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Stationary Determinantal Processes:
Phase Multiplicity, Bernoullicity,
Entropy, and Domination

BY RUSSELL LYONS AND JEFFREY E. STEIF

Abstract. We study a class of stationary processes indexed by Z? that are
defined via minors of d-dimensional (multilevel) Toeplitz matrices. We obtain
necessary and sufficient conditions for phase multiplicity (the existence of
a phase transition) analogous to that which occurs in statistical mechanics.
Phase uniqueness is equivalent to the presence of a strong K property, a
particular strengthening of the usual K (Kolmogorov) property. We show
that all of these processes are Bernoulli shifts (isomorphic to i.i.d. processes
in the sense of ergodic theory). We obtain estimates of their entropies and we
relate these processes via stochastic domination to product measures.
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§1. Introduction.

Determinantal probability measures and point processes arise in numerous settings,
such as mathematical physics (where they are called fermionic point processes), random
matrix theory, representation theory, and certain other areas of probability theory. See
Soshnikov (E000) for a survey and Lyons (E003H) for additional developments in the discrete
case. We present here a detailed analysis of the discrete stationary case. After this paper
was first written, we learned of independent but slightly prior work of Shirai and Takahashi
(2003), announced in Shirai and Takahashi (2000). We discuss the (small) overlap between
their work and ours in the appropriate places below. See also Shirai and Takahashi (PO02)
and Shirai and Yoo (EO0Z) for related contemporaneous work.

Stationary determinantal processes are interesting from several viewpoints. First, they
have interesting relations with the theory of Toeplitz determinants. As in that theory, the

geometric mean of a nonnegative function f, defined as

GM(f) == exp/logf,

will play an important role in some of our results. (In fact, the arithmetic mean and the
harmonic mean of f will also characterize certain properties of our processes.) Second, such
processes arise in certain combinatorial models, such as uniform spanning trees and dimer
models. Third, these systems have a rich infinite-dimensional parameter space, consisting,
in the case of a Z¢ action, of all measurable functions f from the d-dimensional torus
to [0,1]. We illustrate the variety of possible behaviors with examples throughout the
paper. Fourth, they have the unusual property of negative association. Though unusual,
negative association occurs in various places and a fair amount is known about it (see Joag-
Dev and Proschan ([983), Pemantle (E000), Newman ([984), Shao and Su (CI9), Shao
(2000), Zhang and Wen (2000), Zhang (EOOD), and the references therein, for example).
We offer a whole new class of examples of negatively associated stationary processes. As
such, determinantal processes provide an easy way to construct examples of many kinds
of behavior that might otherwise be difficult to construct, such as negatively associated
(stationary) processes with slow decay of correlations, or with the even sites independent
of the odd sites (in one dimension, say), or with the property of being finitely dependent.
Fifth, all our processes are Bernoulli shifts, i.e., isomorphic to i.i.d. processes. This may
be surprising in view of the fact that only measurability, rather than smoothness, of the
parameter f is required. Sixth, in one dimension, some of the processes are strong K, while
others are not. Namely, strong K is equivalent to f(1 — f) having a positive geometric

mean. Similarly, we characterize exactly, in all dimensions, which f give strong full K
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systems. It turns out that not only the rate at which f approaches 0 or 1 matters, but also
where. For example, in two dimensions, if f is real analytic, then the system is strong full
K iff the (possibly empty) sets f~1(0) and f~!(1) belong to nontrivial algebraic varieties.
The strong full K property is analogous to phase uniqueness in statistical physics, as we
explain in Section [.

We now state our results somewhat more precisely and present several examples. Let
f: T4 — [0, 1] be a Lebesgue-measurable function on the d-dimensional torus T? := R¢/Z4.
Define a Z%invariant probability measure P/ on the Borel sets of {0, 1}Zd by defining the
probabilities of the cylinder sets

P/ln(er) = 1,...,n(er) = 1] =PI [{n € {0,1}7"; n(e) = 1,...,m(ex) = 1}]

= det[f(e; — e)]1<i,j<k
for all ey,...,e, € Z%, where fA denotes the Fourier coefficients of f. We shall prove
in Section B that this does indeed define a probability measure. Note that when d = 1
and when eq,...,e; are chosen to be k consecutive integers, the right-hand side above
is the usual k x k Toeplitz determinant of f denoted Dy_1(f). In particular, we have
P/ n(e) =1] = f(0) = Jpa | for every e € Z.

EXAMPLE 1.1. As a simple example, if f = p, then P/ is i.i.d. Bernoulli(p) measure.

ExXAMPLE 1.2. For a more interesting example, consider

sin’ 7z

f(l',y) = 2

sin

(1.1)

7 + sin? Ty
A portion of a sample of a configuration from P/ is shown in Figure [, where a square with
upper left corner (4, ) is colored black iff (i, j) = 1. These correspond to the horizontal
edges of a uniform spanning tree in the square lattice. That is, if T is a spanning tree of
72, then (i, j) is the indicator that the edge from (i,7) to (i + 1,7) belongs to T. The
portion of the spanning tree from which Figure @ was constructed is shown in Figure Q.
When T is chosen “uniformly” (see Pemantle ([99), Lyons (TIUS), or Benjamini, Lyons,
Peres, and Schramm (EO00T) for definitions and information on this), then 1 has the law
P/. This follows from the Transfer Current Theorem of Burton and Pemantle (T99I3) and
the representation of the Green function as an integral; see Lyons with Peres (204) for
more details. Similarly, the edges of the uniform spanning forest (it is a tree only for d < 4,
as shown by Pemantle (IID)) parallel to the zq-axis in d dimensions correspond to the
function L

sin” 7wy

S sin’ra;
j=1 T

flxy,xe,... 2q) = (1.2)
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We remark that the uniform spanning tree is the so-called random-cluster model when one
takes the limit ¢ | 0, then p | 0, and finally the thermodynamic limit, the latter shown to
exist by Pemantle ([CI9).
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Figure 1. A sample from P/ of [T.1). Figure 2. A uniform spanning tree.

ExAMPLE 1.3. Let )
S T

v1+ sin’ Tz '

Then the edges of the uniform spanning tree in the plane that lie on the z-axis have the

g9(z) =

law P9, as shown in Example B3 below.

EXAMPLE 1.4. Let
| sin 27z | — 1

f(@) =1+

2 2cos2mx
An elementary calculation shows that

1/2 if k =0,
R 0 if k # 0 is even,
f(k) = 1 2 PPy 1
kv L2 ) 2 if ks odd.
(-1) 2T % 2 941 "R (fkiso

We shall show in Example 521 that the measure P/ arises as follows. Given a spanning

tree T' of the square lattice, let n(n) be the indicator that e, € T', where e,, is the edge

o i— { [(n/2,n/2),(n/2 +1,n/2)] if n is even,
" [(n+1)/2,(n—1)/2),((n+1)/2,(n+1)/2)] if nis odd.
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The collection of edges {e,, ; n € Z} is a zig-zag path in the plane. The law of 1 is P/ when
T is chosen as a uniform spanning tree. (Although it is not hard to see that the law of n
is Z-invariant, by using planar duality, and although the law of 7 must be a determinantal
probability measure because the law of T is, it is not apparent a prior: that the law of n
has the form P/ for some f.)

EXAMPLE 1.5. Fix a horizontal edge of the hexagonal lattice (also known as the honeycomb
lattice) and index all its vertical translates by Z. If one considers the standard measure
of maximal entropy on perfect matchings of the hexagonal lattice, also called the dimer
model and equivalent to lozenge tilings of the plane, and looks only at the edges indexed
as above by Z, then the law is P/ for f := 1(1/3,2/3), as shown by Kenyon (7).

EXAMPLE 1.6. It is interesting that the function f := 1y /9 for d = 1 also arises from a

combinatorial model. In this case,

1/2 if n =0,
f(n)=4¢0 if n # 0 is even,
1/(min) if n is odd.

The measure P/ is the zig-zag process of Johansson (EII2) derived from uniform domino
tilings in the plane. For the definition of “uniform” in this case, see Burton and Pemantle
(I93). A picture of a portion of such a tiling is shown in Figure B. Consider the squares on
a diagonal from upper left to lower right. The domino covering any such square also covers
a second square. If this second square is above the diagonal, then we color the original
square black, as shown in Figure B. Johansson (E002) showed that the law of this process
is P/ when the diagonal squares are indexed by Z in the natural way. More generally,
the processes P/ for f the indicator of any arc of T are used by Borodin, Okounkov, and
Olshanski (2000), Theorem 3, to describe the typical shape of Young diagrams.

EXAMPLE 1.7. Let 0 < a < 1 and d = 1. If f(z) := (1 — a)?/[e?>"™™ — a|?, then P7 is a
renewal process (Soshnikov, ZO00). The number of 0s between successive 1s has the same
distribution as the number of tails until 2 heads appear for a coin that has probability a

of coming up tails. More explicitly, for n > 1,
PIp(1) = =n(n—1)=0,n(n) = 1|n(0) = 1] = n(l —a)’a""*. (1.3)

Since

—a anTrim
fr) = - ( P )

1+a \1—ae?m® = 1 —qe 2
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Figure 3. A uniform domino tiling. Figure 4. A sample from P/ of Example [B.
expansion in a geometric series shows that
~ 1—a
k) = alkl
Fy =

We prove that P7 is indeed this explicit renewal process after we prove Proposition 20,

in which we extend this example to other regenerative processes.

EXAMPLE 1.8. If 0 < p < 1 and f : T? — [0, 1] is measurable, then a fair sample of PP/
can be obtained from a fair sample of P/ simply by independently changing each 1 to a 0
with probability 1 — p.

For general systems, note that the covariance of n(0) and n(k) for k € Z% is —|f(k)]2
This is summable in k since f € L?(T%), but that is essentially the most one can say
for its rate of decay. That is, given any (az) € ¢1(Z?), there is some (even continuous)
f: T4 —[0,1] and some constant ¢ > 0 such that |f(k:)]2 > clag| for all k € Z%, as shown
by de Leeuw, Katznelson, and Kahane ([IZd). Observe also that as is the case for Gaussian
processes, the processes studied here have the property that if the random variables are
uncorrelated, then they are mutually independent.

It is shown (in a much more general context) by Lyons (EO03H) that these measures,
as well as these measures conditioned on the values of 7 restricted to any finite subset of
74 have the following negative association property: If A and B are increasing events that
are measurable with respect to the values of 1 on disjoint subsets of Z?, then A and B are

negatively correlated.
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In the order presented in this paper, our principal results are the following.

e For all f, the process P/ is a Bernoulli shift. This was shown in dimension 1 by
Shirai and Takahashi (ZO03) for those f such that >° -, n]]?(n)|2 < oo by showing that

those P/ are weak Bernoulli.

e For all f, the process P/ stochastically dominates product measure PSM(/) and is

P1-6MA-f) and these bounds are optimal.

stochastically dominated by product measure
This is rather unexpected for the process of Example 2 related to the uniform spanning
tree; explicit calculations are given below in Example for this particular process. We
give similar optimal bounds for full domination (uniform insertion and deletion tolerance)

in terms of harmonic means.

e We present methods to estimate the entropy of Pf. For example, we show that
for the function ¢ in Example 3, the entropy of the system PY lies in the interval
[0.69005,0.69013]; see Example GI3.

e The process P/ is strong full K iff there is a nonzero trigonometric polynomial T'

2
such that % € LY(T?). This is equivalent to phase uniqueness in the sense that no

conditioning at infinity can change the measure.
e In one dimension, P/ is strong K iff f(1 — f) has a positive geometric mean. This

is equivalent to phase uniqueness when conditioning on one side only. Higher-dimensional

versions of this will also be obtained.

