the intersection of that many cells. Thus, the
result follows from [SWO08, Theorem 10.1.2] and Lemma 5.6. O

The values for the mean f-vectors for small d are as follows: (6,6) for d = 3; (572/27,286/9,
340/27) for d = 4; and

(13970880072, 27941760072, 6(62173301 + 2328480072), 37303980672)
62173301 — 465696072

for d = 5. When d = 3, the 1-skeleton of 73 is a 3-regular graph a.s., whence one can deduce already

from Euler’s formula that the mean number of sides per face is 6.

Remark 5.8. Comparing Theorem 5.7 with Corollary 4.8 with ¢ :== d — 1 there shows agreement when

we note that each k-face of 075 belongs to d — k cells of 973, but we cannot explain this coincidence.

5.3.3 Intensities of 97

Beware that Lemma 5.6 deals only with the intensities of the projection of 97;. But we can combine

it with Proposition 5.4 to deduce some information on 97; € R4~ x R, in our next result:

Corollary 5.9 (MEAN VOLUME OF BOUNDARY CELLS). The volume of the typical (d — 1)-face of
0Ta4(s) is

d—1 (r(d;l))dl I'(d?/2)

2jq,a-1 \I'(d/2) F(%) I'(d - 1/2).

Proof. By Lemma 5.6 and the ergodic theorem (e.g., [SW08, Theorem 9.3.1]), the number of (d — 1)-
faces of £4-1 in a (d — 1)-dimensional Euclidean ball of radius p about 0 is a.s. asymptotic to
boid.d—1/(s - DVg), where b, is the Euclidean (d — 1)-volume of that ball. By Proposition 5.4, the

hyperbolic (d — 1)-volume of the union of those faces is a.s. asymptotic to

B(d/2,(d—1)/2)
s-B((d+1)/2,(d—1)/2)

bE[H'~?/sin O] = b,E[H'"YE[1/sin O] = b,

I'(d/2)I'(d)
Ps-T(d—1/2)T((d+1)/2)

Dividing the latter by the former gives the result. O

The first few values of these volumes for d = 2,3,4,5 are 4/3, 35/(127), 10247/6075, and
52055003 /(746079612 — 55883520#2).

Remark 5.10 (MEASURE (d — 1)-FACE INTENSITIES). We may regard Ty as the union of the regions
over its boundary (d — 1)-faces (that is, the cones of those faces with apex at co). We may then
compare the typical face volume given by Corollary 5.9 with the volume of its cone, which is, by
similar reasoning, E[ [, dy/yY =E[H'74/(d—1)] = 1/s(d — 1) divided by jgq—1/(s-DV,). Dividing
the typical face volume by this yields

(d —1)I'(d/2)I'(d)
I(d—1/2)((d+1)/2)

This agrees with the measure face intensity we obtained in Proposition 5.3 after accounting for the

fact that we are comparing here to the volume of the cone on only one side of the (d — 1)-face,
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although we do not have an explanation for this coincidence. Of course, we did not need Lemma 5.6,
nor even the distribution of ; the result is simply E[#'~?/sin ©]/E[ [ dy/y"] = (d — 1)E[1/sin ©].
Remark 5.11 (HYPERBOLIC VS. EUCLIDEAN VOLUMES OF DELAUNAY SIMPLICES). If we compare
DV, with IDV, defined in (4.13), we discover that IDVy = %Dvd for all d > 2. A heuristic
explanation for this coincidence follows. We desire to explain why the hyperbolic intensity of the
vertices of V; (i.e., 1/IDVy) is equal to s(d — 1)/(d + 1) times the Euclidean intensity of the vertices
of L4-1 conditional on R; = s (i.e., 1/(s-DVy)). First, note that the latter is the Euclidean intensity
of the vertices of Ty, disregarding their heights. Next, if we think of the hyperbolic intensity of the
vertices of Ty per unit volume of the zero cell C4, then we can convert Euclidean (d — 1)-volume to
hyperbolic d-volume by multiplying by E[ f;o dy/y?] = 1/s(d — 1), thus multiplying the Euclidean
intensity by s(d — 1). However, each vertex belongs to d + 1 cells of V,, so to get the hyperbolic
intensity of vertices per unit volume of Hy, we should divide this by d + 1.

