
Determinantal probability: surprising relations

Russell Lyons

Indiana University, Bloomington

ICM, Seoul, Korea, 2014

Dirichlet Sample Gates Uniform Sample Gates

1 / 24



Sample Gates, Indiana University
credit: Joey Lax-Salinas

2 / 24



3 / 24



Sample corollaries of one theorem

Corollary 1.

For each subset A of the unit interval with measure |A|, there is a set of
integers of Beurling-Malliavin density |A| such that the set of
corresponding complex exponentials is complete for L2(A).

Corollary 2.

Given an infinite graph G , a.s. simple random walk on each tree in the
wired uniform spanning forest of G is recurrent.

Conjectured Corollary 3.

Let Z be the set of zeroes of a random complex-Gaussian power series in
the unit disk. Then a.s., the only function in the Bergman space that
vanishes on Z is the zero function.

———— O ————
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Corollary 1 (integers)

The Fourier isomorphism `2(Z) ∼= L2[0, 1] is

1n 7→
(
en : t 7→ e2πint

)
.

That is, {en ; n ∈ Z} is an orthonormal basis for L2[0, 1].

In particular, {en ; n ∈ Z} is complete: the linear span of
{en ; n ∈ Z} is dense in L2[0, 1], or, equivalently, if f ⊥ en for all
n ∈ Z, then f = 0.

Clearly, {en ; n ∈ 3Z} is complete in L2[0, 1/3].

Koosis (CRASP, 1960): There exists S ⊆ Z+ of density 0 such that
{en ; n ∈ S} is complete in L2[0, a] for all a ∈ (0, 1).
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Corollary 1 (integers)

Definition

For an interval [a, b] ⊂ R \ {0}, define its aspect

α
(
[a, b]

)
:=
|a| ∨ |b|
|a| ∧ |b|

.

For discrete S ⊆ R, the Beurling-Malliavin density BM(S) of S is the
supremum of those D ≥ 0 for which there exist disjoint nonempty intervals
In ⊂ R \ {0} with |S ∩ In| ≥ D|In| for all n and∑

n≥1

[
α(In)− 1

]2
=∞ .

Theorem of Beurling and Malliavin (Acta Math., 1967)

Let A ⊂ R be an interval. If {en ; n ∈ S} is complete for L2(A), then
BM(S) ≥ |A|. If BM(S) > |A|, then {en ; n ∈ S} is complete for L2(A).

(This holds for S that are not necessarily sets of integers.)
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Corollary 1 (integers)

Corollary 1 of L., Publ. IHES (2003)

Let A ⊆ [0, 1]. There exists S ⊆ Z such that BM(S) = |A| and
{en ; n ∈ S} is complete for L2(A).

(This is not sharp for all A, as pointed out by A. Ulanovskii.)
———— O ————
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Corollary 2 (trees)
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Corollary 2 (trees)

FSF WSF

Pemantle (AOP, 1991) showed that these weak limits of the uniform
spanning tree measures always exist. These limits are now called the free
uniform spanning forest on G and the wired uniform spanning forest. They
are different, e.g., when G is itself a regular tree of degree at least 3.
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Corollary 2 (trees)

If the underlying graph G is a tree T , then WSFT = T a.s./w.p.p. iff
simple random walk on T is recurrent (Häggström, RSA, 1998).

Corollary 2: a Theorem of Morris (PTRF, 2003), confirming a
conjecture of Benjamini-L.-Peres-Schramm (AOP, 2001)

For every G , a.s. (every tree in) WSFG is recurrent for simple random walk.

Reinterpretation:

For every G , a.s. WSFT = T for every tree T ∈WSFG , i.e.,
WSF(WSF) = WSF.

———— O ————
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Conjectured Corollary 3 (zero sets)

Let D := {z ; |z | < 1} be the unit disk. Let g(z) :=
∑

n≥0 anz
n for z ∈ D,

where an are independent standard complex-Gaussian random variables.
Let Z := {z ∈ D ; g(z) = 0} be the zero set of g .

