Determinantal probability

Basic properties and conjectures
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Abstract. We describe the fundamental constructions and properties of determinantal probability mea-
sures and point processes, giving streamlined proofs. We illustrate these with some important exam-
ples. We pose several general questions and conjectures.
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1. Introduction

Determinantal point processes were originally defined by Macchi [39] in physics. Starting
in the 1990s, determinantal probability began to flourish as examples appeared in numerous
parts of mathematics [51, 28, 8]. Recently, applications to machine learning have appeared
[32].

A discrete determinantal probability measure is one whose elementary cylinder proba-
bilities are given by determinants. More specifically, suppose that ' is a finite or countable
set and that ) is an &/ X E matrix. For a subset A C F, let Q| A denote the submatrix of ()
whose rows and columns are indexed by A. If G is a random subset of E with the property
that for all finite A C F, we have

P[A C 6] = det(Q[A), (1.1)

then we call P a determinantal probability measure. The inclusion-exclusion principle in
combination with (1.1) yields the probability of each elementary cylinder event. Therefore,
for every @, there is at most one probability measure, to be denoted P?, on subsets of F
that satisfies (1.1). Conversely, it is known (see, e.g., [33]) that there is a determinantal
probability measure corresponding to @ if @ is the matrix of a positive contraction on ¢?(E)
(in the standard orthonormal basis).

Technicalities are required even to define the corresponding concept of determinantal
point process for E being Euclidean space or a more general space. We present a virtually
complete development of their basic properties in a way that minimizes such technicalities
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by adapting the approach of [33] from the discrete case. In addition, we use an idea of
Goldman [21] to deduce properties of the general case from corresponding properties in the
discrete case.

Space limitations prevent mention of most of what is known in determinantal probability
theory, which pertains largely to the analysis of specific examples. We focus instead on some
of the basic properties that hold for all determinantal processes and on some intriguing open
questions.

2. Discrete basics

Let F be a denumerable set.

We identify a subset of E with an element of {0,1}¥ = 2 in the usual way. There
are several approaches to prove the basic existence results and identities for determinantal
probability measures. We sketch the one used by [33]. This depends on understanding first
the case where () is the matrix of an orthogonal projection. It also relies on exterior algebra
so that the existence becomes immediate.

Any unit vector v in a Hilbert space with orthonormal basis E gives a probability measure
P" on E, namely, PV ({e}) := |(v, e)|* fore € E. Applying this simple idea to multivectors
instead, we obtain the probability measures P# associated to orthogonal projections Pr;. We
refer to [33] for details not given here.

2.1. Exterior algebra. Identify £ with the standard orthonormal basis of the real or com-
plex Hilbert space ¢2 (E). For k > 1, let E}, denote a collection of ordered k-element subsets
of E such that each k-element subset of £ appears exactly once in E, in some ordering. De-
fine

AFE = /\kKQ(E) = €2<{el A Neg; (€1,...,ex) € Ek}> :

If k > |E|, then B}, = ) and A¥E = {0}. We also define A°F to be the scalar field, R or
C. The elements of A*E are called multivectors of rank k, or k-vectors for short. We then
define the exterior (or wedge) product of multivectors in the usual alternating multilinear

way: /\f:1 eo(iy = (—1)7 /\17;1 e; for any permutation o € Sym(k), and

/\ Z a;(e)e = Z Haj(ej) /\ €;

i=1ecE’ ety en€E j=1 i=1

k

for any scalars a;(e) (i € [1,k], e € E’) and any finite E C E. (Thus, A;_;

all e; are distinct.) The inner product on A*E satisfies

e; = 0 unless

(ugp A+ Aug, v1 A=+ Avg) = det [(ui,vj)} (2.1

1,j€[1,k]
when u; and v; are 1-vectors. (This also shows that the inner product on A*E does not
depend on the choice of orthonormal basis of £?(E).) We then define the exterior (or Grass-
mann) algebra Ext((*(E)) := Ext(E) := @, A"E, where the summands are declared
orthogonal, making it into a Hilbert space. Vectors u1,...,u, € ¢*(E) are linearly inde-
pendent iff uy A--- Auy, # 0. For a k-element subset A C E with ordering (e;) in Ej, write

04 := /\f:1 ei. We also write A\ . 4 f(e) := /\f:1 f(e;) for any function f: E — (*(E).
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Although there is an isometric isomorphism

1
\/H oeSym(k)

for u; € ¢2(E), this does not simplify matters in the discrete case. It will be very useful in
the continuous case later, however.
If H is a closed linear subspace of £2(E), written H < ¢?(E), then we identify Ext(H)

with its inclusion in Ext(F). That is, /\k H is the closure of the linear span of the k-vectors
{vi A=+~ Avg; vi,...,v, € H}. In particular, if dim H = r < oo, then \" H is a 1-
dimensional subspace of Ext(E); denote by wy a unit multivector in this subspace. Note
that wyy is unique up to a scalar factor of modulus 1; which scalar is chosen will not affect the
definitions below. We denote by Py the orthogonal projection onto H for any H < (*(E)
or, more generally, H < Ext(E).

Lemma 2.1. For every closed subspace H < (*(E), every k > 1, and every u1, ..., uj €
(*(E), we have Payyry(uy A+ Aug) = (Prug) A -+ A (Prug).

For v € (2(E), write [v] for the subspace of scalar multiples of v in £(E).

2.2. Orthogonal projections. Let H be a subspace of £2(E) of dimension r < oo. Define
the probability measure P on subsets B C E by

P ({B}) := | (wn, 0B) . 2.2)
Note that this is non-0 only for |B| = r. Also, by Lemma 2.1,
PH<{B}) = HPExt(H)QBH2 = H /\ PH6H2
eeB

for |B| = r, which is non-0 iff (Pye; e € B) are linearly independent. In other words,
PH ({B}) # 0iff the projections of the elements of B form a basis of H. Let (vy, ..., v,)
be any basis of H. If we use (2.1) and the fact that wy = ¢ /\; v; for some scalar c, then we
obtain another formula for P

PH ({61, Ce ,67«}) = (det[(vi, ej)]iijT)Q/det[(vh vj)]’i,jST . (23)

We use B to denote a random subset of E arising from a probability measure P . To
see that (1.1) holds for the matrix of Py, observe that for |B| = r,

PY[%8 = B] = (Pawm)0p, 05) = ( /\ Pre, /\ 6) = det[(Pue, f)le,sen
ecB eeEB

by (2.1). This shows that (1.1) holds for |A| = r since |B| = r P#-a.s. The general case
is a consequence of multilinearity, which gives the following extension of (1.1). We use the
convention that fp := 1 and u A 1 := u for any multivector u.

Theorem 2.2. If A1 and As are (possibly empty) subsets of a finite set E, then
PY[A; CB,4:NB = 0] = (Prxe(m0a, N Posey0a,, 04, NOay,) (2.4)
In particular, for every A C E, we have
P7[A C B] = || Pomfal®. (2.5)
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Corollary 2.3. If E is finite, then for every subspace H < (?(E), we have
VBCE P" ({E\B})=PI({B}). (2.6)

These extend to infinite . In order to define P¥ when H is infinite dimensional, we
proceed by finite approximation.

Let E = {e;; i > 1} be infinite. Consider first a finite-dimensional subspace H of
(?(E). Define H}, as the image of the orthogonal projection of H onto the span of {e;; 1 <
i < k}. By considering a basis of H, we see that Py, — Py in the weak operator topology
(WOT), i.e., matrix-entrywise, as k — oo. It is also easy to see that if  := dim H, then
dim H}, = r for all large k and, in fact, wg, — wp in the usual norm topology. It follows
that (2.4) holds for this subspace H and for every finite A;, As C FE.

Now let H be an infinite-dimensional closed subspace of ¢2(E). Choose finite-
dimensional subspaces Hy, 1 H. It is well known that Py, — Py (WOT). Then

for all finite sets A det(Pg, [A) — det(PylA), (2.7)

whence PH* has a weak* limit that we denote P and that satisfies (2.4).
We also note that for any sequence of subspaces Hy, if Py, — Pr (WOT), then PHrx —
P weak* because (2.7) then holds.