Alternatively, we can say that the ideal Delaunay simplices associated to the vertices of 74 are
the simplices whose ideal vertices are oo and the vertices of the Delaunay simplices of £4_1 (which
are some of the nuclei of the Laguerre diagram). The portions of their hyperbolic volumes that lie
in the cell of oo is 1/s(d — 1) times their Euclidean volumes. Because they have d + 1 vertices, their

total hyperbolic volumes are S(‘fitll) times their Euclidean volumes.

We conclude this section by computing the intensity of the vertices in 7;. Note that the vertices

do not form a Poisson point process; they are merely a point process.

Proposition 5.12 (VERTEX INTENSITY). The process of vertices on the hypersurface 0T4(s) has

the intensity

L
S DV, eb ® ¢,

where C is the probability distribution of a random variable Z when 1/Z%1 has law Gamma(d + 1, s).
Thus, for z > 0,
(d—1)sle =T
d¢(z) = i e dz.

Proof. Because the vertices of L£;_1 have finite intensity, the vertices of 07; form a marked point

process. By stationarity, the intensity measure of the vertices of 97y is a constant times Leb ® ¢ for
some probability measure, ¢ [SWO08, Theorem 3.5.1]. By Lemma 5.6, the constant is 1/(s - DVy). It
remains to find (.

Let f be a nonnegative Borel function defined on Uy = R%! x R,. We will use Z to denote
points in R*~!. For o := (21,...,24,p1,...,pa) € (R x (R,)?, write v(o) == ﬂizl OB(z;, pi).
Let A be the set of o where v(0) is a single point. By the Slivinyak—Mecke formula and (5.5), there

is a constant g s whose value does not concern us such that

3 f(v)] =ad,s/Af Jo~ =" lﬂd 7 ‘jle, (5.7)

v a vertex

of Ty
where z = z(0) is the dth coordinate of v(c). Let ¥ = {o € A; z(c) = 1}. Note that for all ¢ > 0
and o € ¥, we have z(t - o) = t. There is a function h: ¥ — R4 such that

dp; dt
1AHd Li 2d = hlo )daﬁ
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for integration on A = ¥ x Ry. Writing v(t - o) = (#(0),t), we obtain

__s d s d
E Z f(U)] = Q4 s /ZX[RJF f(’l)(t . J))e td—1 h(O’) do ﬂTZ = Qg5 f(f, t)e pre h/(i;) dfﬂTﬁ

Uq

v a vertex
of Ty
for another function h’: R4~! — R, arising from changing coordinates for o€ 3 in terms of Z and

other variables—which we integrate out. O

Remark 5.13 (SEPARATIONS FROM THE IDEAL NUCLEUS AT o). The separations of vertices on the
hypersurface 974 to the ideal nucleus at co are Mobg-invariant and have law Gamma(d 4 1). This is
because the separation of (&, z) from (00, 1) is 1/2%! by Lemma 3.3, and Proposition 5.12 showed
that the law of 1/Z97! is Gamma(d + 1). Thus, the distribution of separations is the same as that
of the typical ideal Voronoi vertex, which we found in Proposition 4.4, but we have no explanation

for the coincidence.

6 Ideal Poisson—Voronoi tessellations on regular trees

In this section, we apply our abstract results of Section 2 to the k-regular tree (k > 3), denoted by
T with origin vertex o. We regard T}, as a real tree by identifying each edge with a unit-length real
segment, so that it carries a natural length measure p induced by Lebesgue measure on its edges,
and a geodesic distance dr,. As described in the introduction, one can then consider a Poisson
process of points XN = (X 9), ...) which are ranked according to their increasing distances to o. In
contrast to the case of hyperbolic spaces, here the asymptotic law of delays will depend upon the

fractional part of log;,_;(\) as A — 0. More precisely, for A € (0,1) define
() = —|log;_,(kX)|, andput & = (k-1 -k-Ae[l,k—1).
Let us introduce the proto-delay process
DY = dr, (0, XM) — 4.