The Bergman space
A2(D) consists of the analytic functions that lie in L2(D) with respect to
Lebesgue measure. Note that ‖g‖2

L2(D) =
∑

n |an|2/(n + 1), so a.s.,

g /∈ A2(D).

Conjectured Corollary 3 of L.-Peres (2010).

Let Z be the set of zeroes of a random complex-Gaussian power series in
the unit disk. Then a.s., the only function in the Bergman space that
vanishes on Z is the zero function.

———— O ————
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How are these related to each other?

This one does not even look like
probability:

Corollary 1

Let A ⊆ [0, 1]. There exists S ⊆ Z such that BM(S) = |A| and
{en ; n ∈ S} is complete for L2(A).

However, this is proved by the probabilistic method: choose S at random
according to a probability measure PA on subsets S of Z.

This probability measure PA is a determinantal probability measure, as is
WSFG and the law of the zero set, Z .
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Determinantal probability measures

Let E be a denumerable set and H ≤ `2(E ) be a closed subspace. Write
PH : `2(E )→ `2(E ) for the orthogonal projection onto H. Write [PH ] for
its matrix in the standard orthonormal basis {1e ; e ∈ E}.

There is a
probability measure PH on subsets B ⊆ E defined by

PH [D ⊆ B] = det
[
PH

]
D,D

for all finite D ⊆ E ,

where we take the rows and columns indexed by D (Macchi, Adv. Appl.
Prob., 1975).

Example

PH [e, e ′ ∈ B] =

∣∣∣∣ 〈PH1e , 1e〉 〈PH1e′ , 1e〉
〈PH1e , 1e′〉 〈PH1e′ , 1e′〉

∣∣∣∣
= PH [e ∈ B]PH [e ′ ∈ B]− |〈PH1e′ , 1e〉|2 .

Clearly
H = `2(E ) =⇒ PH [B = E ] = 1 .
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Determinantal probability measures

Suppose r := dimH <∞.

Then

PH
[
B = {e1, . . . , er}

]
= det

[
〈PH1ei ,PH1ej 〉

]
1≤i ,j≤r .

The sum of squares of the volumes of
parallelepipeds formed by the projections
of r of the 1e onto H add to 1. Note
that PHB is PH -a.s. a basis for H.

Theorem, L., Publ. IHES (2003)

The set {PH1b ; b ∈ B} is complete in H for PH -a.e. B, i.e., if v ∈ H
satisfies v ⊥ 1b for all b ∈ B, then v = 0.

14 / 24



Determinantal probability measures

Suppose r := dimH <∞. Then

PH
[
B = {e1, . . . , er}

]
= det

[
〈PH1ei ,PH1ej 〉

]
1≤i ,j≤r .

The sum of squares of the volumes of
parallelepipeds formed by the projections
of r of the 1e onto H add to 1. Note
that PHB is PH -a.s. a basis for H.

Theorem, L., Publ. IHES (2003)

The set {PH1b ; b ∈ B} is complete in H for PH -a.e. B, i.e., if v ∈ H
satisfies v ⊥ 1b for all b ∈ B, then v = 0.

14 / 24



Determinantal probability measures

Suppose r := dimH <∞. Then

PH
[
B = {e1, . . . , er}

]
= det

[
〈PH1ei ,PH1ej 〉

]
1≤i ,j≤r .

The sum of squares of the volumes of
parallelepipeds formed by the projections
of r of the 1e onto H add to 1.

Note
that PHB is PH -a.s. a basis for H.

Theorem, L., Publ. IHES (2003)

The set {PH1b ; b ∈ B} is complete in H for PH -a.e. B, i.e., if v ∈ H
satisfies v ⊥ 1b for all b ∈ B, then v = 0.

14 / 24



Determinantal probability measures

Suppose r := dimH <∞. Then

PH
[
B = {e1, . . . , er}

]
= det

[
〈PH1ei ,PH1ej 〉

]
1≤i ,j≤r .