2.3. Positive contractions. We call () a positive contraction if () is a self-adjoint operator
on /2(E) such that for all u € £2(E), we have 0 < (Qu,u) < (u,u). A projection dilation
of Q is an orthogonal projection Py onto a closed subspace H < (?(E') for some E' O E
such that for all u € (*(E), we have Qu = Ppz2(p)Pyu, where we regard (*(E’) as the
orthogonal sum ¢2(E) & ¢*(E’ \ E). In this case, @ is also called the compression of Py to
(?(E). Choose such a dilation (see (2.16) or (3.9)) and define P® as the law of B N E when
B has the law P. Then (1.1) for Q is a special case of (1.1) for Py.

Of course, when @ is the orthogonal projection onto a subspace H, then P¢ = P¥,
Basic properties of P© follow from those for orthogonal projections, such as:

Theorem 2.4. If Q is a positive contraction, then for all finite A1, Ay C E,

PQ[A1g6,A2m6:®]:( A Qen A (- Qe 9A1/\9A2>. 2.8)

eGAl e€A2

If (1.1) is given, then (2.8) can be deduced from (1.1) without using our general theory
and, in fact, without assuming that the matrix () is self-adjoint. Indeed, suppose that X is
any diagonal matrix. Denote its (e, e)-entry by x.. Comparing coefficients of z. shows that
(1.1) implies, for finite A C F,

E| [T (Lices) +20)| = det (@ + X)14). (2.9)

ecA

Replacing A by A; U Az and choosing =, := —1 4, (e) gives (2.8). On the other hand, if we
substitute z. := 1/(z. — 1), then we may rewrite (2.9) as

E{ ] (treceyze + 1{6%})} = det (QZ + T - Q)[A), (2.10)

e€A
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where Z is the diagonal matrix of the variables z.. Let E be finite. Write 24 := [Teca 2e
for A C FE. Then (2.10) is equivalent to

> POS = Al =det(I - Q + QZ). (2.11)
ACE

This is the same as the Laplace transform of P© after a trivial change of variables. When
QI < 1, we can write det(I —Q+QZ) = det(I — Q) det(I+JZ) with J := Q(I — Q)™ .
Thus, for all A C E, we have

PO[G = A] = det(I — Q) det(J[A) = det(I + J) "' det(J]A). (2.12)

A probability measure P on 2% is called strongly Rayleigh if its generating polynomial
f(2) =2 4cp PI6 = A]z4 satisfies the inequality

of of 0% f
0z¢ 0z (@) = 02,0%¢1 z)f(@)

()

2.13)

for all e # €/ € F and all real + € R¥. This property is satisfied by every determinan-
tal probability measure, as was shown by [7], who demonstrated its usefulness in showing
other properties, such as negative associations and preservation under symmetric exclusion
processes.

For aset K C FE, denote by .# (K ) the o-field of events that are measurable with respect
to the events {e € &} for e € K. Define the tail o-field to be the intersection of .# (E \ K)
over all finite K. We say that a measure P on 27 has trivial tail if every event in the tail
o-field has measure either O or 1.

Theorem 2.5 ([33]). If Q is a positive contraction, then P? has trivial tail.
For finite E and a positive contraction @, define the entropy of P< to be
Ent(Q) := — Y P?({4})log Po({4}).
ACE
Numerical calculation supports the following conjecture [33]:

Conjecture 2.6. For all positive contractions ()1 and ()2, we have
Ent((Q1 + Q2)/2) > (Ent(Q1) + Ent(Q2))/2. (2.14)

2.4. Stochastic inequalities. Let £ be denumerable. A function f: 2¥ — R is called
increasing if forall A € 2% and alle € E, we have f(AU{e}) > f(A). Aneventis called
increasing or upwardly closed if its indicator is increasing.

Given two probability measures P*, P2 on 27, we say that P2 stochastically dominates
P! and write P! < P? if for all increasing events A, we have P1(A) < P2(A). This is
equivalent to [ f dP' < [ f dP? for all bounded increasing f.

A coupling of two probability measures P!, P? on 2% is a probability measure & on
2E % 2F whose coordinate projections are P, P2; it is monotone if

N{(A1>A2)§ A C ./42} =1.

By Strassen’s theorem [53], stochastic domination P! < P? is equivalent to the existence
of a monotone coupling of P! and P2.



142 Russell Lyons

Theorem 2.7 ([33]). If H; < Hy < (?(E), then P 5 PH2,

It would be very interesting to find a natural or explicit monotone coupling.
A coupling o has union marginal P if for all events A C 2F, we have P(A) =
/L{(Al,AQ) ; AjUA; € A}

Question 2.8 ([33]). Given H = H, ® Hy, is there a coupling of P and P2 with union
marginal PH ?

A positive answer is supported by some numerical calculation. It is easily seen to hold
when H = (?(E) by Corollary 2.3.
In the sequel, we write Q1 < Qs if (Q1u, u) < (Qau, u) for all u € (?(E).

Theorem 2.9 ([33, 7]). If 0 < Q1 < Q2 = I, then PQ' < P2,

Proof. By Theorem 2.7, it suffices that there exist orthogonal projections P; and P, that are
dilations of (1 and Q5 such that P; < P,. This follows from Naimark’s dilation theorem
[43], which says that any measure whose values are positive operators, whose total mass is /,
and which is countably additive in the weak operator topology dilates to a spectral measure.
The measure in our case is defined on a 3-point space, with masses )1, Q2 —Q1, and I —Q)o,
respectively. If we denote the respective dilations by R;, Rs, and R3, then we set Py := R
andP2 = R1+R2. O

A positive answer in general to Question 2.8 would give the following more general
result by compression: If Q1, Q2 and Q; + Q- are positive contractions on £2 (E), then there
is a coupling of P®1 and P2 with union marginal P@1 2,

It would be very useful to have additional sufficient conditions for stochastic domination:
see the end of Subsection 3.8 and Conjecture 5.7. For examples where more is known, see
Theorem 5.2.

We shall say that the events in .% (K ) are measurable with respect to K and likewise
for functions that are measurable with respect to .% (K). We say that P has negative asso-
ciations if for every pair fi, fo of increasing functions that are measurable with respect to
complementary subsets of I,

E[f1f2] < E[fi]E[f2]. (2.15)
Theorem 2.10 ([33]). If 0 < Q = I, then P has negative associations.

Proof. The details for finite £/ were given in [33]. For infinite E, let f; and fo be increasing
bounded functions measurable with respect to .% (A) and .% (E \ A), respectively. Choose
finite £, T E. The conditional expectations E[f, | #(A N E,,)] and E[f; | #(E, \ A)]
are increasing functions to which (2.15) applies (because restriction to E,, corresponds to a
compression of (), which is a positive contraction) and which, being martingales, converge
to f1 and fo in L?(P%). O

2.5. Mixtures. Write Bern(p) for the distribution of a Bernoulli random variable with ex-
pectation p. For pi, € [0, 1], let Bin((px)) be the distribution of a sum of independent
Bern(py ) random variables. Recall that [v] is the set of scalar multiples of v.