We shall give full definitions as they become needed. Some general background on
determinantal probability measures is presented in Section B, where we also exhibit a key
representation of certain conditional probabilities as Szegd infima. The property of being a
Bernoulli shift is proved in Section B, while the auxiliary result that all P/ have full support
(except in two degenerate cases) is shown in Section B. Properties concerning stochastic
domination are proved in Section H. These are used to estimate entropy in Section B. More
sophisticated methods of estimating entropy are also developed and illustrated in Section B.
The main result about phase multiplicity is proved in Section [@, while the one-sided case
for d = 1 and its higher-dimensional generalizations are treated in Section B. Finally, we
end with some open questions in Section M.

The above definitions can be generalized to any countable abelian group with the
discrete topology. For example, if we use Z X Zs, we obtain nontrivial joinings of the
above systems with themselves. That is, suppose f : T — [0,1] and h : T — [0,1] are
such that f £ h : T — [0,1]. Then the function f, : T x {—1,1} — [0,1] defined by
(w,€) — f(x) + eh(x) gives a system that, when restricted to each copy of Z, is just P/,

but has correlations between the two copies that are given by h (the case h = 0 gives the
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independent joining). We can obtain slow decay of correlations between the two copies
and negative associations in the joining itself; this is perhaps something that is not easy

to construct directly.

§2. Background.
We first quickly review the probability measures studied in Lyons (PO03H); see that

paper for complete details.

Let E be a finite or countable set and consider the complex Hilbert space £?(E). Given
any closed subspace H C (?(E), let Py denote the orthogonal projection onto H. There
is a unique probability measure P# on 2F := {0,1}¥ defined by

P ner) =1,...,n(ex) = 1] = det[(Pre, €;)]1<i,j<k (2.1)

for all £ > 1 and any set of distinct eq,...,er € E; see, e.g., Lyons (EO003H) or Daley and
Vere-Jones ([IRY), Exercises 5.4.7-5.4.8. On the right-hand side, we are identifying each
e € E with the element of ¢2(E) that is 1 in coordinate e and 0 elsewhere. In case H
is finite-dimensional, then P is concentrated on subsets of E of cardinality equal to the
dimension of H.

More generally, let () be a positive contraction, meaning that () is a self-adjoint
operator on ¢?(E) such that for all u € (2(E), we have 0 < (Qu,u) < (u,u). There is a

unique probability measure P such that

P9n(er) =1,...,n(ex) = 1] = det[(Qes, €5)]; i<k (2.2)

for all £ > 1 and distinct eq,...,ex € E. When @ is the orthogonal projection onto a
closed subspace H, then P9= PH. In fact, properties of P9 can be deduced from the
special case of orthogonal projections. Since this will be useful for our analysis, we review
this reduction procedure.

Note first that uniqueness follows from the fact that determines all finite-dimen-
sional marginals via the inclusion-exclusion theorem. Indeed, we have the following formula
for any disjoint pair of finite sets A, B C F (see, e.g., Lyons (PO03R)):

POplA=1,nB =0] = det [(1B(e)e + (=)t @©Qe, e’)} nn (2.3)

To show existence, let Py be any orthogonal projection that is a dilation of (). This means
that H is a closed subspace of £2(E’) for some E’ O E and that for all u € ¢?(E), we have
Qu = Pp2(gyPgu, where we regard (*(E') = (*(E) & (*(E' \ E). (In this case, Q is also



§2. BACKGROUND 9

called the compression of Py to ¢?(E).) The existence of a dilation is standard and is
easily constructed; see, e.g., Lyons (E003H). Having chosen a dilation, we simply define
P® as the law of 7 restricted to F when 7 has the law P¥. Then is a special case of
(2.T).

A probability measure P on 2% is said to have negative associations if for all pairs A
and B of increasing events that are measurable with respect to the values of n on disjoint
subsets of F, we have that A and B are negatively correlated with respect to P. The
following conditional negative association (CNA) property is proved in Lyons (2003H)

and a consequence of this (see Proposition E8) will be used frequently here.

THEOREM 2.1. If Q is any positive contraction on £*(E), A is a finite subset of E, and
no € 24, then P9[ - | nl A = o] has negative associations.

We now assume that £ = Z? Then the group structure of Z¢ allows Z? to act
naturally on ¢2(Z9) and on 22 The proof of the following lemma is straightforward and

therefore skipped.

LEMMA 2.2. If Q is a Z%-equivariant positive contraction on (2(Z%), then P? is also Z°-

movariant.

As is well known, there exists a complex Hilbert-space isomorphism between L?(T¢9, \;)
and £2(Z?), where T is the d-dimensional torus R?/Z% and ), is unit Lebesgue measure on
T<. This isomorphism is given by the Fourier transform f ]?, where for f € L?(T%, \y),
we have f(k) = Jpa f(@)e 2™ R T dX\g(z) for k € Z4. If e}, denotes the function @ — €™+,
then the isomorphism takes the set {ey; k € Z?} to the standard basis for £2(Z4). From
now on, we shall abbreviate L2(T%, \y) by L?(T¢9).

The following is well known.

THEOREM 2.3.
(i) Let A C T4 be measurable and consider the operator Tx : L2(T?) — L?(T?) given by

Ta(g9) =91a.

Then these projections (as A wvaries over the measurable subsets of T¢) correspond
(via the Fourier isomorphism) to the Z-equivariant projections on (2(Z%).
(ii) More generally, let f : T¢ — [0,1] be measurable and consider the operator M :
L?(T9) — L*(T%) given by
My(g) = fg-
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Then these positive contractions (as f varies over the measurable functions from
T? to [0,1]) correspond (via the Fourier isomorphism) to the Z%-equivariant positive

contractions on (?(Z4). More specifically, My corresponds to convolution with ]?

As in the above theorem, an f : T¢ — [0, 1] yields a Z?-equivariant positive contraction
Qs on ¢%(Z%), which in turn yields a translation-invariant probability measure P9/ on 2Zd,

which we denote more simply by P/.

LEMMA 2.4. Given f: T — [0,1] measurable and e1, ..., e, € Z4,

Pf[n(el) = 1, ce ,n(ek) = 1] = det[]?(ej — ei)]lgi,jgk .

Proof. By definition, the left-hand side is det[(Qfe;, €j)]1<i, j<k. By Theorem PZ3(ii),

~

(QfeiJ ej) = (Mfeeiﬂ eEj) = (ej - €i>' i

REMARK 2.5. Lemma P4 says that for d = 1, the probability of having 1s on some finite

collection of elements of 7Z is a particular minor of the Toeplitz matrix associated to f.

Equation [2.3) shows a symmetry of P/ and P~/ namely, if n has the distribution
P/ then 1 —7 has the distribution P*~/. Shirai and Takahashi (2III3) prove the existence
of P/ by a different method and also note this symmetry.

Although the last lemma gives us a formula for P/ directly in terms of f without
reference to any projections, it is still useful to know a specific projection of which My is
a compression. Let f : T¢ — [0, 1] be measurable. Identifying T¢*! with T x [0,1), we let
Ay C T be the set {(z,y) € T4 ; y < f(x)}. Consider the projection Ty, of L*(T4*!)
given in Theorem ZZ3(i). We view L?(T?) as a subspace of L?(T9*+1) by identifying g €
L?(TY) with ¢ ® 1 € L?(T9H!), where (g ® 1)(z,y) := g(z) for x € T¢, y € T. The
orthogonal projection P of L?(T**!) onto L?(T?) is then given by g — (z — [ g9(z,y) dy).

A very simple calculation, left to the reader, shows that M is a compression of T4, ; i.e.,
My = PTy, (2.4)
on L?(T%) viewed as a subspace of L?(T4*1). For later use, let
H;:={g e L*(T*"); g=0a.e. on (Af)°}

be the image of Ty, .
We next remind the reader of the notion of stochastic domination between two prob-

ability measures on 2F. First, if n,d are elements of 2, we write n < § if n(e) < §(e) for
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all e € E. A subset A of 2F is called increasing if n € A and n < § imply that § € A. If v
and p are two probability measures on 2F, we write v < u if v(A) < p(A) for all increasing
sets A. A theorem of Strassen ([UGH) says that this is equivalent to the existence of a
probability measure m on 2% x 2¥ that has v and p as its first and second marginals (i.e.,
m is a coupling of v and p) and such that m is concentrated on the set {(n,d) : n < 6}
(i.e., m is monotone).

Throughout the paper, we shall use the following consequence of conditional negative
association (Theorem E), sometimes called joint negative regression dependence
(see Pemantle (2000)).

PROPOSITION 2.6. Assume that (X;);cr has conditional negative association, I is the dis-
joint union of Iy and I, and a,b € {0,1}1 with a; < b; for each i € I;. Then

[(Xi)ien, | Xi = bi,i € I1] < [(Xi)ien, | Xs = a4,1 € I1],

where [Y | A] stands for the law of Y conditional on A.
LEMMA 2.7. Let fi, fo : T — [0,1] with fi < fo a.e. Then Phig P/f2,

Proof. This follows from a more general result (see Lyons (PO03H)) that says that if @y
and @ are two commuting positive contractions on £2(E) such that Q; < Q2 in the sense
that Q2 — Q1 is positive, then P91 < P¥2. However, here is a more concrete proof in our
case. Since fi < fo a.e., it follows that Hy C Hy,, which implies by Theorem 6.2 in Lyons
(POO3B) that the projection measures PP and P52 on Z4H! satisfy P71 < PHs2 and

hence their restrictions to Z? satisfy the same relationship; i.e., Pf1< P/2. |

We close this section with a key representation of certain conditional probabilities and
an application. The minimum in below is often referred to as a Szeg6 infimum. For
an infinite set B C Z%\ {0}, write

P/[n(0) =1 [nIB=1] = lim P/[p(0) =1|nIB, =1],

n— o0

where B,, is any increasing sequence of finite subsets of B whose union is B. This is a
decreasing limit by virtue of Proposition E8. Let (-, -)¢ denote the usual inner product in
the complex Hilbert space L2(f). For any set B C Z%, write [B]; for the closure in L?(f)

of the linear span of the complex exponentials {e; k € B}.

THEOREM 2.8. Let f: T¢ — [0, 1] be measurable and B C Z¢ with 0 ¢ B. Then

P/p(0) =1 |75|B = 1] :min{/|1—u|2fd>\d; ue [B]f} . (2.5)
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Proof. Tt suffices to prove the theorem for B finite since the infinite case then follows by a

simple limiting argument. So assume that B is finite. Note that f(k — j) = (e;, ex)y, so
that

P/[n|B = 1] = det[(e;, ex)fljreB

and similarly for P/[n[(B U {0}) = 1]. Thus, the left-hand side of is a quotient
of determinants. The fact that such a quotient has the form of the right-hand side is
sometimes called Gram’s formula. We include the proof for the convenience of the reader.