The sum of squares of the volumes of
parallelepipeds formed by the projections
of r of the 1e onto H add to 1. Note
that PHB is PH -a.s. a basis for H.

Theorem, L., Publ. IHES (2003)

The set {PH1b ; b ∈ B} is complete in H for PH -a.e. B, i.e., if v ∈ H
satisfies v ⊥ 1b for all b ∈ B, then v = 0.

14 / 24



Determinantal probability measures

Suppose r := dimH <∞. Then

PH
[
B = {e1, . . . , er}

]
= det

[
〈PH1ei ,PH1ej 〉

]
1≤i ,j≤r .

The sum of squares of the volumes of
parallelepipeds formed by the projections
of r of the 1e onto H add to 1. Note
that PHB is PH -a.s. a basis for H.

Theorem, L., Publ. IHES (2003)

The set {PH1b ; b ∈ B} is complete in H for PH -a.e. B, i.e., if v ∈ H
satisfies v ⊥ 1b for all b ∈ B, then v = 0.

14 / 24



Corollary 1 (integers)
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satisfies v ⊥ 1b for all b ∈ B, then v = 0.

Corollary 1

Let A ⊆ [0, 1]. There exists S ⊆ Z such that BM(S) = |A| and
{en ; n ∈ S} is complete for L2(A).

Proof (Start).

We use E := Z and H := L̂2(A). Here, we think of L2(A) as the functions
in L2[0, 1] that vanish outside A. Let B ∼ PH . We will show that S := B
works a.s. Let f ∈ L2(A) with f ⊥ en for n ∈ S . Then H 3 f̂ ⊥ 1n for
n ∈ S , so by the Theorem, f̂ = 0, i.e., f = 0.
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Corollary 1 (integers)

Proof (End).

What about BM(S)? What is PH [n ∈ B]?

That equals

[PH ]n,n = 〈PH1n, 1n〉 = 〈PL2(A)en, en〉 =

∫ 1

0
1Aenen = |A| .

In fact, PH is a stationary ergodic process on Z, so the ergodic theorem
tells us that the ordinary density of B equals |A| a.s. This is a lower
bound for the Beurling-Malliavin density. Negative association makes B
“very regular”, e.g., gives a Gaussian upper bound on∣∣|B ∩ [1, k]| − |A| · k

∣∣ .
———— O ————
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Corollary 2 (trees)

Theorem, dual form

The subspace {P`2(B)h ; h ∈ H} is dense in `2(B) for PH -a.e. B, i.e., if

v ∈ `2(B) satisfies v ⊥ h for all h ∈ H, then v = 0.

Corollary 2 of Morris

For every G , a.s. WSFT = T for every tree T ∈WSFG , i.e.,
WSF(WSF) = WSF.

Proof.

Let G = (V,E). Use E := E. Orient each edge. Given u ∈ V, define the
star at u to be the vector ?Gu :=

∑
e∼u ±1e . Let F(G ) ≤ `2(E) be the

closure of the linear span of the stars. Then WSFG = PF(G) . . . . Now

P`2(B)?
G
u = ?

(V,B)
u for B ⊆ E. Thus, P`2(B)F(G ) is dense in F(V,B) for

all B. But the Theorem tells us that it is also dense in `2(B) for

PF(G)-a.e. B, so F(V,B) = `2(B) for PF(G)-a.e. B, so WSFB is
concentrated on the singleton {B} for WSFG -a.e. B.

———— O ————
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∑
e∼u ±1e . Let F(G ) ≤ `2(E) be the

closure of the linear span of the stars. Then WSFG = PF(G) . . . . Now
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G
u = ?

(V,B)
u for B ⊆ E. Thus, P`2(B)F(G ) is dense in F(V,B) for
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How are these related to the Conjectured Corollary 3? Why is it only
conjectured?

Discrete vs. continuous. Duality.
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Determinantal point processes

Let E be a locally compact Polish space with a Radon measure, µ.

Ex.: Lebesgue measure on Euclidean space.