Theorem 2.11 ([1]; Lemma 3.4 of [48]; (2.38) of [49]; [26]). Let QQ be a positive contraction
with spectral decomposition Q = 3, M\, Pr,), where (vy.; k > 1) are orthonormal. Let
I, ~ Bern(\y) be independent. Let ) := @, [Iyvi); thus, Q = EPg. Then P¢ = EP.
Hence, if G ~ P, then |S| ~ Bin((\)).
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Proof. By Theorem 2.9, it suffices to prove it when only finitely many Ay # 0. Then by
Theorem 2.4, we have P? [A C &] = (/\eeA Qe, 9,4) forall A C E. Now

A Q= AD MPuge= D TN A Poe

ecA e€cA k j: A—-NecA ecA
= 2 I Ne A Poe
j: A—NecA e€cA

because v A v = 0 and P,je is a multiple of v, so none of the terms where j is not injective
contribute. Thus,

A@e= > B T]Lw| A Powe=E[ > Tl Lo A Pl

ecA j: A—N ecA ecA j: A—NecA ecA
:E|: Z Hlj(e) /\ P[Uj(e)]€i| =E /\ Zlkp[vk]ezE /\ nge.
j: A—>NecA ecA ecA k ecA

We conclude that P@ [A C &) = E (A4 Pse, 04) = E[P?[A C B]] by (2.8). O

ecA

We sketch another proof: Let E’ be disjoint from E with the same cardinality. Choose
an orthonormal sequence (v},) in ¢2(E’). Define

H = [Vave + V1 - Mwp] <C(EUE). (2.16)
k

Then @ is the compression of Py to ¢?(E). Expanding wy = A, (vVAkvr + /1 — Agv},) in
the obvious way into orthogonal pieces and restricting to £, we obtain the desired equation
from (2.2).

The first proof shows more generally the following: Let () be a positive contraction. Let
(vi 5 k > 1) be (not necessarily orthogonal) vectors such that Qo + >, P,,] = I. Let I}, be
independent Bernoulli random variables with E Y °, I, < 0o. Write Q := Qo+, Ix Py,
Then PESQ = EP2. This was observed by Ghosh and Krishnapur (personal communication,
2014).

Note that in the mixture of Theorem 2.11, the distribution of (I},; k£ > 1) is deter-
minantal corresponding to the diagonal matrix with diagonal (\x; k& > 1). Thus, it is
natural to wonder whether (I ; k£ > 1) can be taken to be a general determinantal mea-
sure. If such a mixture is not necessarily determinantal, must it be strongly Rayleigh or
at least have negative correlations? Here, we say that a probability measure P on 27
has negative correlations if for every pair A, B of finite disjoint subsets of F, we have
P[AUB C 6] < P[A C S|P[B C &]. Note that negative associations is stronger than
negative correlations.

2.6. Example: Uniform spanning trees and forests. The most well-known example of a
(nontrivial discrete) determinantal probability measure is that where & is a uniformly chosen
random spanning tree of a finite connected graph G = (V, E) with E := E. Here, we regard
a spanning tree as a set of edges. The fact that (1.1) holds for the uniform spanning tree is
due to [12] and is called the Transfer Current Theorem. The case with |A| = 1 was shown
much earlier by [30], while the case with |A| = 2 was first shown by [11]. Write UST for
the uniform spanning tree measure on G.
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To see that UST ¢ is indeed determinantal, consider the vertex-edge incidence matrix M
of G, where each edge is oriented (arbitrarily) and the (x, e)-entry of M equals 1 if x is the
head of e, —1 if x is the tail of e, and O otherwise. Identifying an edge with its corresponding
column of M, we find that a spanning tree is the same as a basis of the column space of
M. Given z € V, define the star at x to be the x-row of M, regarded as a vector *, in
the row space, % (G) < (2(E). It is easy that the row-rank of M is |[V| — 1. Letzg € V
and let u be the wedge product (in some order) of the stars at all the vertices other than x.
Thus, u = cwy () for some ¢ # 0. Since spanning trees are bases of the column space of
M, we have (u, 0 A) # 0 iff A is a spanning tree. That is, the only non-zero coefficients
of u are those in which choosing one edge in each x, for x # x( yields a spanning tree;
moreover, each spanning tree occurs exactly once since there is exactly one way to choose
an edge incident to each = # x( to get a given spanning tree. This means that its coefficient
is £1. Hence, P*(%) is indeed uniform on spanning trees. Simultaneously, this proves the
matrix tree theorem that the number of spanning trees equals det[(%z, %y )]z g1, since this
determinant is ||ul|?.

One can define analogues of UST & on infinite connected graphs [44, 22, 2] by weak lim-
its. For brevity, we simply define them here as determinantal probability measures. Again,
all edges of G are oriented arbitrarily. We define % (G) as the closure of the linear span of
the stars. An element of ¢?(E) that is finitely supported and orthogonal to % (G) is called a
cycle; the closed linear span of the cycles is {(G). The wired uniform spanning forest is

WSF¢ := P*(&) while the free uniform spanning forest is FSF := 134 CI

3. Continuous basics

Our discussion of the “continuous” case includes the discrete case, but the discrete case has
the more elementary formulations given earlier.

Let £ be a measurable space. As before, £ will play the role of the underlying set on
which a point process forms a counting measure. While before we implicitly used counting
measure on F itself, now we shall have an arbitrary measure y; it need not be a probability
measure. The case of Lebesgue measure on Euclidean space is a common one. The Hilbert
spaces of interest will be L2?(E, ).

3.1. Symmetrization and anti-symmetrization. There may be no natural order in F, so
to define, e.g., a probability measure on n points of F, it is natural to use a probability
measure on [£” that is symmetric under coordinate changes and that vanishes on the diagonal
A, (E) = {(:131, ceyTy) € B Ji#£ §ox; = xj}. Likewise, for exterior algebra, it is
more convenient to identify u; A --- A u,, with

> (1) up1) @+ ® gy /Vl € LP(E™, p™)
oc€Sym(n)

for u; € L?(E, ). Thus, u; A - - - A u, is identified with the function

(1231, cee ,!L'n) = det[ui(xj)]i,je{l,...,n}/\/m-
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Note that
n'(A Uz) ( 1 vi) (z1,...,2,) = detu;(z;)] det[v;(z;)] = det[u;(x;)] det[v; (z;)]"

n

(2

= detfu; (z;)][vi(z;)]" = det[K (zs, 7;)]i je1,....n}
3.1)

with K := """ | u; ® v;. Here, T denotes transpose.

3.2. Joint intensities. Suppose from now on that E is a locally compact Polish space
(equivalently, a locally compact second countable Hausdorft space). Let u be a Radon mea-
sure on F, i.e., a Borel measure that is finite on compact sets. Let AV'(E) be the set of Radon
measures on F with values in N U {oco}. We give N'(FE) the vague topology generated by
the maps { — [ fd¢ for continuous f with compact support; then N'(E) is Polish. The
corresponding Borel o-field of N'(E) is generated by the maps & — £(A) for Borel A C E.
Let X be a simple point process on FE, i.e., a random variable with values in A/(E) such
that X¥({z}) € {0,1} for all z € E. The power X* := X ® --- ® X lies in N'(E*). Thus,
E[X¥] is a Borel measure on E*; the part of it that is concentrated on E* \ Ay (E) is called
the k-point intensity measure of X. If the intensity measure is absolutely continuous with
respect to 1*, then its Radon-Nikodym derivative py, is called the k-point intensity function
or the k-point correlation function:

forall Borel A C E¥ \ AL(E)  E[XF(4)] = / pr dpF . (3.2)
A

Since the intensity measure vanishes on the diagonal A (E), we take py, to vanish on Ay (E).
We also take py to be symmetric under permutations of coordinates. Intensity functions are
the continuous analogue of the elementary probabilities (1.1).

Since the sets Hle Ay = Ay x---x Ay, generate the o-field on E*\ A, (F) for pairwise
disjoint Borel Ay, ..., Ay C E, a measurable function py: E¥ — [0, 00) is “the” k-point
intensity function iff

E[H%(Ai)} :/k pr dp . (3.3)
i=1 i—1 Ai

Since X is simple, X" (A% \ Dy(A)) = (X(A4)),. where (n)g :=n(n—1)---(n — k +1).

Since pj vanishes on the diagonal, it follows from (3.2) that for disjoint Ay, ..., A, and
non-negative ki, ..., k, summing to k,
E[H (%(Aj))kj] = / P du® . (3.4)
7j=1 Jj=1*73

Again, this characterizes py, even if we use only r = 1.