Since eg = 1, it follows by row operations on the matrix [(e;, ex)]; repufo} that
P/[n(0) =1|7nIB =1] = |Pg, 1/}, (2.6)

where P[lB]f denotes orthogonal projection onto the orthogonal complement of [B]; in
L3(f). Since this is the squared distance from 1 to [B], the equation now follows. il

An extension of the above reasoning, given in Lyons (POO3H), provides the entire

conditional probability measure:

THEOREM 2.9. Let f : T4 — [0, 1] be measurable and B C Z%. Then the law of n[(Z%\ B)
conditioned on n[|B = 1 s the determinantal probability measure corresponding to the

positive contraction on (?(Z4\ B) whose (], k)-matriz entry is
L L
(Pz), €5 Py ex)

forj.k ¢ B.

The Szeg6 infimum that appears in Theorem EZ8 involves trigonometric approximation,
a classical area that has strong connections to the topics of prediction and interpolation
for wide-sense stationary processes. We briefly discuss these topics now. In later sections,
we shall describe more explicit connections to our results. Recall that a mean-0 wide-
sense stationary process is a (not necessarily stationary) process (Y;,), ez« for which all the
variables have finite variance and mean 0, and such that for each k € Z¢, the covariance

Cov(Yytk,Yn) = E[Y,1£Y,] does not depend on n. There is then a positive measure G

(called the spectral measure) on T¢ satisfying
G(k) = Cov(Yyir, Yn)

for n,k € Z?. It turns out that for a one-dimensional wide-sense stationary process, if
G is absolutely continuous with density g, then GM(g) = 0 iff perfect linear prediction is

possible, which means that Yy is in the closed linear span of {Y,},<_1 in L?(Q2), where
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) is the underlying probability space. This was proved in various versions by Szego,
Kolmogorov and Krein. Since the covariance with respect to P/ of 1(0) and n(k) for
k € Z% is also given by a Fourier coefficient (namely —]f(k)]Q for k # 0) and since, as we
shall see, the geometric mean of f will play an important role in classifying the behavior of
P/ as well, one might wonder about the relationship between our determinantal processes
and wide-sense stationary processes. It is not hard to show that P/ (viewed as a wide-sense
stationary process) has a spectral measure G that is absolutely continuous with density g

given by the formula

where * denotes convolution and f(¢) := f(1 —t). Other than the trivial cases f = 0
and f = 1, it is easy to check that g is bounded away from 0 and so, in particular, its
geometric mean is always strictly positive. This suggests that our results are perhaps not so
connected to prediction and interpolation. However, it turns out that some of the questions
concerning P/ that we deal with here (such as phase multiplicity and domination) do have
interpretations in terms of prediction and interpolation for wide-sense stationary processes
whose spectral density is f (which does not include P¥). More specifics will be given in
the relevant sections.

Special attention is often devoted to stationary Gaussian processes, one reason being
that their distribution is determined entirely by their spectral measure. It is known that a
stationary Gaussian process with no deterministic component is a multistep Markov chain
iff its spectral density is the reciprocal of a trigonometric polynomial; see Doob (9Zd).

The analogous property for determinantal processes is regeneration:

ProrosiTioN 2.10. If d = 1, then f is the reciprocal of a trigonometric polynomial of
degree at most n iff P! is a regenerative process that regenerates after n successive 1s

appear.

This last property means that for any k, given that n[[k + 1,k + n] = 1, the future,
nllk +n+ 1,00), is conditionally independent of the past, n[(—oc, k.

Proof. Note first that because of Theorem E, this regenerative property holds for P/ iff
for all j > 0 and all C' C (—o0, —n—1], we have P[iB]fej = P[LBUC}fej, where B := [—n, —1].
(Here, we are relying on the fact that HP[JB]feij > HP[Jéuc}feij if the vectors are not
equal.) This is the same as P[lB]fej 1 [C]y for all j > 0, or, in other words, there
exists some u; € [B]y with e; —u; L [BUC]s. As this would have to hold for all C
(and u; is independent of C), it is the same as the existence of some u; € [B]; such
that T} := (e; — u;)f is analytic, i.e., ﬁ(k} = 0 for all £ < 0. Now this implies that
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To = (1 — ) f, whence To(1 — Ug) = To(1 — ug). The left side of this last equation is
an analytic function, while the right side is the conjugate of an analytic function (i.e., its
Fourier coefficients vanish on Z*). Therefore, both equal some constant, ¢. Hence

To c c

/= 1-uw (L—w)(l—m0) |L—uf’

which is indeed the reciprocal of a trigonometric polynomial of degree at most n.
Conversely, if 1/f is the reciprocal of a trigonometric polynomial of degree at most
n, then since f > 0, the theorem of Fejér and Riesz (see Grenander and Szegd ([UI=d),
p. 20) allows us to write f = ¢/|1 — ug|? for some conjugate-analytic polynomial ug € [B]¢
such that the analytic extension of 1 — ug to the unit disc has no zeroes. We may rewrite
this as (1 — ug)f = Top for Ty = ¢/(1 — up). Since Tp has an extension to the unit
disc as the reciprocal of an analytic polynomial with no zeroes, it follows that Tj is also
analytic. Multiplying both sides of this equation by e; and rewriting ejuof = ¢1(1—u})f =
c1(up —uy) f + 1Ty for some constant ¢; and some u) € [B]y, we see that (e; —uy)f =T
for uy = ci(ug — u}) € [B]y and Ty := e;Tp + ¢1Tp, an analytic function. Similarly,
we may establish by induction that for each j > 0, there is some u; € [B]s such that

T; := (e; —u;)f is analytic. This proves the equivalence desired. |

We now use this proof to establish the explicit probabilistic form of the renewal process
in Example 4. In this case, B = {—1} and one easily verifies that u; = a’tle_q, as is

standard in the theory of linear prediction. Therefore,

1—a
1+a

PIn() =11 n(-1) =1] = | P, ellF = lej —u;lIF = lles 17— lus [ = (1—a*7%?).
It now suffices to verify that this is also true for the explicit renewal process described in
Example . First, it is well known from basic renewal theory that for a renewal process,
the probabilities P/[n(j) = 1 | n(—=1) = 1] determine the distribution of the number of
Os between two 1s. Hence to verify the above statement, one simply needs to check that
these latter probabilities are related to the interrenewal distribution via the appropriate

convolution-type equation. In this case, it comes down to verifying that for all 7 > 0,

1—a
1+a

) 1= J )
(1=a¥) = (j+1)(1 - )’ + Z B(1 = a)’a" N (1 — a?U7HF2).

This identity is easy to check.
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§3. The Bernoulli Shift Property.

In this section, we prove that the stationary determinantal processes studied here are
Bernoulli shifts. We assume the reader is familiar with the basic notions of a Bernoulli
shift (see, e.g., Ornstein (CI7A)).

THEOREM 3.1. Let f: T? — [0,1] be measurable. Then P¥ is a Bernoulli shift; i.e., it is

isomorphic (in the sense of ergodic theory) to an i.i.d. process.

Before beginning the proof, we present a few preliminaries. We first recall the defini-

tion of the d-metric.

DEFINITION 3.2. If i and v are Z%invariant probability measures on 2Zd, then

d(p.v) = infm|{(n,6) € 22 x 2% 0(0) £ 6(0)}] ,

where the infimum is taken over all couplings m of ;1 and v that are Z%invariant.

The following is a slight generalization of a well-known result (see, for example, page 75
in Liggett (I8H)). The proof is an immediate consequence of the existence of a monotone

coupling and is left to the reader.

LEMMA 3.3. Suppose that o1, oo, v and pu are Z%-invariant probability measures on 9L
such that v < 0; <X p for both i =1,2. Then

A(01,02) < uln(0) = 1] — v[n(0) = 1].
PROPOSITION 3.4. Let f,g: T¢ — [0,1] be measurable. Then
a®! Py < [ 17— gldn.
Td

Proof. Because of Lemma P72, we may apply Lemma B3 to oy := P/, 0y := P9, v := P/,
and p := P/V9. We obtain that

a®’ P < [ fvgin- [ fagani= [ 17 -gldn. '
Td Td Td

Proof of Theorem B. The first step is to approximate f by trigonometric polynomials.
Let K, be the rth Fejér kernel for T,

. 141
K=Y (1_T+1)ej,

lj1<r
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and define K¢(z1,...,2q) := Hle K. (z;). Tt is well known that K¢ is a positive summa-

bility kernel, so that if we define g, by
gr = [ % K;l )

then 0 < g, <1 and lim, ., g, = f a.e. and in L(T%).

Next, since each K¢ is a trigonometric polynomial, so is each g,. From this and
Lemma P4, it is easy to see that there is a constant C such that P97 (ANB) = P9 (A) P97 (B)
if A is of the form n = 1 on S; and B is of the form n = 1 on S5 with S; and S5 being
finite sets and having distance at least C' between them. From this, a standard argument in
probability (a m-A argument) shows that if A is any event depending only on locations Sy
and if B is any event depending only on locations Sy with S; and Sy possibly infinite sets
having distance at least C' between them, then P9 (AN B) = P9 (A) P97 (B). A process
with this property is called a finitely dependent process and this property implies it is
a Bernoulli shift (e.g., the so-called very weak Bernoulli condition is immediately verified;
see Ornstein (A7) for this definition for d = 1 and, e.g., Steif () for general d).

Since the processes that are Bernoulli shifts are closed in the d metric (see Ornstein
(C97a)) and Proposition B4 tells us that lim,_,, d(P9,P7) = 0, we conclude that P/ is
a Bernoulli shift. |

REMARK 3.5. An important property of 1-dimensional stationary processes is the weak
Bernoulli (WB) property. This is also referred to as “S-mixing” and “absolute regularity”
in the literature. Despite its name, it is known that WB is strictly stronger than Bernoul-
licity. It is easy to check that “aperiodic” regenerative processes and finitely dependent
processes are WB. Hence, by our earlier results, if f is a trigonometric polynomial or the
inverse of a trigonometric polynomial (or if 1 — f is the inverse of a trigonometric polyno-
mial), then P/ is WB. This is subsumed by the independent work of Shirai and Takahashi
(2013), who showed that P/ is WB whenever Y -, n|]/'7\(7‘z)|2 < 00. The precise class of f
for which P/ is WB is not known. We also note that it follows from Smorodinsky ([CI92)

that if f is a trigonometric polynomial, then P/ is finitarily isomorphic to an i.i.d. process.
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§4. Support of the Measures.

In this section, we show that all of the probability measures P have full support

except in two degenerate cases. We begin with the following lemma.

LEMMA 4.1. Let H be a closed subspace of /2(E) and let A and B be finite disjoint subsets
of E. Then
P7[n(e) =1 forec A, n(e) =0 forec B] >0

if and only if {Pu(€)}eca U{Pg1(€)}eecn is linearly independent.