Proposition 6.1 (DELAYS ON TREES). As A\ — 0 with &, = £ € [1,k — 1) fixed, the proto-delay

process (ID)?‘) ; i > 1) converges in law towards a Poisson process on R with intensity
E-(E—=1)" over the interval [m,m+1) for m € Z.

Proof. For fixed A > 0, notice that the total intensity of the points falling in edges at distance
p > 0 (i.e., whose closest point is at distance p) from the origin is equal to kA(k — 1)P. Write then
m

p = £ + m to see that for m fixed, as A — 0 with &, fixed, this intensity converges to {(k — 1)
which concludes the proof. O

The convergence to points on the boundary is trivial in this case. Recall that the Gromov
boundary 0T}, of the k-regular tree can be identified with the space of all infinite rays starting from
the origin equipped with the natural local topology. It has a natural uniform measure. Given this,

and the obvious fact that conditionally on their distances to the origin, the points of X are i.i.d.
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on the spheres prescribed by their distances, it follows that they converge towards i.i.d. uniform
points on dTy. As in Section 3.2, one can check that the ideal diagrams are a.s. nondegenerate
(since the delays are a.s. distinct), and we deduce the convergence of the Voronoi tessellations when
A — 0 with &) fixed. In other words, we have a one-parameter family of ideal tessellations Z¢ on T},
parametrized by £ € [1,k — 1) obtained as limit of Poisson—Voronoi tessellations on Ty. Although
those ideal tessellations are indeed pairwise different (see Proposition 6.4 below), here is a surprising

fact:

Theorem 6.2 ([Bhul9]). The restriction of Z¢ to the vertices of Ty has the same law for all
Eell,k—1).

To be more precise, [Bhul9] did not work with our model, but, rather, with the discrete Bernoulli-
Voronoi tessellations solely on the vertices of Ty, where each vertex is independently a nucleus with
probability p € (0,1). In addition, to break ties in distance, each nucleus is given an independent,
uniform [0, 1] random label, so that a vertex belongs to the closest nucleus with the smallest label.
To see the relationship between these two processes in the limit, let E(Ty) be the union of real
segments corresponding to the edges and V(T}) be the vertices. Define f: E(Ty) — V(T%) x [0, 1]
by f(z) = (v,¢), where v is the endpoint closest to o of the edge containing x and ¢ is the distance
from  to v. Let YV be obtained from { flx); z e X()‘)} by keeping only those f(x) with smallest
second coordinate when there is more than one pair having the same first coordinate. The first
coordinates of Y restricted to V(T}) \ {o} form a Bernoulli(p) process with p := 1 — e~*, while
the second coordinates are i.i.d., continuous random variables. Fix a finite-radius ball B of T} about
0. Provided no vertices of YV lie in V/(B), the Voronoi partition on V(B) induced by XM equals
the Voronoi partition on V(B) induced by Y. When A and thus p are small, this proviso holds
with high probability. Hence, if the limit exists of low-intensity Bernoulli-Voronoi tessellations on
Ty, then so does the limit of the restriction to V(Tj) of the Poisson—Voronoi tessellations.

[Bhul9] proved the existence of the limit of low-intensity Bernoulli-Voronoi tessellations on
regular trees by explicitly calculating the probabilities of all elementary cylinder events, showing
that they are polynomials in p (with rational coefficients). For example, [Bhul9, Lemma 2.5] shows

that the degree of the root equals j € [1, k] with limiting probability

1 1
k=2~ D+1 150+ gig)

It is unclear whether there are any Cayley graphs other than trees where there is a unique low-intensity
limit of Bernoulli-Voronoi tessellations, except when the limit is trivial; see [Bhul9).

The following proposition is the analogue of the corresponding result, Proposition 3.9, for Hy.

Proposition 6.3 (ONE END ON TREES). For each & € [1,k —1), a.s. no cell in the IPVT I¢ on T},

contains a bitnfinite geodesic.