In the special case that X(F) = n a.s. for some n € Z™, then the definition (3.2) shows
that a random ordering of the n points of X has density p,, /n!. More generally, (3.2) shows
that for all £ < n,

the density of a random (ordered) k-tuple of X is pi/(n) , (3.5)
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whence in this case,

1
pk(ajl,...7xk):( /E B pn(xl,...,xn)d,u"*k(a:kﬂ,...,xn). (3.6)

n—k)!

We call X determinantal if for some measurable K: E? — C and all k > 1, pi(F) =

det(K|F) p*-ae. Here, K|(z1,...,x) is the matrix [K (x;,z;)]; j<k. In this case, we
denote the law of X by PX.

We consider only K that are locally square integrable (i.e., | K|?*u? is Radon), are Her-
mitian (i.e., K(y,z) = K(x,y) for all x,y € E), and are positive semidefinite (i.e., K [F
is positive semidefinite for all finite F', written K > 0). In this case, K defines a positive
semidefinite integral operator (K f)(z) := [ K(z,y)f(y) du(y) on functions f € L?(u)
with compact support. For every Borel A C FE, we denote by 14 the measure p restricted
to Borel subsets of A and by K4 the compression of K to A, i.e., Kaf := (Kf)[A for
f € L?(A, j14). The operator K is locally trace-class, i.e., for every compact A C E, the

compression K 4 is trace class, having a spectral decomposition K4 f =, /\?( f, gb?) ;3,

where ( ? ; k > 1) are orthonormal eigenfunctions of K 4 with positive summable eigen-
values (A5 k > 1). If A; is the set where Y, A2|¢#|? < oo, then (A \ A;) = 0 and

>k )\;fqb? ® gbf converges on A2, with sum p%-a.e. equal to K. We normally redefine K
on a set of measure O to equal this sum. Such a K defines a determinantal point process iff
the integral operator K extends to all of L?(u) as a positive contraction [39, 51, 26]. The
joint intensities determine uniquely the law of the point process [27, Lemma 4.2.6]. Poisson
processes are not determinantal processes, but when i is continuous, they are distributional
limits of determinantal processes.

3.3. Construction. To see that a positive contraction defines a determinantal point process,
we first consider K that defines an orthogonal projection onto a finite-dimensional subspace,
H. Then K = Y_7_, ¢1 ® ¢y, for every orthonormal basis (¢x; k < n) of H and wy =
/\?:1 ¢y, is a unit multivector in the notation of Subsection 2.1. Because of (3.1), we have

1

n 2
m det[K(mi,xj)]ijan dun(l‘l,...,l‘n) = Hk/:\l (ka = 1, (37)

i.e., det[K (z;,x;)]/n! is a density with respect to ™. Although in the discrete case, the
absolute squared coefficients of /\Z:1 ¢y, give the elementary probabilities, now coefficients
are replaced by a function whose absolute square gives a probability density. As noted
already, (3.7) means that F' — det(K | F') is the n-point intensity function. In order to show
that this density gives a determinantal process with kernel K, we use the Cauchy-Binet
formula, which may be stated as follows: For k x n matrices a = [a; ;] and b = [b; ;] with

a’ = la; ;]i<k, we have
jeJ
k
det ([ai )[bi;]") = > deta” -dett’ = Y (=1)7(=1)" [] as.ocbirci -
|J|=k o,7€Sym(k,n) i=1

im(o)=im(7)
where im(o) denotes the image of o and the sums extend over all pairs of injections

o,7:{1,2,...,k} —{1,2,...,n}.
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Here, the sign (—1)7 of o is defined in the usual way by the parity of the number of pairs
i < j for which o (i) > o(j). We have

1 .
Pe(T1, .. Tg) = W/E  det[K (2, 25)] du "(@rg1, - Tn)

=T S, 2, O L0

oc€Sym(n)

S U br @) dpF (kg mn) (3.8)
=1

TESym(n)
k —
= Z (_1)0(_1)7—quo'(z)(x%)qb‘r(z)(xz)
o,7€Sym(k,n) i=1

im(o)=im(7)

= det (K[(ml, . ,xk)) )

Here, the first equality uses (3.6), the second equality uses (3.1), the third equality uses
the fact that [, ¢o (i) (2i)Pr;)(x;) dpu(z;) is 1 or 0 according as o (i) = 7(i) or not, and
the fourth equality uses Cauchy-Binet. Note that a factor of (n — k)! arises because for
every pair of injections o1, 71 € Sym(k, n) with equal image, there are (n — k)! extensions
of them to permutations 0,7 € Sym(n) with (i) = 7(i) for all ¢« > k; in this case,
(=1)7(=1)7 = (=1)71(=1)". We write P¥ for the law of the associated point process on
E.

Lemma 3.1. Let X, ~ P& with K,,(z,z) < f(z) for some f € Li_(E,u). Then
{P&n n > 1} is tight and every weak limit point of X,, is simple.

Proof. By using the kernel K,,(z,y)/+/ f(x)f(y) with respect to the measure fu, we may
assume that f = 1. Tightness follows from

mP[Xn(A) > m] <E[X,(A4)] = /A Ko(z,2) du(z).

For the rest, we may assume that £ is compact and p(E) = 1. Let X be a limit point of X,,.
Let 114 be the atomic part of p and pi. := p — pq. Choose m > 1 and partition F into sets
Aq, ..., Ay with pe(A;) < 1/m. Let A be such that pq(E '\ A) = 0 and pe(A) = 0. Let U
be open such that A C U and p.(U) < 1/m. Then

P[X is not simple] < limsup (P[X,(U \ 4) > 1]+ P[Fi X,(4;) > 2])

< lim sup (B2, (U\ 4)] + 3 B[(Xa(4):])

< pe(U) + Zp(Ai)Q <2/m. O

Now, given any locally trace-class orthogonal projection K onto H, choose finite-dimen-
sional subspaces H,, T H with corresponding projections K,,. Clearly K, (z,y) — K(z,y)
p?-ae. and K, (z,2) < K(x,z) p-a.e. Thus, the joint intensity functions converge a.e.
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By dominated convergence, if A C E* \ Ap(E) is relatively compact and Borel, then
Ef[X(A)] — [, det(KF)du*(F). By uniform exponential moments of X(A) [27, proof
of Lemma 4.2.6], it follows that all weak limit points of PH» are equal, and hence, by
Lemma 3.1, define P! with kernel K. (In Subsection 3.7, we shall see that (P ; n > 1)
is stochastically increasing.)

Finally, let K be any locally trace-class positive contraction. Define the orthogonal pro-
jection on L?(E, p) & L?(E, 1) whose block matrix is

< K= 1o }K)) (3.9)

Take an isometric isomorphism of L?(E, u1) to £2(E’) for some denumerable set £’ and
interpret the above as an orthogonal projection K’ on L?(E, 1) ©¢?(E"). Then K’ is clearly
locally trace-class and K is the compression of K’ to E. Thus, we define P by intersecting
samples of PX " with E. We remark that by writing K’ as a limit of increasing finite-rank
projections that we then compress, we see that P may be defined as a limit of determinantal
processes corresponding to increasing finite-rank positive contractions.

Conjecture 3.2. If K is a locally trace-class positive contraction, then P¥ has trivial tail
in that every event in (\opace ace 7 (£ \ A) is trivial.

3.4. Mixtures. Rather than using compressions as in the last paragraph above, an alterna-
tive approach to defining P* uses mixtures and starts from finite-rank projections, as in Sub-
section 2.5. This approach is due to [26]. Consider first a finite-rank K := Z?Zl A\jb; ® ;.
Let I; ~ Bern();) be independent. Let ) := ,[I;¢;]; thus, K = EPy. We claim that
PX := EP¥ is determinantal with kernel K. Indeed, it is clearly a simple point process.
Write & ; = /\jEJ Ijqu, @ZJj = \/A_jqﬁj, and ¢y = /\jGJ ’lﬂj. Let F € EF. Combin-
ing Cauchy-Binet with (3.1) yields det (K'|F) = k! szk |47 (F)|?. Similarly, the joint
intensities of EP are the expectations of the joint intensities of P, which equal

E[det(Py | F)] = E[k! 3 |<1>J(F)|2} = det (K| F) .
| J|=Fk

Essentially the same works for trace-class K = Z;}; \jb; ® ¢;j; we need merely take,

i—1 Ajdj @ ¢;, since

in the last step, a limit in the above equation as n — oo for K,, := >
all terms are non-negative and K,, — K a.e.