Proof. In the special case that A or B is empty, the result follows from Lyons (E003H). In
general, {Py(e)}eca U{Py1i(e)}eep is linearly independent if and only if { Py (e)}eca and
{Py.(e)}ecp are each linearly independent sets. Also, P [nlA =1, 7B = 0] > 0 if and
only if PH[nlA=1] > 0 and P¥[|B = 0] > 0 since

PlA=1, 9B =0] > P [nlA=1]P"[j]B = 0]
by the negative association property, Theorem . Thus, the general case follows from
the special case. |

THEOREM 4.2. PJ has full support for any function f : T¢ — [0,1] other than O or 1.

Proof. Since marginals of probability measures with full support clearly have full support,
it suffices to prove the result for P when H is a closed Z%invariant subspace of £?(Z%)
other than ¢2(Z%) or 0. If we translate over to L?(T¢), we see, by Lemma B, that it
suffices to show that if A C T? with 0 < A\g(4) < 1 and ny,...,nk, m1,...,mg are all

distinct elements of Z¢, then

{enj 1A}1§jgk U{em, 1acti<r<s

is linearly independent. Suppose that ci,...,cg,dq,...,d; are complex numbers such that
k ¢
D cienla+ Y dremy, lac =0,
7j=1 r=1

From this it follows that 2521 cjen; = 0 a.e. on A. Since A\g(A) > 0, we have that
Z?:l cjen,; is 0 on a set of positive measure. It is well known that this implies that
1, ..., ¢k vanish (the proof uses induction on d and Fubini’s theorem). Similarly, dy, ..., d,

vanish. |
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§5. Domination Properties.

In this section, we study the question of which product measures are stochastically
dominated by P/ and which product measures stochastically dominate Pf. For simplicity,
we give our first results for d = 1, and only afterwards describe how these results extend
to higher dimensions. We also treat a different notion of “full domination” at the end of
the section. Recall that for f: T¢ — [0, 1], we define

GM(f) := exp/w log fd\g.

We introduce an auxiliary stronger notion of domination than <, but only in the case
where one of the measures is a product measure. Let p, denote product measure with

density p.
DEFINITION 5.1. A stationary process {n,}nez with distribution v strongly dominates
Uy, Written g, <s v, if for any n and any ay,...,a, € {0,1},

Plno=1|m=a;,i=1,...,n] >p.

Similarly, we define v < p,, if the above inequality holds when > is replaced by <.

The following lemma is easy and well known; it is sometimes referred to as Holley’s

lemma.
LEMMA 5.2. If pp <s v, then p, < v.

The converse is not true, as we shall see later (Remark 64). In light of Lemma B0,
we have that if p < f < ¢, then
pp P/x Hq -

The optimal improvement of these stochastic bounds is as follows.

THEOREM 5.3. For any f : T — [0,1], we have p, < P7 iff p < GM(f) iff pp <s P/.
Similarly, PY< ug iff ¢ > 1 — GM(1 — f) iff P/<s py. In addition, for any stationary

process (i that has conditional negative association, we have p, < p iff pp <s 1t
Proof. Let d,, :== D,,_1(f) be the probability of having n 1s in a row. According to Szegd’s
theorem (Grenander and Szegé (TIRA), pp. 44, 66), d,,+1/d, is decreasing in n and

lim dp41/dy = GM(f) = lim dym.

n—oo

In particular, d,,+1/d,, > GM(f) for all n.
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Proposition 28 implies that for any fixed n,
Pllno=1|m=a;,i=1,...,n]

is minimized among all ay,...,a, € {0,1} when a; = a2 = --- = a,, = 1. In this case,
the value is dyy1/d,. Since this is at least GM(f), we deduce that if p < GM(f), then
Hp s P/ and hence that tp < P/

Conversely, if u, < P/, then certainly p" < d,, for all n. Hence p < GM(f). The
second-to-last statement can be proved in the same way or can be concluded by symmetry.

Finally, the last statement can be proved in a similar fashion. |

REMARK 5.4. The above theorem gives us two interesting examples. First, if we take
f := 14 where A has Lebesgue measure 1 — ¢, then d(P/,6;) < e by Proposition B3,
but nonetheless, Pf does not dominate any nontrivial product measure since GM(f) = 0.
Second, if we take f := 1jg1/9 + .4 1[1/2,1], then f < 1/2 on a set of positive measure,
but nonetheless P/ dominates P1/2= p1; 5 since GM(f) = (.4)*/2 > 1/2.

EXAMPLE 5.5. Let f be as in [T.1], so that P/ is the law of the horizontal edges of the
uniform spanning tree in the plane. In order to examine a 1-dimensional process, let us

consider only the edges lying on the z-axis. If we let

o(x) = / F(r.y) dh(y).,

~

then the edges lying on the z-axis have the law P9 since g(k) = f(k,0) for all k € Z. Since

an antiderivative of 1/(1 + asin® 7y) is

arctan (\/ 14 atan 7ry)
m™/1+a ’

we have '
sin 7z

g(z) = T
V1+sin®mx

as given in Example 3. We claim that PY strongly dominates u, for p := V2 -1,
and this is optimal. In order to show this, we calculate GM(g). Write g;(z) := sin® 7.
Then (GM(g))? = GM(g1)/GM(1 + g1). Let G; be the harmonic extension of log g; from
the circle to the unit disc. Then [logg; d\1 = G1(0) by the mean value property of
harmonic functions. Since g1 = [(1 — e1)/2]?, we see that G is the real part of the
analytic function z — 2log[(1 — 2)/2] in the unit disc, from which we conclude that
G1(0) = log(1/4). Therefore, GM(g;) = 1/4. Similarly, 1+g; = |[V2+1—(v2—1)e;]/2]?,
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whence GM(1 + g1) = [(v/2 + 1)/2]2. Therefore GM(g) = v/2 — 1 = 0.4142%, as desired. It
turns out that ¢ := 1 — GM(1 — g) =1 — 2(v/2 — 1)e~2%/™ = 0.5376%, where

T 0.9160~ 1
G:= ;—0: arT T - 09160 (5.1)

is Catalan’s constant. Thus, P9< 4. It is interesting how close p and ¢ are.

We now introduce some new mixing conditions. Given a positive integer r, we may
restrict P7 to 27Z. If we identify 7 with Z, then we obtain the process P/~, where

> f@)

zer—1t

where r~!t := {z € T; rx = t}. The reason that this restriction is equal to P/* is that
for all £ € Z, we have ﬁ(k) = f(rk), as is easy to check. Because of this relation, we
have that [ |f.(t) — F0)2dA1(t) — 0 as r — oo, so that by Proposition B3, it follows
that d(P7r, PJ?(O)) — 0 as 7 — oo. (It is not hard to show that a similar property holds
for any Kolmogorov automorphism (see Definition [), while the example in Remark G4
shows that this property can occur in other cases as well.) In fact, we often have a stronger

convergence for our determinantal processes, as we show next.

THEOREM 5.6. Let f : T — [0,1] be measurable. If GM(f) > 0 or if f is bounded away
from 0 on an interval of positive length, then there exist constants p, — f(O) such that
P/r= PP for all v. Therefore, if GM(f(l — f)) > 0 orif f is continuous and not equal to
0 nor 1, then there exist constants p,., q,. — f(O) such that PPr< PTr< PO for all r.

Of course, in view of Theorem B3, we use p, := GM(f,) and ¢, := 1 — GM(1 — f,).

Thus, the theorem is an immediate consequence of the following lemma.

LEMMA 5.7. Let f: T — [0,1] be measurable. If GM(f) > 0 or f is bounded away from 0
on an interval of positive length, then GM(f,) — f(0) as r — occ.

Proof. We have seen that f,. — f(O) -1 in L?, whence also in measure. Therefore log f, —
(log f(O)) -1 in measure. Thus, it remains to show that {log f,.} is uniformly integrable (at
least, for all large 7). Suppose first that GM(f) > 0.

Given h € LY(T), write (") (t) := h(rt), so that m(k) is 0 when k is not a multiple
of r and is ﬁ(k/r) when & is a multiple of r. For any g, h € L?(T), we have

/Tgr() ) dA(t Zgr E Zgrk}\z :Zg

kEZ keZ keZ

_ / g (ORI (E) dy (1) = / g(OYR(rE) da (). (5.2)
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Therefore, for any set A C T, we have

[ogtsan = [ oz an= [ togsin,
A A r—1A
the inequality follows by concavity of log, while the equality follows from [[5.2)] applied to
g :=log f and h:=14. Given any € € (O7f(0)), let A7 := {t; f.(t) < €}. Note that for
any measurable A C T, we have \;(r~tA) = \;(A4). Since f, — f(O) -1 in measure, it
follows that

lim A\ (r~tA7) = lim A\ (A7) =0.

T—00 7—00

Since log f is integrable, it follows that

lim log fd\y =0.
r—00 T71A2
This establishes the uniform integrability in the first case.
In the second case where f > ¢ > 0 on an interval of length ¢ > 0, we have that

fr > ceon all of T for all » > 1/e. It is then obvious that {log f,} is uniformly integrable
for all » > 1/e. i

REMARK 5.8. There are functions f with f > 0 a.e., yet GM(f,.) = 0 for all . For example,
enumerate the rationals {z;; 7 > 1} in (0,1) and choose €¢; > 0 such that z; +¢; < 1 and
>_; € <1. Define 4, :=[0,1] \
that

isnl®j, T+ €] and fo(z) == e~/ Then one can show

f(ﬂl') = fO(x)le (a:) + Z fO(x - xn)l[:z:n,anren]ﬂAn (.CL')

n=1

is such an example.

We turn next to the extension of the prior results to higher dimensions. This is
basically straightforward, but has interesting applications, as we shall see. First, we recall
the usual notion of the past o-field Past(k) at a point k € Z%. We use lexicographic
ordering on Z%, i.e., we write (k1, ko, ..., kq) < (I1,12,...,1q) if k; < I; when i is the smallest
index such that k; # [;. Then define Past(k) to be the o-field generated by n(j) for all
j < k. More generally, the past o-field could be defined with respect to any ordering of
74, which means the selection of a set II C Z? that has the properties ITU (—II) = Z%\ {0},
IIN(—II) = @, and [T+ II C II. The associated ordering is that where k < [ iff [ — k € 1I.
Pastrr(u) will denote the past of u with respect to the ordering II, i.e., {v; v < u}. Thus,
Pastr;(0) is just —II. (For a characterization of all orders, see Teh ([IG1), Zaiceva ([CIR3),

or Trevisan ([¥A3).) As before, let i, denote product measure with density p.
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DEFINITION 5.9. Given an ordering II, a stationary process {n, },cz« with distribution v

strongly dominates p,, written p, < v, if
Pno = 1| Pasty(0)] > p rv-as.

Similarly, we define v < p,, if the above inequality holds when > is replaced by <. (Note

that the ordering II here is suppressed in the notation.)

Although we have phrased it differently, in one dimension, this is equivalent to Defi-

nition b1 when IT = {—1,—2,...}. Again, we have a version of Holley’s lemma:
LEMMA 5.10. Given any ordering 11, if u, <s v, then pu, < v.