Proof. Let the delays be (ID;; ¢ > 1) in increasing order corresponding to the ideal boundary points
©;. By Proposition 6.1, we have IP[]D)l < —n] = O((k:—l)_") asn — oo and P[]D)l > n] S G VA
For any vertex z, let DY := dg,(z) + D; be the separation of (©;,D;) from . Then min; D¥ has the
same distribution as Iy by automorphism invariance. Let S5, be the set of vertices  such that the

geodesic from x to ©1 contains the geodesic from o to ©; as well as precisely 2n additional edges.

46



For z € S5,,, we have D} = DDy + 2n. Also, any such z belongs to the cell of o iff Df = min; D?. Let
A,, be the event that some x € S, belongs to the cell of 0. Let Sy, be the sphere of radius 2n about
o, which has cardinality k(k — 1)?*~!. Then

P(A,) < P[Dy < —n| +P[3z € S5, D1 > —n, D} < D} for all i > 1]
<P[Dy < —n] +P[3z € S, minDj > n]
<P[Dy < —n] +P[3z € S, minDf > n]
<O((k=1)") + k(k — 1) 1e ¢E=D""" 50 as n — oo,

where the last inequality follows from the second sentence of the proof.
It follows that P(ﬂn An) = 0, in other words, o does not belong to a biinfinite geodesic in the
cell of o a.s. Since Z¢ is invariant under all automorphisms of Ty, the same holds for every vertex in

place of o, whence all cells have only one end a.s. ]

We use this result to prove our assertion that Z¢ is different for different £ € [1,k — 1):

Proposition 6.4. There is a measurable function f on tessellations of Ty such that for each
£e€[l,k—1), we have f(Z¢) = £ a.s.

Proof. Let V be a tessellation. Define f to be 0 if some cell of V' does not have a unique end. If
each cell has a unique end, then let 6; be the end of the cell of 0. Set ¢g(#;) := 0. There is a unique
extension of g to the set E of ends of all cells such that when two cells with ends 6 and 6" share a
boundary point x, we have g(0) + dg(x) = g(0’) + dg/(x). When V is the tessellation corresponding
to ideal nuclei (0;,D;), we have that ¢(0;) = D; — D; a.s. Define G(t) .= |{0 € E; ¢(0) < t}| for

t > 0. Finally, let
. LGt +5s) s+1/(
f(V) = hmsup/0 1) s d4s // / )ds.

t—o00

In order to show that f(Z¢) = ¢ a.s., consider the Poisson process on R described in Proposition 6.1,
and denote by N(t) the number of its points at most ¢ for ¢t € R. Now limy_. N(t)/E[N(t)] =1

a.s. with
N =€(3 k=m0 (= 11))) = €(( =Dt~ 1]+ 1)),
m<|t]

whenee N k- 2)

(k—1)t (k —1)t-1]
At every sample where this holds, we obtain

lim ! N({t+s) f/ s+1/ )ds.

t—o0 Jq (k:—ltJrS

a.s. as t — oo.

Ngt

On the other hand, G(t) = N(t 4+ D) when V = Z¢, which proves that f(Z¢) = £ a.s. O

Similarly to the last part of the proof of Theorem 3.11, one can extend this argument to prove
that for each £ € [1,k — 1), there is an isomorphism between the Poisson process on R described in

Proposition 6.1 and the IPVT on Ty that is equivariant with respect to all automorphisms of Ty.
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7 Future directions

Many interesting questions remain, of which we present a few. We have not given substantial thought
to all of them.

Question 7.1 (OTHER MANIFOLDS). The recent paper [FMW23] uses ideal Poisson—Voronoi diagrams
defined directly on a generalization of the corona, similarly to Definition 2.1, to establish some
results in geometric group theory.® They do not establish whether such diagrams are limits of
Poisson—Voronoi diagrams. For which homogeneous Riemannian manifolds does the limit exist of
Poisson—Voronoi diagrams as the intensity of the process of nuclei tends to 0?7 For example, does it

exist on the Riemannian product Hy x R?