Given this construction of P¥ for trace-class K, one can then construct P for a general
locally trace-class positive contraction by defining its restriction to each relatively compact
set A via the trace-class compression K 4.

As noted by [26], a consequence of the mixture representation is a CLT due originally to

[52]:

Theorem 3.3. Let K,, be trace-class positive contractions on spaces L? (En,y pin). Let X, ~
P& and write |X,,| := X, (E,). If Var(|X,]) — oo as n — oo, then (|X,,|; n > 1) obeys
a CLT.

3.5. Simulation. In order to simulate PX when K is a trace-class positive contraction,
it suffices, by taking a mixture as above, to see how to simulate X ~ PH when n :=
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dim H < oo. The following algorithm [26, Algo. 18] gives a uniform random ordering of
X as (Xi,...,X,). Since E[X(E)] = n, the measure E[X]/n = n~'K(z,z)du(z) is
a probability measure on E. Select a point X at random from that measure. If n = 1,
then we are done. If not, then let H; be the orthogonal complement in H of the func-
tion Ky, := > .p_, ¢x(X1)¢x € H, where (¢; k < n) is an orthonormal basis for
H. Then dim H; = n — 1 and we may repeat the above for H; to get the next point,
Xo, then Hy := H{ N KL2, etc. The conditional density of X, given Xy,..., Xj is
(n—k)~tdet (K|(z, X1,..., X))/ det (K[(Xq,..., X)) by (3.5), i.e., (n— k)" times
the squared distance from K, to the linear span of Kx,,..., Kx,. It can help for rejection
sampling to note that this is at most (n — k)1 K (x, z). One can also sample faster by noting
that the conditional distribution of X1 is the same as that of P°, where v is a uniformly
random vector on the unit sphere of Hy.

3.6. Transference principle. Note that if Ny, ..., N, are bounded N-valued random vari-
ables, then the function (k1,..., k) — E [ [, (NV;) kj} determines the joint distribution
of (N;; j < r) since it gives the derivatives at (1,1,...,1) of the probability generating
function (s1, ..., s,) — E[H;Il sj-vj}.

Let us re-examine (3.4) in the context of a finite-rank K = Z?:l A\id; @ ¢;. Given
disjoint A4, ..., A, C E and non-negative k1, ..., k, summing to k, it will be convenient

to write k() := min {m >1;5<>0, k:g} for j < k. We have by Cauchy-Binet

r

k
EK[H(,’{(AE))ZCJ = /HT_ - o dpk = /HT_ e det(K[(x1,...,2k)) Hd,u(:cj)

/=1

k k
B /Hr_ n 2. (_1)0(_1)THAa(j)%(j)(%)@(j)(%) [ 1 dnlz))

¢ o,7€Sym(k,n)
im(o)=im(7)

k
e ) | / Moo () Br iy @) da(z)
j=1"Ax0)

o,7€Sym(k,n)
im(o)=im(7)

k
= > (=)= AT Qg te)s Er0))

o,7€Sym(k,n) Jj=1
im(o)=im(7)

_ Z (—1)")\““(") det KIANU)C%(]')’ @)L‘gk

o&€Sym(k,n) L€im(o)

As an immediate consequence of this formula, we obtain the following important princi-
ple of Goldman [21, Proposition 12] that allows one to infer properties of continuous deter-
minantal point processes from corresponding properties of discrete determinantal probability
measures:

Theorem 3.4. Let (E,u) and (F,v) be two Radon measure spaces on locally compact
Polish sets. Let (A;) be pairwise disjoint Borel subsets of E and (B;) be pairwise disjoint
Borel subsets of F'. Let A\, € [0,1] with Y, A\, < co. Let (¢y) be orthonormal in L?(E, p)

and (1) be orthonormal in L*(F,v). Let K := Dok AkOE ® ¢, and L = Dok AU ® V.
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If (1Aigbj, qbk) = (15,9, wk) for all i, j, k, then the PX -distribution of (X(A;)) equals
the PL-distribution of (X(B;)).

Proof. When only finitely many A\, # 0, this follows from our previous calculation. The
general case follows from weak convergence of the processes corresponding to the partial
sums, as in the paragraph following Lemma 3.1. (]

This permits us to compare to discrete measures via [21, Lemma 16]:

Lemma 3.5. Let i1 be a Radon measure on a locally compact Polish space, E. Let (A;)
be pairwise disjoint Borel subsets of E. Let ¢, € L*(E,p) for k > 1. Then there ex-
ists a denumerable set F, pairwise disjoint subsets (B;) of F, and vj, € (*(F) such that

(¢, dr) = (vj, vi) and (14,05, ¢r) = (1p,vj, vi) forall i, j, k.

Proof. Without loss of generality, we may assume that | J, 4; = E. For each i, fix an
orthonormal basis (w; ;; j < n;) for the subspace of L?(E, ;1) spanned by {1 4,¢;}. Here,
n; € NU {oo}. Define B; := {(4,7); j < n;} and F' := |J, B;. Let T be the isometric
isomorphism from the span of {w; ;; i > 1, j < n;} to £*(F) that sends w; j to 1g(; ;).
Defining vy, := T'(¢y) yields the desired vectors. O

3.7. Stochastic inequalities. We now show how the discrete models of Subsection 3.6 al-
low us to obtain the analogues of the stochastic inequalities known to hold for discrete de-
terminantal probability measures.

For a Borel set A C E, let % (A) denote the o-field on N (E) generated by the functions
& — &(B) for Borel B C A. We say that a function that is measurable with respect to .% (A)
is, more simply, measurable with respect to A. The obvious partial order on N (E) allows
us to define what it means for a function f: AN (E) — R to be increasing. As in the discrete
case, we say that P has negative associations if E[f, f3] < E[f1]E[fs] for every pair fi, f2
of bounded increasing functions that are measurable with respect to complementary subsets
of /. An event is increasing if its indicator is increasing. Then P has negative associations
iff

P(A;1 N As) <P(A;)P(A2) (3.10)
for every pair A;, A5 of increasing events that are measurable with respect to complementary
subsets of E.

We also say that Py is stochastically dominated by P and write Py < P if P1(A) <
P, (A) for every increasing event A.

Call an event elementary increasing if it has the form {¢; {(B) > k}, where B is a
relatively compact Borel set and £ € N. Write % (A) for the closure under finite unions
and intersections of the collection of elementary increasing events with B C A; the notation
% is chosen for “upwardly closed”. Note that every event in % (A) is measurable with
respect to some finite collection of functions £ — &(B;) for pairwise disjoint relatively
compact Borel B; C A. Write % (A) for the closure of % (A) under monotone limits, i.e.,
under unions of increasing sequences and under intersections of decreasing sequences; these
events are also increasing. This is the same as the closure of %/ (A) under countable unions
and intersections.

Lemma 3.6. Let A be a Borel subset of a locally compact Polish space, E. Then % (A) is
exactly the class of increasing Borel sets in % (A).
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We give a proof at the end of this subsection. First, we derive two consequences. A
weaker version (negative correlations of elementary increasing events) of the initial one is
due to [20].

Theorem 3.7. Let i1 be a Radon measure on a locally compact Polish space, E. Let K be a
locally trace-class positive contraction on L?(E, j1). Then PX has negative associations.

Proof. Let A C E be Borel. Let Ay € % (A) and Ay € Z (E \ A). Then Ay, Ay € F(B)
for some compact B by definition of % (-). We claim that (3.10) holds for A, A2, and
P =PX5 je., for P = PK.