(Note that to produce a monotone coupling for a general ordering with respect to a
set II, it is enough to do so for the measures restricted to any finite B C Z¢. Given such a
B, order B by the restriction of < to B and couple the measures by adding sites from B
in this order.)

We now prove
THEOREM 5.11. Fiz any ordering I1. For any measurable f : T — [0, 1], we have p, < P
iff p < GM(f) iff pup <s PT. Similarly, PY< py iff ¢ > 1 — GM(1 — f) iff P/ <6 pg. In
addition, for any stationary process p that has conditional negative association, we have
Pp = S pp < B
Proof. Proposition 28 and Theorem 228 imply that

ess inf P/ [n(O) =1| PastH(O)} = inf { P/n0)=1|nlA=1]; Ac —IIis ﬁnite}

=P/[5(0) = 1| 9/ (-11) = 1]

:min{/|1—T|2fd)\d; T e [—H]f} .

By Helson and Lowdenslager ([I58), the latter quantity equals GM(f). Therefore, p <
GM(f) iff p, <s P7. On the other hand, if u, < P/, then let A(r) be the finite subset of
—ITI consisting of all points within some large radius r» about 0. Let a1 < as < --- < a, be
the elements of A(r) in order, where n := |A(r)|, and write A; := A(r) N (=114 a;). Then

P <P/ntAw) =1 = [[P/ofa) =1 [ni4, =1].

Most terms in this product are quite close to GM(f), while all lie in [GM(f), 1]. Tt follows
that
lim P/ [n1A(r) = 1]"/" = GM(f),

r—00

so that p < GM(f). Finally, the remaining statements can be proved in a similar fashion.
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REMARK 5.12. It follows from Theorem BT that the choice of ordering II does not de-
termine whether 1, < P7/. This is not true for general stationary processes, even in one
dimension. We are grateful to Olle Haggstrom for the following simple example. Let p be
the distribution on {0,1}? given by

p=1/7)00,0) +d0.1) + (2/T)a0 + (/7))

Let € {0,1}% be such that with probability 1/2, (172, 72,+1) are chosen independently
each with distribution p and otherwise (12,—1,72y,) are chosen independently each with
distribution p. Let v be the law of n. If II := Z~, then pu, < v iff p < 4/7, while if
II:=7Z7, then u, <s v iff p < 1/2.

EXAMPLE 5.13. Let f be as in [T.1], so that P/ is the law of the horizontal edges of a
uniform spanning tree in the square lattice Z?. By Kasteleyn ([9G1) or Montroll (I[UG4),

we have 4G
/ log 4(sin? mx + sin? my) d\a(z,y) = — = 1.16627 (5.3)
T2 m

where G is again Catalan’s constant [5.1]. As we have shown in Example 53, GM(sin® 7x) =
1/4, whence by [5.3), GM(f) = e=*%/™ = GM(1 — f), where we are using the observation
that 1 — f(z,y) = f(y,z). (This last identity has a combinatorial reason arising from
planar dual trees.) Therefore p, < Pf< p1—p for p := e~4G/™ = 0.3115" and this p is
optimal (on each side). This result in itself is rather surprising and it would be fascinating

to see an explicit monotone coupling.

For f:T¢ — [0,1] measurable and r = (r1,7a,...,74) € Z¢ with all r; > 0, define

L) = ——— S f@),

Hj=1 Ty rzer—1t

where r=1(t1,ta,. .., ta) := {(x1,22,...,24) € T?; Vj r;m; =t;}. Write 7 — oo to mean
that minr; — oo. The following is a straightforward extension of Theorem BB. We leave

its proof to the reader.

THEOREM 5.14. Let f : T¢ — [0,1] be measurable. If GM(f) > 0 or if f is positive on a
non-empty open set, then there exist constants p, — f(O) as v — 0o such that Pfr= Prr
for all r. Therefore, if GM(f(l — f)) > 0 or if f is continuous and not equal to O nor 1,
then there exist constants p,,q, — f(O) such that PPr< PIr< P for all r.

Consider now a domination property even stronger than our previously defined strong
domination. Let Z be the o-field generated by (k) for k # 0.
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DEFINITION 5.15. A stationary process {n,}neze with distribution v fully dominates
Ly, Written p, <¢ v, if
Plno=1|2]>p v-as.

In this situation, we also say that v is uniformly insertion tolerant at level p. Similarly,
we define v ¢ p, if the above inequality holds when > is replaced by <, and say that v
is uniformly deletion tolerant at level 1 — p. We say that v is uniformly insertion
tolerant if 1, < v for some p > 0 and that v is uniformly deletion tolerant if v <¢ 1,

for some p < 1.

We show that the optimal level of uniform insertion tolerance of a determinantal

process Pf is the harmonic mean of f, defined as

- ([4)"

Note that HM(f) = 0 iff 1/f is not integrable.

THEOREM 5.16. For any measurable f : T¢ — [0,1], we have u, <¢ PY iff p < HM(f).
Similarly, PT<¢ g iff ¢ > 1 — HM(1 — f).

Proof. By Proposition @ and Theorem EZ8, we have
ess inf P/ [n(o) —1] z} - inf{Pf[n(O) —1|nlA=1]; Ac z%\ {0} is finite }
= P/y0) = 1015 = 1] =min{ [ |1 TPfan T el

where B := Z%\ {0}. As shown by Kolmogorov ([¥Id, [94IH) for d = 1, the latter equals
HM(f). The proof extends immediately to general d. This proves the first assertion. The

second follows by symmetry. |

REMARK 5.17. Since a proof of Kolmogorov’s theorem that
min{ [0 =72 a7 e (Bl = Hmip),

where B := Z%\ {0}, is difficult to find in readily accessible sources, we provide one here.
We have

min{/!l—T\zfd)\d; T e [B]f} = Huﬂfc,

where

. pl
U= P[B]fl.
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Now g L [B]y iff g € L?(f) and g}(k:) = 0 for all £ € B. The latter condition holds iff gf
is a constant. If g # 0, then we deduce that 1/f € L2(f), i.e., HM(f) > 0. Therefore,

(0 ifHM(f) =0,
[Bly = {C/f if HM(f) > 0.

Hence u = 0 if HM(f) = 0, while otherwise,

lullF =11, VHM(F)/ ) = HM(f),

as desired.

REMARK 5.18. It is easy to find f such that GM(f) > 0 and HM(f) = 0. Indeed, a natural
such example is the function g of Example 3. For any such f, the corresponding process
P/ strongly dominates a nontrivial product measure, but does not fully dominate any
nontrivial product measure. In addition, for any function f such that HM(f) > 0 and f is
not constant a.e., GM(f) > HM(f) (as a consequence of Jensen’s inequality), so that P/

will strongly dominate strictly more product measures than it will fully dominate.

EXAMPLE 5.19. Let f be as in [1.2), so that P7 is the law of the edges of the uniform
spanning forest in Z? that lie parallel to the z;-axis. Then P7 is uniformly deletion tolerant
iff d > 4. This is because 1/(1 — f) is integrable iff d > 4. For example, when d = 4, we
obtain full domination by g, with p := 0.66425~, where we have calculated HM(1 — f) as

follows. First, we have
2

@ f) =1+ s,
> Sin” Ty
whence
1 1
/ 1/(1— )d)\4—1—|— d)\3($2,$3,$4)
T4 T3 Z _,sin® 7x;
1
/ d)\2<1'2,1’3) .
’]I‘2

\/ > j—psin 7r333> (1 + Z?:z sin? 7T£L'j)

This last integral has no simple form and is calculated numerically. This gives the value
reported for 1 —HM(1 — f). For large d, we have 1 —HM(1 — f) ~ 1/d. Indeed, write \_,
for Lebesgue measure on R%~1. Letting

d—1

Ag = d)\d_1(372,...,$d),
Td~1 Z , 2sin® 7,
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we have that

14+ Ag/(d—1)"

Hence it suffices to show that limg_,., Aq = 1. To show this, note that

(d—1)(1 = HM(1 - f))

00 d
Ad:/ )\d_l[ZQSinzﬂ'l’j<(d—1>/t:| dt
0

=2

d
< /2 Ad—1 [ZQSmQij < (d- 1)/25} dt
0 =

10(d—1) d
+/ Ad_l[ZQSm%xj < (d—1)/2} dt
2

Jj=2

[ee) d
+/ A;_l[Vj ;| < 1/2 and Y 82% < (d - 1)/t] dt
1

0(d—1) =

2
0

as d — 0o, where we have used the weak law of large numbers and the bounded convergence
theorem for the first piece, a standard large-deviation result for the second piece, and an
easy estimate on the third piece. The reverse inequality is obtained by using only the first
piece. Thus, Ay — 1, as desired. This value of 1 —HM(1 — f), which gives a full domination
upper bound on P/, should be compared to f(O) = 1/d (by symmetry), which is the
probability of a 1 at a site. On the other hand, for no d is the process uniformly insertion
tolerant since 1/ f is never integrable. We remark that for the full uniform spanning forest
measure on Z¢ (considering edges in all directions), we have change intolerance, meaning
that P[n(0) =1 | Z] € {0,1} a.s. This follows from a result of Benjamini, Lyons, Peres,
and Schramm (2001), as explained by Heicklen and Lyons (POO3).

ExAMPLE 5.20. Let g(x) be as in Example I3, so that the edges of the uniform spanning
tree in the plane that lie on the z-axis have the law P9. We have PI<¢ p, for p :=
(1+7)/(1+4 27) =0.56865", and this is optimal. This is because

/ 1/(1—g)d\= / (1 + sin? z + sin Tz V/ 1 + sin? 7r:c> dA(x)
T T
=3/2+ / sin mzV/ 1 4 sin? mz dA(z) .
T
An antiderivative of this integrand is

1 COSTTT 1 )
——arctan | —————= | — =——cosmzV 1 +sin“ 7z,
T

i 1 + sin? T
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whence the remaining integral is 1/2 + 1/7. Therefore [, 1/(1 —g)d\ = 2+ 1/m and
1-HM(1—g) = (1+m)/(1+2m), as desired. Observe that [1/g = co and so the process
is not uniformly insertion tolerant. Similarly, for the edges lying on the z-axis of the
uniform spanning tree in 3 dimensions, we have full domination by u, with p := 0.377327.
Here, the law of these edges is P", where

sin’ 7z

ha) = | f(ey2) draly, 2) / ().
" ;y

sm mx + sin 7ry) (1 + sin® 7z 4 sin? 7ry)

This integral has no simpler form, so to compute p := 1 — HM(1 — h), we calculated
h numerically and used the result to calculate the harmonic mean numerically. Since
J1/h = o0, as is easily checked, this process is not uniformly insertion tolerant. Similarly,
one can check that the process of edges lying on the z-axis of the uniform spanning tree

in d > 4 dimensions is not uniformly insertion tolerant.