Question 7.2 (EQUIVARIANT INJECTIVITY). Theorem 3.11 shows that certain equivariant maps are
injective a.s. Is the map that sends an IPVT to the set of its vertices a.s. injective? Is the map that
sends an IPVT to its IPDT a.s. injective?

Question 7.3 (TYPICAL NEIGHBORING VERTICES). What is the joint distribution of the neighboring

vertices of a typical vertex?

Question 7.4 (FACE INTENSITIES AND HOLE PROBABILITIES). What are the values for the measure
face intensities, id,k for 1 < k <d— 27 Related to this: what are the hole probabilities for k-faces
with 0 <k <d—27

Congecture 7.5 (BOUNDARY HOLE PROBABILITIES). Regarding Proposition 5.1, we believe that
P[B,(0) C Cglel® 1 is decreasing in u. In fact, for odd d, we believe that P[B,(0) C Cq4] equals
e~ (d=1u /p(e2¥) where p is a polynomial of degree (d — 1)/2 with positive, rational coefficients. For
even d, we believe that P[B,(0) C Cq4] equals e~(@=1%/ f(u), where f is an infinite power series with
positive coefficients that are rational linear combinations of 1 and 1/7. The median distance from o

to 9V, is likely less than the mean for every d, because the density of the distance is likely decreasing.

Question 7.6 (TYPICAL VALUES AND THE TYPICAL CELL). We noted that R~ !-typical values for
the Mobg-typical ideal cell Ty match Mobg-typical values for Vg in Remarks 5.8, 5.10, 5.11 and 5.13.

Is there a general theorem to this effect?

Question 7.7 (VARIANCE OF THE VOLUME OF THE TYPICAL CELL). Let Vy(\) be the variance of the
volume of the typical cell of Vy). Does AV;(A) have a finite limit as A — 07 In fact, is the limit
equal to the expected volume of Cy4 \ Tg(R1) in their natural coupling? If so, what is this value? This
is plausible because AVy(\) is the difference between the expected volumes of the size-biased typical

cell (i.e., the zero cell) and the typical cell.

Question 7.8 (INDISTINGUISHABILITY). All cells of V; share the same asymptotics, which are those
of the typical cell. Are they, in fact, indistinguishable? This would mean that for every measurable
set A of pairs (C, V), where C is a cell of a tessellation V' of Hy, if A is invariant under the diagonal
action of Mdby, then a.s., for all cells C' € V,;, we have (C,V,) € A or, for all cells C' € V,;, we have
(C,Va) ¢ A. Since the IPVT is Mébg-ergodic, this is equivalent to P[(Cq, V4) € A] € {0,1}. Because
of Theorem 3.11, indistinguishability is equivalent to the nonexistence of a proper factor of the PPP

X on the corona, in other words, the nonexistence of an equivariant map f on discrete subsets of

5Their work was independent of ours. They were inspired by [BCP22] and were unaware of [Bhul9].
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OH, such that @ # f(X) € X a.s. The concept of indistinguishability is important in percolation
theory [LS99] and in measured group theory [GLO09].

Update: Sam Mellick [Mel24] has proved indistinguishability after seeing our question.

Question 7.9 (EXCEPTIONAL RAYS). Consider rays in the 1-skeleton of Vs, i.e., in the 3-regular tree
embedded in Hy. Those rays that eventually stay in the boundary of some cell satisfy common strong
laws of large numbers due to the ergodicity of the typical cell, 7. What about other rays? For
example, if s(v) denotes the separation of a vertex v from its closest ideal nucleus and if (v, ; n > 1) is
a ray of vertices that is eventually in the boundary of some cell, then lim,, o, n ™! Y opeq S(vg) = 3 as.
by Proposition 4.4 and the ergodic theorem. Those that do not satisfy this property are exceptional.
By ergodicity of Vs, the existence of exceptional rays has probability 0 or 1 and the set of exceptional
rays has an a.s. constant Hausdorff dimension (see, e.g., [LP16, Section 1.8] for Hausdorff dimension
in trees). What is that constant?

May we not call them the Ghosts of departed Quantities?

— The Analyst, George Berkeley
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