Now .4; is measurable with respect to a finite number of functions £ — &(B;) for some
disjoint B; € AN B(1 < i < n) and A is measurable with respect to a finite number of
functions £ — &(C;) for some disjoint C; C B\ A(1 < i < n). Thus, there are functions
g1 and gy such that 14, (§) = g1 (£(B1), -, &(By)) and 1 4,(€) = g2 (£(Ch), - - -, €(Cy)).
By Theorem 3.4 and Lemma 3.5, there is some discrete determinantal probability measure
P® on some denumerable set F' and pairwise disjoint sets B, C! C F such that the joint
P&z _distribution of all X(B;) and X(C;) is equal to the joint P@-distribution of all X(B)
and X(C7). Define the corresponding events A} by 14/ (§) = g1 (&(BY),...,&(BY))) and
14, (&) = 92(£(CY), ..., £(CY},)). Since Aj depend on disjoint subsets of F', Theorem 2.10
gives that PQ(A] N AL) < PP (A])P?(A)). This is the same as (3.10) by Theorem 3.4.

The same (3.10) clearly then holds in the less restrictive setting A; € % (A) by taking
monotone limits. Lemma 3.6 completes the proof. U

Theorem 3.8 (Theorem 3 of [21]). Suppose that K1 and Ko are two locally trace-class
positive contractions such that K < Ks. Then PK1 5 P&z,

Proof. Tt suffices to show that PX1(A) < PX2(A) for every A € % (E). Again, it suffices
to assume that K; are trace class. Lemma 3.5 applied to all eigenfunctions of K7 and K>
yields a denumerable F' and two positive contractions K/ on £2(F), together with an event
A’ such that PXi (A") = PXi(A) fori = 1,2. Furthermore, by construction, every function
in (2(F) is the image of a function in L?(E) under the isometric isomorphism 7 used to

prove Lemma 3.5, whence K < KY. Therefore Theorem 2.9 yields PX1(A’) < PK2(A"),
as desired. U

Again, it would be very interesting to have a natural monotone coupling of P! with
PX2, For some examples where this would be desirable, see Subsection 3.8.
Lemma 3.6 will follow from this folklore variant of a theorem of Dyck [16]:

Theorem 3.9. Let X be a Polish space on which < is a partial ordering that is closed in
X x X. Let % be a collection of open increasing sets that generates the Borel subsets of X.
Let 9 * be the closure of % under countable intersections and countable unions. Suppose
that for all x,y € X, either x < y or there is U € % and an open set V. C X such that
xeU,yeV,andU NV = 0. Then % * equals the class of increasing Borel sets.

Proof. Obviously every set in 27 * is Borel and increasing. To show the converse, we prove
a variant of Lusin’s separation theorem. Namely, we show that if W7 C X is increasing and
analytic (with respect to the paving of closed sets, as usual) and if W5 C X is analytic with
W1 N Wy = (), then there exists U € % * such that W; C U and U N W5 = (). Taking W
to be Borel and W5 := X \ W forces U = W and gives the desired conclusion.
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To prove this separation property, we first show a stronger conclusion in a special case:
Suppose that Ay, As C X are compact such that A; is contained in an increasing set 7 that
is disjoint from As; then there exists an open U € %/ * and an open V such that A; C U,
Ay CV,and U NV = (). Indeed, since W is increasing, for every (z,y) € A x As, we
do not have that < y, whence by hypothesis, there exist U, , € % and an open V,, , with
x €Upy y € Vyy,and Uy, NV, , = 0. Because A, is compact, for each z € A;, we
may choose y1,...,yn € A such that Ay C V, :=J_, Vi ,,. Define U, := iy Uz y,-
Then U, is open, contains x, and is disjoint from V., whence compactness of A; ensures the
existence of 1,...,%,, € A; with 4; C U := U;nzl Uy, € %*. ThenV := ﬂ;nzl Vy, is
open, contains Ao, and is disjoint from U, as desired.

To prove the general case, let m; and 72 be the two coordinate projections on X 2 =
X x X. Define I(A) = I(m(A) x ma(A)) for A C X2 to be 0 if there exists U € % * such
that 1 (A) C U and U N m3(A) = (); and to be 1 otherwise.

We claim that ] is a capacity in the sense of [29, (30.1)]. Itis obvious that I(A) < I(B) if
A C Banditis simple to check thatif A; C Ay C -+, then lim,, o I(A,) = I( U, An).
Suppose for the final property that A is compact and /(A) = 0; we must find an open B D A
for which I(B) = 0. There exists some Wy € % * with 1 (A) C Wy and Wy Nma(A) = 0.
Then the result of the second paragraph yields sets U and V that give B := U x V' as desired.

Now let W7 and W5 be as in the first paragraph. If A C W3 x W5 is compact, then
setting A; := m;(A) and applying the second paragraph shows that /(A) = 0. Thus, by the
Choquet capacitability theorem [29, (30.13)], I(W; x W5) = 0. O

Proof of Lemma 3.6. Clearly every set in % (A) is increasing and in .% (A). For the con-
verse, endow A with a metric so that it becomes locally compact Polish while preserving its
class of relatively compact sets and its Borel o-field: Choose a denumerable partition of A
into relatively compact sets A; and make each one compact and of diameter at most 1; make
the distance between x and y be 1 if 2 and y belong to different A;. Let X := N'(A) with the
vague topology and let 7/ be the class of elementary increasing events defined with respect
to (relatively compact) sets B C A that are open for this new metric. Apply Theorem 3.9.

Since % * C % (A), the result follows. O

3.8. Example: Orthogonal polynomial ensembles. Natural examples of determinantal
point processes arise from orthogonal polynomials with respect to a probability measure
@ on C. Assume that p has infinite support and finite moments of all orders. Let K,
denote the orthogonal projection of L?(C, ;1) onto the linear span Poly,, of the functions
{1,2,22,...,2" 1}, There exist unique (up to signum) polynomials ¢, of degree k such
that for every n, (¢ ; 0 < k < n) is an orthonormal basis of Poly,. By elementary row
operations, we see that for variables (z1, ..., z,), themap (z1,..., z,) — det[di(2;)]i j<n
is a Vandermonde polynomial up to a constant factor, whence

det(Knl{z1,. .., 2}) = det[gi(z)]loi(z)]" = ca [ |2 =2l

1<i<j<n

for some constant c,,. Therefore, the density of PX~ (with points randomly ordered) with
respect to ™ is given by ¢,, /n! times the square of a Vandermonde determinant.
Classical examples include the following:

OPELl. If v is Gaussian measure on R, i.e., du(x) = (2#)_1/26_5”2/2 dzx, then ¢y, are the Her-

mite polynomials, ¢,, = (H;:ll J !) 71, and P%» is the law of the Gaussian unitary
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ensemble, which is the set of eigenvalues of (9T +90*)/1/2, where 91 is an n x n ma-
trix whose entries are independent standard complex Gaussian. (A standard complex
Gaussian random variable is the same as a standard Gaussian vector in R? divided by
v/2 in order that the complex variance equal 1. Its density is L= I21" with respect
to Lebesgue measure on C.) This is due to Wigner; see [40].

OPE2. If 1 is unit Lebesgue measure on the unit circle {z; |z| = 1}, then ¢5(2z) = 2%,

so ¢, = 1, and P%~ is the law of the circular unitary ensemble, which is the set
of eigenvalues of a random matrix whose distribution is Haar measure on the set of
n X n unitary matrices. This ensemble was introduced by Dyson, but the law of the
eigenvalues is due to Weyl; see [27].

OPE3. If i is standard Gaussian measure on C, then ¢y (2) = 2% /Vk!, ¢, = (]_[7:_11 j !)_1,
and P%~ is the law of the nth (complex) Ginibre process, which is the set of eigen-
values of an n X n matrix whose entries are independent standard complex Gaussian.

This is due to Ginibre; see [27].