EXAMPLE 5.21. Let f be as in Example I4. Tt turns out that GM(f) = e=2%/7/\/2 =
1 —GM(1 — f) = 0.39467". This gives strong domination inequalities. It is easy to see
that HM(f) = HM(1 — f) = 0, so there are no nontrivial full domination inequalities. The
interest of this function is that it describes the process of edges along a zig-zag path in the
plane for the uniform spanning tree, as claimed in Example 4. We now sketch how to
prove this. The Transfer Current Theorem of Burton and Pemantle (I933) allows one to
calculate, via determinants, the law for any set of possible edges of the uniform spanning
tree. Thus, it is enough to verify that for the edges belonging to the zig-zag path, the
matrix entries are those of the Toeplitz matrix associated to the Fourier coefficients given
in Example 4. For even k, the values of f(k) are given in Lyons with Peres (2004). (These
values imply the astonishing fact that the edges in the plane that lie along a diagonal, e.g.,
the horizontal edges with left endpoints (n,n) (n € Z), are independent, i.e., have law
p1/2.) Thus, it remains to treat the case of odd k. A straightforward application of the

Transfer Current Theorem gives that the matrix entry corresponding to the edges ey and

€2k—1 18

e(s)+e(t)—e(s+1t)—1
/ 4 — 6(8) — e( ) e(t) 6( t) (ks + k?t) d/\g(s t)

_ e(s) +e(r—s)—e(r)—1 Ak .
= e el

where e(z) := €2, Evaluate the integral in s for fixed x by a contour integral

1 z+e(x)z™t —e(x) -1 dz

2ni J 4d—z—z71—e(x)z7l —e(—x)z 2
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over the contour |z| = 1. The integrand has poles inside the unit disc at z = 0 and

2—/4—|1+e(x)]
1+ e(—x)

z =

After use of the residue theorem and integrating in x, one obtains ]?(2143 — 1), as desired.

We close this section by describing how our domination results can be interpreted
in terms of prediction and interpolation questions for wide-sense stationary processes. In
view of Theorem P8 and the well-known correspondence between prediction and Szegd
infima, for d = 1, P/[n(0) = 1 | n]{—1,-2,...} = 1] is exactly the mean squared error
for the best linear predictor of Yy given (Y;,)n<_1, where (Y,,) is a wide-sense stationary
process with spectral density f. Similarly, Pf[7(0) =0 | n]{—1,—2,...} = 0] is exactly the
mean squared error for the best linear predictor of Yy given (Y, ),<_1, where (Y,,) is now a
wide-sense stationary process with spectral density 1 — f. This gives us a correspondence
between strong domination and prediction. An analogous correspondence holds between
full domination and interpolation, where one instead looks at the mean squared error for

the best linear predictor of Yy given (Y},),0.

§6. Entropy.

We assume the reader is familiar with the definition of the entropy H () of a process
i, as well as basic results concerning entropy (see Walters ([I82) and Katznelson and
Weiss ([@72)). Because of Ornstein’s theorem (and its generalizations, see Katznelson
and Weiss (TI72), Conze ([972/73), Thouvenot ([I7A), and Ornstein and Weiss ([UR7))
that entropy characterizes Bernoulli shifts up to isomorphism, the following question is

particularly interesting:
QUESTION 6.1. What is H(P/)?

We know the answer only in the trivial case where f is a constant and in case f or 1— f
is the reciprocal of a trigonometric polynomial of degree 1. In principle, as we shall see,
one can also determine the entropy when f or 1 — f is the reciprocal of any trigonometric
polynomial, but the formula would be rather unwieldy.

In general, then, we shall discuss how to estimate the entropy of P¥. The definition
of entropy always provides upper bounds, due to subadditivity, so the harder bound is the
lower bound. As we shall see, reciprocals of trigonometric polynomials can be used to get
arbitrarily close lower (and upper) bounds. Unfortunately, that method is not practical for

precise computation. Nevertheless, in many cases, we have another method that appears
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to work quite well. Indeed, our method seems to provide upper bounds that converge more
quickly than does use of the definition.

Shirai and Takahashi (2003) proved that H(P/) > 0 for all f # 0,1. Of course, this
also follows immediately from our Theorem BTl

Let

H(p) := H(pup) = —plogp — (1 — p)log(1 —p).

Theorem BT yields easy lower bounds on the entropy of those processes P/ such that
f(1—f) has a strictly positive geometric mean. We shall obtain more refined lower bounds

later in the one-dimensional case. It is easy to see that

fp <s B <Ss p1—p = H(p) = Hlp]. (6.1)

By Theorem BT and [6.T), we deduce the following lower bound on entropy:

PROPOSITION 6.2. For any measurable f : T¢ — [0,1], we have
H(P') > min {H[GM(f)],H[GM(l — )] } .

REMARK 6.3. This can be compared to the trivial upper bound H(PY) < H[f(O)}

Note that f(0) is the arithmetic mean of f. Shirai and Takahashi (EOO3) also note
this upper bound and provide two lower bounds: H(P/) > H [f(())} /2 and H(P/) >

Jra HLf ()] dAa(2).

REMARK 6.4. It is interesting that is not true if s is replaced by <. For example,
let (X2, X2;41) be, independently for different 4, (1,1) or (0,0), each with probability 1/2.
If v is the distribution of this process, then v is not stationary, but p := (v + T'(v)) /2 is
stationary, where T is the shift. Next, H(u) = log2/2 < H|[1/4/2], even though Hi_1/v5 =
VYNGR is easily verified. We also observe that this measure does not even have full

support.

EXAMPLE 6.5. Let f be as in [T.1), so that P is the law of the horizontal edges of a uniform
spanning tree in the square lattice Z2. It is known that the entropy of the entire uniform
spanning tree measure (both horizontal and vertical edges included) is [5.3]; see Burton
and Pemantle (TI93), corrected in Lyons (EOO3A). This can be compared to the bound
on H(P/) that Proposition E2 provides, together with the calculations of Example B3,
namely, H(P/) > H[e=*G/7] = 0.6203". (The results are much worse if one uses the
bounds of Shirai and Takahashi (Z003) reported in Remark B3 above.) Direct calculation

using cylinder events corresponding to a 4-by-4 block gives an upper bound for the entropy
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H(P7T) <0.68864. Of course, the vertical edges of the uniform spanning tree measure have

the same entropy as the horizontal edges.

EXAMPLE 6.6. Let g(z) be as in Example 3, so that the edges of the uniform spanning tree
in the plane that lie on the x-axis have the law P9. In view of Example b3, Proposition 62
implies a lower bound of H(P9) > H[y2 — 1] > 0.67835. Also, direct calculation using
cylinder events of length 16 gives an upper bound H(PY) < 0.69034. In Example 614, we
shall obtain more refined bounds on the entropy. It is not hard to see that the horizontal

edges associated to the y-axis have law P19,

Although not relevant for our determinantal probability measures (where we have
seen that < and < are equivalent), it is interesting to ask whether p, < g < 1, with
p > 0 yields any lower bound on the entropy H (u) for general p. We first ask the question
whether 1, < p with p > 0 implies that H(p) > 0 provided p # 61. The answer to this
question is affirmative since it is known (see Furstenberg ([UEQ) for d = 1 and Glasner,
Thouvenot, and Weiss (E00) for d > 1) that zero-entropy processes are disjoint from i.i.d.
processes (meaning that there are no stationary couplings of them other than independent
couplings). The next result provides an explicit lower bound on the entropy for processes

trapped between two i.i.d. processes. The proof was obtained jointly with Chris Hoffman.

PROPOSITION 6.7. For any d > 1, if i, < o0 < pri—p with p > 0, then
H(p) > max {ay, by} > 0,

where

1 1-2p 1
p = (1_p)1°g<1—p) T 10g(1—2p>

and

b, = 2(1 — p)log (%p) —(1—2p)log (1 12 ) —(1—2p)log2.

REMARK 6.8. Observe that b, approaches log2 as p — 1/2.

Proof. Let X, Y and Z denote processes with respective distributions p,, u and p1—,. We
construct a joining (stationary coupling) of all three processes as follows. Consider any
joining m; of X and Y with X; <Y, a.s. for all ¢ and any joining my of Y and Z with
Y, < Z; as. for all i. We now pick a realization for Y according to p and then choose
X and Z (conditionally) independently using m; and mqy respectively (this is called the
fibered product of m; and ms over Y). This gives us a joining (X', Y’, Z’) of X, Y and
Z. We may now assume that (X,Y, 7)) = (X", Y, Z’).
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We now use standard facts about entropy. First, H(X,Z) > H(X,Y,Z) - H(Y). We
next note, using the conditional independence of X and Z given Y, that
HX)Y,Z)y=HY)+HX,Z|Y)=HY)+HX|Y)+H(Z|Y)
>HX)+H(Z)—-H(Y).
Hence
H(X,Z)>H(X)+ H(Z)—2H(Y)=2H[p]| —2H(Y).

Since X < Z, the one-dimensional marginal of (X, Z) necessarily has 3 atoms of weights

p,1 —2p and p. It follows that

H(X, Z) < 2plog (%) +(1—2p)log (1 = 2p) .

Combining this with the previous inequality shows that H (1) > a,.
We modify the above proof to show that b, is also a lower bound. Rather than using
H(X,Z)>H(X,Y,Z)-—H(Y),weuse H(X,Z) =H(X,Y,Z)—-H(Y | X,Z). The earlier

argument then gives
H(X,Z) > 2H[p] — H(Y) — H(Y | X, Z).

Using the same upper bound on H (X, Z) as before and the trivial upper bound for H(Y |
X,Z) of (1 —2p)log2 (obtained by noting that Y; is determined by X; and Z; when
X, = Z;) yields the lower bound of b,,.

The easiest way to check the strict positivity of a, is to observe that

2H|p| > 2plog <%) + (1 — 2p) log <1 —12p> :

This, in turn, follows from the fact that the left-hand side is the entropy of the independent
joining p, X p11—p, while the right-hand side is the entropy of the monotonic coordinatewise-

independent joining of u, and p;_,, whose existence follows from the inequality p < 1 —p.

There are few cases where we know the entropy H(P7) exactly. Besides the case when
f is constant, we can calculate the entropy when f is the reciprocal of a trigonometric
polynomial of degree 1. We shall illustrate this in the simplest case, Example 1. Thus,
let 0 <a<1,d=1,and f(x) := (1 —a)?/|e*™ — a|?>. Recall that for any invariant

measure 4 in one dimension, we have

1) = [ #luno =15, ] dut-s.05, ... (6.2)
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Now by [1.3], it is easy to check that

_ (1—a)N
]_N—(N—l)a’

Pllno=1]n-1,7-2,...

where N := min{k > 1; n_, = 1}. In addition, we may easily show that for n > 1,

(1—a)(n—(n—1)a)a™! .

P/[N =n] = ra

Therefore

= (l—a)n—(n-Da)a"'y  (1-aPn (1-a)?n
H(Pf)zz 1+a (_n—(n—l)alo n—(n—1a

n=1

n—(m—-—1a-(1-a)?*n, n—(n-1a—-(1-a)*n
a n—(mn-1a log n—(n—1a >
_1l-a ian_l < — (1 —a)*nlog[(1 — a)?n]
1+a —

— [a(1 — a)n + a]log[a(1l — a)n + d]
+K1—@n+ﬂbﬂﬂ—am+am.