Ex.: counting measure on a denumerable set.

We consider simple point processes X on E , i.e., counting measures on
discrete subsets of E .

The point process is determinantal if ∃K : E 2 → C such that

∀k ≥ 1 ρk(x1, . . . , xk) = det
[
K (xi , xj)

]
1≤i ,j≤k

is the k-point intensity function. We then write X ∼ PK .

We call ρk the k-point intensity function if

for all Borel A ⊆ E k \∆k(E ) E
[
Xk(A)

]
=

∫
A
ρk dµ

k ,

where ∆k(E ) :=
{

(x1, . . . , xk) ∈ E k ; i 6= j =⇒ xi 6= xj
}

.
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For us, K (·, ·) will be locally square integrable, Hermitian, and define an
orthogonal projection onto some closed subspace H ≤ L2(E , µ) via

f 7→
(
x 7→

∫
E
K (x , y)f (y) dµ(y)

)
.

Since projections are idempotent,

K (x , z) =

∫
E
K (x , y)K (y , z) dµ(y) µ2-a.e.,

so we can redefine K so that it holds everywhere. Writing

Kz(x) := K (x , z) ,

we obtain Kz ∈ H. When h ∈ H, we have

h(x) =

∫
E
K (x , y)h(y) dµ(y) = 〈h,Kx〉

µ-a.e., for all x ,

i.e., K is a reproducing kernel for H.
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Conjectured Corollary 3 (zero sets)

Conjecture, L.-Peres (2010)

For PK -a.e. X, the set {Kx ; x ∈ X} is complete in H,

i.e., if h ∈ H
satisfies h(x) = 0 for all x ∈ X, then h = 0.

Conjectured Corollary 3

Let Z be the set of zeroes of a random complex-Gaussian power series in
the unit disk. Then a.s., the only function in the Bergman space A2(D)
that vanishes on Z is the zero function.

Conjectured Proof.

Let E := D and µ be unit Lebesgue measure on D. Let

K (z ,w) :=
1

π(1− zw̄)2
.

Then K gives an orthogonal projection onto A2(D). Furthermore, Z ∼ PK

(Peres-Virág, Acta Math., 2005). Apply the Conjecture.
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Other Conjectured Corollaries

Conjecture, L.-Peres (2010)

For PK -a.e. X, the set {Kx ; x ∈ X} is complete in H, i.e., if h ∈ H
satisfies h(x) = 0 for all x ∈ X, then h = 0.

Conjectured Corollary, L.-Peres (2010).

Let µ be Lebesgue measure on R and K (x , y) := sinπ(x − y)/
(
π(x − y)

)
,

which projects onto a Paley-Wiener space and defines the sine-kernel
process. Then a.s., for PK -a.e. X, the only h ∈ L2[0, 1] such that ĥ�X = 0
is h = 0.

Although the Beurling-Malliavin theorem applies, no information can be
deduced because BM(X) = 1 a.s. However, Ghosh (preprint, 2014) has
proved this case.
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For PK -a.e. X, the set {Kx ; x ∈ X} is complete in H, i.e., if h ∈ H
satisfies h(x) = 0 for all x ∈ X, then h = 0.

Conjectured Corollary, L.-Peres (2010).

Let µ be standard Gaussian measure on C and K (z ,w) := ezw̄ , which
projects onto the Bargmann-Fock space B2(C) consisting of the entire
functions that lie in L2(C, µ), and defines the Ginibre process. Then a.s.,
for PK -a.e. X, the only h ∈ B2(C) such that h�X = 0 is h = 0.

The Ginibre process has density 1 a.s.

That the critical density for zeroes of B2(C) is 1 was shown in various
senses going back to von Neumann. This case has also been proved by
Ghosh (preprint, 2014).
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The two instances above that have been proved by Ghosh follow from his
more general result that our conjecture holds whenever PK is rigid, which
means that X(B) is measurable with respect to the PK -completion of
F (E \ B) for every ball B ⊂ E .

———— O ———— O ————
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