OPEA4. If  is unit Lebesgue measure on the unit disk D := {z; |z| < 1}, then ¢(2) =
Vk + 12", s0 ¢, = n!, and the limit of PX~ is the law of the zero set of the random
power series whose coeflicients are independent standard complex Gaussian, which
converges in the unit disk a.s. This is due to Peres and Virag [45].

OPES. If 4 has density z +— nr—! (1 + |z]2) "1 Wwith respect to Lebesgue measure on C,

then ¢ (2) = \/("gl)zk for k < n, so ¢, = H;:ll (”]_.1), and PXn is the law of

the nth spherical ensemble, which is the set of eigenvalues of iml—lst when O, are
independent n X n matrices whose entries are independent standard complex Gaussian.
(Here, we are limited to Poly,, since the larger spaces do not lie in L?(11).) This is due
to Krishnapur [31]; see [27]. The process was studied earlier by [13] and [18], but
without observing the connection to eigenvalues. Inverting stereographic projection,
we identify this process with one whose density with respect to Lebesgue measure on
the unit sphere in R? is proportional to [, <, <, [[vi — v;*.

For additional information on such processes, see [50, 23, 47, 17]. For an extension to
complex manifolds, see [3, 4, 5].

By Theorem 3.8, the processes P stochastically increase in n for each of the examples
above except the last. It would be interesting to see natural monotone couplings. Perhaps
the last example also increases stochastically in 7.

The Ginibre process is the limit of the nth Ginibre processes as n — oo; it has the
kernel e*® with respect to standard Gaussian measure on C. This process is invariant
under all isometries of C. For each of the plane, sphere, and hyperbolic disk, there is
only a 1-parameter family of determinantal point processes having a kernel K (z,w) that
is holomorphic in z and in @w and whose law is isometry invariant [31, Theorem 3.0.5].
For the sphere, that family has already been given above; the parameter is a positive in-
teger. For the other two families, the parameter is a positive real number, «. In the case
of the plane, the processes are related simply by homotheties, M, : z — z/a. The push-
forward of the Ginibre process with respect to M, /5 has kernel e“*% with respect to the

measure aﬂ_le_o‘|z|2d,u(z), where 4 is Lebesgue measure on C. Do these processes in-
crease stochastically in «, like Poisson processes do? In the hyperbolic disk, the processes
have kernel (1 — zw) =~ ! with respect to the measure 71 (1 — |2]?)*~1du(z), where p is
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Lebesgue measure on D. (We fix a branch of (1 —2)~*~! for z € .) These give orthogonal
projections onto the generalized Bergman spaces. The case @ = 1 is that of the limiting
OPE4 above. Do these processes stochastically increase in o?

4. Completeness

Recall that when H is a finite-dimensional subspace of /2(E), the measure P¥ is supported
by those subsets B C FE that project to a basis of H under Py. Similarly, when K is
the kernel of a finite-rank orthogonal projection onto H C L?(FE, 1), define the functions
K, :=K(,x) =Y 5, ¢r(z)¢r € H. Then the measure P¥ is supported by those £ such
that (K, ; x € &) is a basis of H, since K(z,y) = (K,, K;). Here, z € £ means that
§({z}) = 1.

The question of extending this to infinite-dimensional H turns out to be very interesting.
A basis of a finite-dimensional vector space is a minimal spanning set. Although Py ‘B
is P -a.s. linearly independent, minimality does not hold in general, even for the wired
spanning forest of a tree, as shown by the examples in [24]. See also Corollary 4.5. However,
the other half of being a basis does hold in the discrete case and is open in the continuous
case.

4.1. Discrete completeness. Let [V] be the closed linear span of V' C /2(E).
Theorem 4.1 ([33]). For every H < (?(E), we have [Pg8] = H PH-a.s.

We give an application of Theorem 4.1 for £ = Z, but it has an analogous statement for
every countable abelian group. Let T := R/Z be the unit circle equipped with unit Lebesgue
measure. For a measurable function f: T — C and n € Z, the Fourier coefficient of f at

nis f(n) = Jp f(B)e 2™ dt. Let £1S denote the restriction of f to S. If A C T is

measurable, we say S C Z is complete for A if the set {f14; f € L*(T), f[(Z \ S) =0}

is dense in L?(A), where we identify L?(A) with the set of functions in L?(T) that vanish
outside A. The case where A is an interval is quite classical; see [46] for a review. A crucial
role in that case is played by the following notion of density of .S.

Definition 4.2. For an interval [a,b] C R\ {0}, define its aspect

o([a,b]) := max {|a|, [b|} / min {]al, |b]} .

For a discrete S C R, the Beurling-Malliavin density of S, denoted BM(S), is the supre-
mum of those D > 0 for which there exist disjoint nonempty intervals I,, C R\ {0} with
1SN 1| > D|I,| forall nand 37, -, [e(I,) — 1]* = oc.

Corollary 4.3 ([33]). Let A C T be Lebesgue measurable with measure |A|. Then there
is a set of Beurling-Malliavin density |A| in Z that is complete for A. Indeed, let P4 be
the determinantal probability measure on 2 corresponding to the Toeplitz matrix (j, k)

ﬂ(kz — j). Then PA-a.e. S C 7 is complete for A and has BM(S) = | A|.

When A is an interval, the celebrated theorem of Beurling and Malliavin [6] says that if
S is complete for A, then BM(S) > |A|, and that if BM(S) > |A|, then S is complete for
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A. (This holds for S that are not necessarily sets of integers, but we are concerned in this
subsection only with §' C 7Z.)

Corollary 4.3 can be compared (take T \ A and Z \ S) to a theorem of Bourgain and
Tzafriri [9], according to which there is a set S C Z of (Schnirelman) density at least 27| A

such that if f € L*(T) and f vanishes off S, then

w*éuwaer@

It would be interesting to find a quantitative strengthening of Corollary 4.3 that would en-
compass this theorem of [9].
The following theorem is equivalent to Theorem 4.1 by duality:

Theorem 4.4 ([33]). For every H < (?(E), we have Piyg H = [B] PH-a.s.

As an example, consider the wired spanning forest of a graph, G. Here, H := % (G). In
this case, Hp := Pip%(G) = %(B) for B C E. Thus, the conclusion of Theorem 4.4 is
that Ps, which equals WSFy, is concentrated on the singleton {F} for WSFg-a.e. §. This
was a conjecture of [2], established by [42].

Corollary 4.5. For every H < (?(E), P2 -a.s. the maps Py : [B] — H and Py): H —
[B] are injective with dense image.

Proof. Both statements are equivalent to [8] N H- = {0} = H N B, and these are the
contents of Theorems 4.1 and 4.4. O

4.2. Continuous completeness. If K is alocally trace-class orthogonal projection onto H,
then for h € H, we have

hw=WW@=éMwMMW@=éWM@MWM=WKJ

In other words, K is a reproducing kernel for H. A subset S of H is called complete for H if
the closed linear span of S equals H; equivalently, the only element of H that is orthogonal
to S'is 0.

An analogue of Theorem 4.1 was conjectured by Lyons and Peres in 2010:

Conjecture 4.6. If K is a locally trace-class orthogonal projection onto H, then for PX -a.e
X, {K;; x€X}|=H,ie,ifh € Hand h|X =0, then h = 0.

Just as in the discrete case, this appears to be on the critical border for many special
instances, as we illustrate for several processes where I/ = C:

1. Let p be Lebesgue measure on R and K (z,y) := sinw(z — y)/(7(z — y)), the sine-
kernel process. Denote the Fourier transform on R by f(t) := Jg fz)e™ 2™ dy for
f € LY(R), and, by isometric extension, for f € L*(R). Write I:=11_1,21/9-
Since K(x,0) = I(z), we have (K f)(z) = /> = fI , where f is the
inverse Fourier transform of f. Therefore, the 1nduced operator K arises from the
orthogonal projection onto the Paley-Wiener space {f € L*(R, u); f(t) = 0if [t| >
1/2}. The sine-kernel process arises frequently; e.g., it is various scaling limits of the
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nth Gaussian unitary ensemble “in the bulk” as n — oo. (A related scaling limit of
the GUE is Wigner’s semicircle distribution.) We may more easily interpret Conjec-
ture 4.6 for Fourier transforms of functions in L?[—1/2,1/2]: It says that for P¥-a.e.
X, the only h € L2[—1/2,1/2] such that h|X = 0 is h = 0. Although the Beurling-
Malliavin theorem applies, no information can be deduced because BM(X) = 1 a.s.
However, Ghosh [20] has proved this case.