In principle, one can also write an infinite series of positive terms for the entropy of
P/ when f is equal to the reciprocal of any trigonometric polynomial, since, by Propo-
sition ECI0, the process P/ is then a regenerative process. Of course, the answer will be
much more unwieldy than the above formula. However, it can be used to get arbitrarily
good lower bounds on the entropy of any process P7, in theory. To see this, we use the
following lemma, which is more or less Lemma 5.10 in Rudolph (C¥@). As our proof is
somewhat shorter and gives a more precise bound, we include it. See also Burton and

Pemantle (I993), Lemma 6.2, for a similar proof.

LEMMA 6.9. For any stationary processes p and v, we have |H(u) — H(v)| < H[d(u,v)].

Proof. Consider a stationary process (X,Y) = ((X;,Y:));cza, where X = (X;);cze has
distribution p, Y = (Y;);cz« has distribution v, and P(Xg # Yo) = d(u,v). Let Z; :=
X; +Y; mod 2. Then

H(p) < H(X,Z) = H(Y, Z) < H(v) + H(Z) < H(v) + Hd(,v)] .

Since the same holds with @ and v switched, the result follows. |
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Thus, given any measurable f : T — [0, 1] and any € > 0, define ¢ to be the smallest
positive number so that H[§] = e. Then choose a trigonometric polynomial 7' > 1 such that
Jp |T~1 — max(f,5/2)|d\ < §/2. We can calculate H(P/T) as closely as desired. Since
d(PY/T,Pf) < § by Proposition B3, it follows by Lemma E9 that |H(Pf) — H(PY/T)| < e.

Unfortunately, this method of calculation is hopeless in practice since when T has
a high degree, it will take a very long time to see a renewal, which means that cylinder
events of great length will be needed for the estimation. When a cylinder event of length
n is used, one must calculate 2™ probabilities. Thus, this is completely impractical.

However, we now exhibit an alternative method that works extremely well in practice,
although we cannot prove that it works well a prior:i in all cases. We begin with two simple

examples,
f(x) = 10,1 /9)(x) (6.3)

(which also occurred in Example [8) and
g(z) :=sin® 7z = (1 — cos 27x)/2. (6.4)

Since f(k) = g(k) = 0 for all even k # 0, both P and P9 have the property that looking
at only the even coordinates, we see independent fair coin flips, i.e., y11/o. Therefore the
entropy of both processes is at least (1/2)log 2. In either case, we know of no direct method
to prove that strict inequality holds, but it does. We first show this for P9. In Example b3
we showed that GM(g) = 1/4. By symmetry, GM(1 — g) = 1/4. Since H[1/4] = 0.56" >
(1/2)log2 = 0.35~, we obtain by Proposition B2 that H(P?) > (1/2) log 2.

In order to show that H(P/) > (1/2)log?2 for f as in [6.3), we need a method to
obtain more refined entropy bounds. We illustrate such a method beginning with this
simple function g. While we shall explain afterwards a method to obtain results for more
general functions for the case d = 1, this first proof contains the essential idea of this
method while at the same time relying on a more elementary calculation, and therefore,

we feel, is worth including.

PROPOSITION 6.10. With g as in [[6.4), we have
3 5) 3 5
0.637 = SH[L/4] + SH[11/28] < H(P?) < SH[T/20) + SH[5/12] = 067

LEMMA 6.11. Let h : T — [0,1] be a trigonometric polynomial of degree at most 1, i.e.,
/f;(k:) =0 for|k| > 2. Fizn>0and A C{1,2,...,n}. For C C{1,2,...,n}, let A\(C)
denote the sequence of lengths of consecutive intervals in {1,2,...,n}\ C. Then

P'pfA=0,71({1,2,...,n}\ A) = 1] = > (=D ] Dica(h).

CCA i€EX(C)



§6. ENTROPY 34

Proof. Whenever two sets F, Fo, C Z neither overlap nor come within distance 1 of each
other, the configurations on F; and F are P"-independent because ?L(k:) = 0 for |k| > 2.

Therefore P"[n[({1,2,...,n} \ C) = 1] = [Tieacc) Di—1(h). Now the desired formula
follows from the inclusion-exclusion principle. |

Proof of Proposition EI0. Write d,, := D, _1(g). Recall that
H(Pg) = /H[Pg["?() =1 | n-1,M-2,-- H dPg(nflvnf% s ) . (65)

By the negative association property of P9[ - | n_1 = n_o = 1], we have that on the
event {n_1 =n_o =1},

Pl =1[n-1,1-2,...] = lim P9ng =1|n1=n2=--=nn=1]
— iy Bo=n=0-2=-=nmn=1
= 1m

nooo PIny=no=-=nn=1]

= lim dy4+1/d, = GM(g) =1/4.
n—oo

Likewise, on the same event, we have

Pino=1|n-1,m—2,...] < lim PIYpp=1|n_1=n—2=1n3=---=n_, =0]
n—roo

= lim P9 =0[n-1=n—2=0,n-3="--=n_p =1]
n—roo

[by symmetry]

=1—lim P/lpo=1[n-1=n—2=0,n-3=---=n_p =1]
n—oo

_ . P =no=0,mp=n3="=n_p=1]

=1— lim

1 fim didy,—o —dadp_2 —didy_1 + dpy
n—r00 dp—o—didy_2 —dp_1+dy
[by Lemma BT
dy — dy — d1GM(g) + GM(g)?
- 1-d; — GM(g) + GM(g)?

=1
= 17/20

since d; = 1/2 and dy = 3/16. We may conclude that on the event {n_1 = n_o = 1}, we
have

H[PIno=1|n-1,n-2,...]] € [H[1/4],H[7/20]] .

By symmetry, the same holds on the event {n_; =n_ = 0}.
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Similarly, we have that on the event {n_; =1, n_o = 0},

Pino=1|n-1,m-2,...] = lim P9 =1|n2=0,n-1=n-3="--=n_pn =1]

n—oo
_ g P2=0m=na=n5=-=n0n=1
n—oo  PIn_o=0,n1=n3="-=n_p=1]
. dody—o —dpi1
R U R—y
o dy — GM(Q)S
~ di — GM(g)?
= 11/28.

Likewise, on the same event, we have

Poino =1|n-1,m-2,.. ] < lim Pfno =1|n1=1,n2=n3=-=n0n=0
:nli_)II;oPg[n020|’)7_1:0,’)7_2:77_3:~:’r)_nzl]
:1—n1LIIoloPg[7”]O:1|7’]_1:O’”]’]_2:77_3:~--:77_n:1]
_ . PIna=0,m=no=-=np=1]
=1— lim
e TP =0, 2= = = 1]
. dldn—l_dn+1

—1-1
nl_{gO dp—1 —dp

=1 dl_GM<g)2

- 1 — GM(g)

:5/12.

We may conclude that on the event {n_; =1, n_o = 0}, we have
H[PIno =1|n-1,m-2,...]] € [H[11/28], H[5/12]] .

By symmetry, the same holds on the event {n_; =0, n_o = 1}.
Putting all these bounds into gives the claimed bounds on the entropy of P9. 1

For more general functions, we can get lower bounds on the entropy by using the
asymptotics of Bump and Diaconis (E002) or of Tracy and Widom (PO02), which serve as
replacements for our use of the special Lemma BI1. In fact, we use an extension of the
formula of Tracy and Widom (PO02) due to Lyons (E003d). Denote by v the measure on
2N obtained by the limiting condition lim, ., P/[-|7n_1 =n_o = --- = n_,, = 1], which
exists by Proposition 8. If GM(f) > 0, define

1 627r7lt + 2z
2(2) = exp | / T g () d (1) (6.6)
T [ —Z
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for |z| < 1. The outer function

wr(t) = h%l D4 (re? ) (6.7)
exists for A\j-a.e. t € T and satisfies |pf|? = f Aj-a.e. This limit also holds in L!(T). See
Rudin (IU87), Theorem 17.11, p. 340, and Theorem 17.16, p. 343. As is easily verified,

log ®y(z) = F(0)+2Y  F(k)z" (6.8)
k=1

when F' := (1/2)log f. The mean value theorem for analytic functions and the L!(T)

convergence above show that

27(0) = @7(0) = /GM(f) .

Define ® := ¢ := 0 if GM(f) = 0. An analytic trigonometric polynomial is (a constant
times) an outer function iff its extension to the unit disc has no zeroes in the open disc. [On
the one hand, the extension of no outer function has any zeroes in the open disc since it is
an exponential. On the other hand, by factoring a polynomial, one has to check merely that
z +— z—( is a constant times an outer function for |¢| > 1. Indeed, ®¢(z) = (—|¢|/{)(z—()
for f(t) := |e*™" — (|2, as can be seen by the Poisson integral formula for || > 1 (Rudin
(uRA), Theorem 11.9, p. 235) and by a limiting procedure for |(| = 1.] The results of
Lyons (E003d) show that Theorem 29 reduces to the following formula:

THEOREM 6.12. For any measurable f : T — [0,1], the measure vy is equal to the de-
terminantal probability measure corresponding to the positive contraction on ¢?(N) whose

(7, k)-matrix entry is
Ak

Y e 0@k —1).
=0

This can be substituted in the appropriate places in the proof of Proposition GI0.

For example, on the event {n_1; = n_o = 0}, one has that

Pf[770:1|77—1,77—2,-~] ani_{rolon[nozl |n_1=n—20=0,n_3=n_y=--=n_p=1]
=vine=1,m =no = 0]/vs[n =no = 0].

One can use v1_ys in a similar fashion for estimating such probabilities above by 7 that

terminate in repeating Os, rather than in repeating 1s. For example, if

f = |1+61 +62|2/9,
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then ¢y = (1 + e; + es)/3 since the polynomial (1 + z + 2?)/3 has no zeroes in the open
unit disc. Similarly, one can show that
VEvE V3 VIR
S A T
With these and Theorem EI2, one can show by following the method of proof of Proposi-
tion B0 that
0.53 < H(PY) <0.61.

This method of estimation is relatively easy to program on a computer; decomposing by
cylinder events of length 8 instead of the length 2 used in the proof of Proposition E10

and using Mathematica, we find that
0.601992 < H(PY) < 0.602433.
Similarly, using cylinder events of length 15, we obtain that
0.65907716 < H(PY) < 0.65907733 (6.9)

for the function g in [6.4)

Having illustrated our method for estimating entropy in case GM(f)GM(1 — f) > 0,
we may now prove that the bounds it gives do indeed converge to the actual entropy
provided that f is bounded away from 0 and 1. (Although we cannot prove it, the same
probably holds whenever GM(f)GM(1 — f) > 0.) Our method relies on being able to
approximate uniformly P/[ny = 1 | n_1,1_2,...] arbitrarily well on each cylinder event of
the form {n_1 =a_1,...,m—, = a_, }. In other words, our method gives arbitrarily good
approximations to the entropy as long as P/ is one-sided quasi-local, a concept defined as
follows and also sometimes referred to as the uniform martingale property (see Kalikow
(T@d)). We begin with a relevant property from statistical physics. Let Z be the o-field
in Definition BT3. A stationary process v is called quasi-local if v[n(0) = 1 | Z] has a
continuous version, where the product topology is used on 2Z\{0}  When Z is replaced by
the o-field Past(0) in this definition, we add the word “one-sided” to the name. Now Shirai
and Takahashi (2003), in their Theorem 6.2, have shown that on any £?(E), for any positive
contraction @ with spectrum in (0,1), P®[n(ep) = 1 | 7, e # eo] has a continuous version
on 2EMeo} for any ey € E. Since the spectrum of the multiplication operator M on L?(T)
is the essential range of f, the same holds for the corresponding convolution operator Q)
on ¢%(Z) and thus P/ is quasi-local if f is bounded away from 0 and 1. Moreover, the
compression of Q; to £2(—N) then also has spectrum in (0, 1), whence P/ is also one-sided
quasi-local, which proves our claim.