Let i be standard Gaussian measure on C and K(z,w) := e*“. This is the Gini-
bre process. It corresponds to orthogonal projection onto the Bargmann-Fock space
B?(C) consisting of the entire functions that lie in L2(C, y); this is the space of power
series Y -, anz™ such that Y nlla,|? < oo. Completeness of a set of elements

{e}; X € A} c B%*(C) in B%(C) is equivalent to completeness in L?*(R) (with
Lebesgue measure) of the Gabor system of windowed complex exponentials

{t —exp[—iImAt — (t —Re))?]; A € \/§A} ,
which is used in time-frequency analysis of non-band-limited signals. The equivalence
is proved using the Bargmann transform
2 t2

fe (z»—>7r_1/4/Rf(t)€XP [\/5152—%_5] dt>’

which is an isometry from L?(R) to B2(C). That the critical density is 1 was shown in
various senses going back to von Neumann; see [14]. This case has also been proved
by Ghosh [20].

. Let 1 be unit Lebesgue measure on the unit disk D := {z; |2| < 1} and K(z,w) :=

(1 — zw) ~2. This process is the limiting OPE4 in Subsection 3.8. It corresponds
to orthogonal projection onto the Bergman space A?(DD) consisting of the analytic
functions that lie in L?(ID, ). What is known about the zero sets of functions in the
Bergman space [15] is insufficient to settle Conjecture 4.6 in this case and it remains
open.

The two instances above that have been proved by Ghosh [20] follow from his more

general result that Conjecture 4.6 holds whenever . is continuous and PX is rigid, which
means that X(B) is measurable with respect to the P¥ -completion of .% (E \ B) for every
ball B C E. The limiting process OPE4 is not rigid [25]. Ghosh and Krishnapur (personal
communication, 2014) have shown that P¥ is rigid only if K is an orthogonal projection.
It is not sufficient that K be a projection, as the example of the Bergman space shows. A
necessary and sufficient condition to be rigid is not known.

Let K be a locally trace-class orthogonal projection onto H < L?(FE, p). For a function
f, write fx for the function f(x)/\/K(z,x). Let X ~ P¥. Clearly fx X € (?(X) for a.e.
X. Also, for h € H, the function hx is bounded. A conjecture analogous to Corollary 4.5 is
that X is a sort of set of interpolation for H in the sense that given any countable dense set
Hy C H, forae. X, the set {hx |X; h € Ho} is dense in £2(X).

One may also ask about completeness for appropriate Poisson point processes.
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5. Discrete invariance

Suppose I is a group that acts on F and that K is I'-invariant, i.e., K (yz,vy) = K(z,y)
forally e I',x € I/, and y € E. (This is equivalent to the operator K being ['-equivariant.)
Then the probability measure P¥ is I'-invariant. This contact with ergodic theory and other
areas of mathematics suggests many interesting questions. Lack of space prevents us from
considering more than just a few aspects of the case where F is discrete and from giving all
definitions.

5.1. Integer lattices. Let £ := I' := Z9. In this case, K is invariant iff K(m,n) =

F(n —m) for some f: T¢ — [0,1], where f(n) := [y, f(t)e™ 2™ dt. We write P/ in
place of P . Some results and questions from [37] follow.

Theorem 5.1. For all f, the process P7 is isomorphic to a Bernoulli process.

-~

This was shown in dimension 1 by [49] for those f such that > -, n|f(n)|? < oo by

showing that those P/ are weak Bernoulli (WB), also called “3-mixing” and “absolutely
regular”. Despite its name, it is known that WB is strictly stronger than Bernoullicity. The
precise class of f for which P/ is WB is not known.

As usual, the geometric mean of a nonnegative function f is GM(f) := exp [ log f.

Theorem 5.2. For all f, the process PT stochastically dominates product measure PEM()
and is stochastically dominated by product measure P~ M =1 These bounds are optimal.

We conjecture that (Kolmogorov-Sinai) entropy is concave, as would follow from Con-
jecture 2.6.

Conjecture 5.3. For all f and g, we have H(PU*9)/2) > (H(P7) + H(PY)) /2.

Question 5.4. Let f: T — [0, 1] be a trigonometric polynomial of degree m. Then P is m-
dependent, as are all (m+1)-block factors of independent processes. Is P¥ an (m-+1)-block
factor of an i.i.d. process? This is known when m =1 [10].

5.2. Sofic groups. Let I' be a sofic group, a class of groups that includes all finitely gen-
erated amenable groups and all finitely generated residually amenable groups. No finitely
generated group is known not to be sofic. Let E be I or, more generally, a set acted on by I'
with finitely many orbits, such as the edges of a Cayley graph of I'. The following theorems
are from [38].

Theorem 5.5. For every I'-equivariant positive contraction () on (?(E), the process P is
a d-limit of finitely dependent (invariant) processes. If T' is amenable and E = T, then P@
is isomorphic to a Bernoulli process.

Even if P! and P? are I'-invariant probability measures on 2" with P! < P2, there
need not be a I'-invariant monotone coupling of P! and P? [41]. The proof of the preceding
theorem depends on the next one:

Theorem 5.6. If Q1 and Qs are two T-equivariant positive contractions on (*(E) with
Q1 = Qo, then there exists a I'-invariant monotone coupling of P® and P¥2,
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The proof of Theorem 5.5 also uses the inequality
d(P.P?) <6-3*°1Q - Q'|,"

for equivariant positive contractions, @ and Q’, where ||T||; := tr(T*T)'/? is the Schatten
1-norm. When Q and Q' commute, one can improve this bound to

d(P?,PY) < [|Q - Q|-

We do not know whether this inequality always holds.

Write FK(Q) := exp trlog |Q| for the Fuglede-Kadison determinant of ) when @ is a
I'-equivariant operator. The following would extend Theorem 5.2. It is open even for finite
groups.

Conjecture 5.7. For all T-equivariant positive contractions Q on (*(I'), the process P?
stochastically dominates product measure PP and is stochastically dominated by prod-
uct measure P1=FKU=) " qnd these bounds are optimal.

5.3. Isoperimetry, cost, and £2-Betti numbers. It turns out that the expected degree of a
vertex in the free uniform spanning forest of a Cayley graph depends only on the group, via
its first £2-Betti number, 31 (I"), and not on the generating set used to define the Cayley graph
[34]:

Theorem 5.8. In every Cayley graph G of a group I, we have

Ersr(q)ldegg(0)] = 261(T') + 2.

This is proved using the representation of FSF as a determinantal probability measure. It
can be used to give a uniform bound on expansion constants [36]:

Theorem 5.9. For every finite symmetric generating set S of a group ', we have |SA \ A| >
261 ()| A| for all finite non-empty A C T.

There are extensions of these results to higher-dimensional CW-complexes and higher
(2-Betti numbers [34].
In unpublished work with D. Gaboriau [35], we have shown the following:

Theorem 5.10. Let G be a Cayley graph of a finitely generated group I' and ¢ > 0.
Then there exists a T-invariant finitely dependent determinantal probability measure P?
on {0,1}5() that stochastically dominates FSF ¢ and such that

E€[degg (0)] < Ersr [degz(0)] + €.
In addition, if T is sofic, then d(P9,FSF) < e.

If it could be shown that P?, or indeed every invariant finitely dependent probability
measure that dominates FSF, yields a connected subgraph a.s., then it would follow that
B1(I") + 1 is equal to the cost of I", a major open problem of [19].

Acknowledgments. Partially supported by NSF grant DMS-1007244. 1 am grateful to
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