We now return to the problem of showing that H(PY) > (1/2)log?2 for f as in [6.3).



§6. ENTROPY 38

PROPOSITION 6.13. If f := 1 1,9, then H(P¥) > (1/2)log2.

Proof. Let f:: 991191 /9 +.011(12,1). Proposition B4 tells us that d(Pf,P/) < .01, and
hence from Lemma 59, H(P/) > H(PY) — H[.01]. Now H[.01] < 0.0561. Write § := .01
and L :=log(6~! — 1) = log99. A simple integration shows that

FR) =0 CD =10 o irk0

~ {1/2 if k=0,
2km

(where i :=+/—1). To find P we proceed as follows. Let F := (1/2)log f. Then

(1/4)logd(1 —d) if k=0,
k
{ (_Z)k—w_lm if k # 0.

By using and exponentiating, we obtain

@ (z) = [5(1 - ))/* (1 Cipao Ll g pypsy ) |

T 272 673

Since the coefficients of this power series are the Fourier coefficients of pr we have a

procedure to compute the Fourier coefficients P Since f(1 —x) = 1 — f(x), we have

@;{E) =0 7 z). Thus, the kth Fourier coefficient of P 7 equals the complex conjugate
of the kth Fourier coefficient of P Using the method of Proposition 10 with cylinder
events of length 3, which requires knowledge of Fourier coefficients only for |k| < 2, we ob-
tain that H(Pf) > 0.4105. Therefore H(P/) > 0.4105 — 0.0561 = 0.3544 > (1/2)log2. (If
we use cylinder events of length 12, then we obtain the bound H(P/) > 0.4442. However,

we believe that the true entropy is significantly larger still.) |

EXAMPLE 6.14. We can also use these bounds to prove that H(P/) does not depend only

on the distribution of f. For example, consider the function

f(t) := sin?(nt/2)

on [0, 1], which has the same distribution as the function g of [6.4)]. An elementary inte-
gration shows that
1/2 if k=0,

iy - ohi
Gk )k+1)r F7O




§6. ENTROPY 39

(where i := +/—1). To find ¢, we proceed as follows. Write F' := (1/2)log f. The real
parts of the integrals giving ﬁ(k) can be found in standard tables, while the imaginary

parts are derived in Lyons, Paule, and Riese (E002), giving

—log2 it k=0,

F(k) = 1 i 1
=) =+ =5 ifk>0.
4l<:+k:7r;2j—1 =

As in the proof of Proposition I3, we compute

Pp(2) =1/2+ (=1/4+i/m)z + (—1/16 + /67 — 1/7?)2>
—(1/32 — 19i/3607 + 5/67* + 2i/373)2>
4 (—5/256 + 89i /50407 — 27/407? — i /7% 4+ 1/37*")2* + -+ |

whose coefficients are the Fourier coefficients of ¢ ;. Since 1—sin?(nt/2) = sin®(7(1—t)/2),
it follows from the definition that W = ®;_¢(2). Since the power series coefficients
of ®;_y are the Fourier coefficients of ¢1_¢, we obtain that the kth Fourier coefficient of
p1—¢ equals the complex conjugate of the kth Fourier coefficient of ¢ ;. Using the method
of Proposition B0 with cylinder events of length 8, which requires knowledge of Fourier

coefficients only for |k| <7, we obtain that
0.659648 < H(PY) < 0.684021 .

Comparing with [6.9), we see that H(P/) > H(P9Y).

Note that even when neither f nor py can be found explicitly, they can always be
found by numerical integration and exponentiation, and then one can follow the procedure

we have used in this last example. Indeed, that will be done for part of our final example.
EXAMPLE 6.15. As in Example B3, let

sin T
V1 +sin? mz '

Then the edges of the uniform spanning tree measure in the plane that lie on the x-axis

g(x) =

have the law P9. Write g (z) := sin?7z. The calculations in Example [3 show that
Dy, (2) = (1 —2)/2 and P14y, (2) = [V2+1— (V2 —1)2]/2, whence

/— 1—=z
\/<I>1+g1 \/\/’+1 (V2—-1)z
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Expansion of ®4(z) in a Maclaurin series gives

1 z (—14+2v2)22  (5-2v2)2% (27 +282) 24

T+VD2 (VDR 2+ Va2  2(Le Va2 s(Levaps |

which tells us @,. The transfer currents, which can be calculated by the method in Burton
and Pemantle ([I33), tell us g; for example, g(k) for k£ =0,1,2,3,4 is

We use numerical integration to find go/l_\g. Then if we use cylinder events of length 8, we
find that

0.69005 < H(PY) < 0.69013.
It is interesting how close this is to log2 = 0.69315™.

We close our treatment of entropy with some elementary observations. If f, — 1/2
weak® (meaning that we have weak* convergence of the measures having these densities),
must H(P/*) — log2? The answer is “no”, as we now demonstrate. Given any f: T —

[0,1] and any integer n, let My, f denote the function

Myn f(2) = f(na).

Let <77,(cn) ; k € Z) have the distribution PMx»/. Since f(z) = 3, o, F(k)e2™k= in L2(T),
the Fourier expansion of My, f is My, f(x) = ey f(k)ezmkm for n # 0. In particular,

ffi)ﬂ ; k € Z) each have distribution P/ and are

independent of each other as r ranges from 0 to n — 1. Therefore H(PMx»/) = H(PY).
Note that unless f is constant, H(PMx»/) = H(P/) < H[f(())}, even though My, f tends

~

weak™® to the constant function f(0)-1. One can show that a similar phenomenon holds

for any n # 0 and any r, the processes (1

in higher dimensions, that is, if f : T¢ — [0,1] and A : T¢ — T¢ is a group epimorphism,
then H(P/) = H(P/°4).
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§7. Phase Multiplicity.

In this section, we classify exactly the set of functions f for which P/ satisfies a strong
full K property. This property, which we now describe, is an essential strengthening of the
usual Kolmogorov or K property. One of the reasons this property is interesting is that it
is closely connected to the notion of multiplicity for Gibbs states in statistical mechanics;
in particular, it corresponds to uniqueness. In the next section, we classify exactly the set
of functions f for which P/ satisfies a (1-sided) strong K property.

In this section and the next, we always assume that f is not identically 0
nor identically 1.

To begin, we first recall the K property for stationary processes indexed by Z. There
are many equivalent formulations, of which we choose an appropriate one.

For S C Z4, write F(S) for the o-field on 2Z* generated by n(e) for e € S.

DEFINITION 7.1. A translation-invariant probability measure p on 2% is K (or a Kol-
mogorov automorphism) if for any finite cylinder event E and for all € > 0 there exists
an N such that

,u[‘u(E | F((—=00,—=N]NZ)) — w(E)| > e] <e.

It is well known that the above definition of K is equivalent to having a trivial (1-sided)
tail o-algebra in the sense that the o-algebra ), F((—0co, —m]) is trivial (see page 120
of Georgii (TISR) for a version of this). The K p;operty is known to be an isomorphism
invariant and is also known to be equivalent to the property that all nontrivial factors have
strictly positive entropy. The latter implies that a process is K iff its time reversal is K,
something which is not immediate from the definition.

In order to give a complete discussion of the points that we wish to make, we need to
introduce three further properties, which are respectively called the full K property, the
strong full K property, and the (1-sided) strong K property, the last property given only
for d = 1.

While the notion of the K property generalizes to Z¢ (see Conze ([972/79)), there is
a slight strengthening of the definition that has a more aesthetic extension to Z%. To give
this, define BY := [—n,n]¢ N Z%.

DEFINITION 7.2. A translation-invariant probability measure p on 92" is full K if for any
finite cylinder event E and for all € > 0 there exists an N such that

ulln(EB | F((BE)) - n(B)| = | <e.

Analogously to an earlier statement, the full K property is equivalent (see again page
120 of Georgii (II8)) to having a trivial full tail, which means that (1, -, F((BL)e) is
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trivial. It is well known that K does not imply full K even for d = 1 (see, for example,
the bilaterally deterministic Bernoulli shift processes constructed in Ornstein and Weiss
(g73)). However, for Markov random fields, the two notions are equivalent (see den
Hollander and Steif (I992, PO00)). Lyons (POI3H) proved that all (not necessarily Z<-
invariant) determinantal probability measures satisfy the full K property. For Gibbs states
arising in statistical mechanics, this property is equivalent to an “extremality” property
of the Gibbs state (see page 118 of Georgii (IUR) for precisely what this means and this
equivalence).

The following definitions strengthen the K property in an even more essential way.

We begin with the full version, which seems to us more natural.

DEFINITION 7.3. A translation-invariant probability measure p on 2Z% is strong full K

if for any finite cylinder event E and for all € > 0 there exists an N such that

|N(E | ]:((BJ%)C)) — ,U(E)| <€ p-a.e.

For the full K property, “u-most” conditionings far away have little effect on a “local
event”, while in the strong full K case, all conditionings far away have little effect on a
“local event”. This is a substantial difference. An example that illustrates this difference
is the Ising model in Z2. The plus state for the Ising model at high temperatures is strong
full K, while at low temperatures, it is full K (because it is extremal) but not strong full
K.

Finally, if d = 1, we define strong K in the following way (which the reader can
presumably anticipate). One extension of this definition to Z¢ (among various possible)

will be given in Section B.

DEFINITION 7.4. A translation-invariant probability measure p on 2% is strong K if for
any finite cylinder event F and for all € > 0 there exists an NV such that

\u(E | F((—o00, =N]NZ)) — u(E)| < e p-ae.

We note that this definition is closely related to, but weaker than, the -mixing
property (see Bradley ([98@)). The difference is that the event E here is specified in
advance, rather than having a uniformity for all events F, provided only that they depend
on the random variables with positive index. If we extend the notion of strong K in the
obvious way to the case when {0,1} is replaced by a countable set, then the example in
Bradley ([9I8G) of a process that is t¢-mixing, but whose time reversal is not ¢-mixing,
yields an example of a strong K process whose time reversal is not. This cannot occur for

our measures P/ since they are all time reversible.
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The following development has an analogy with the “plus and minus states” in the
Ising model from statistical mechanics; however, such knowledge is not needed by the
reader.

Consider a function f : T¢ — [0, 1] and consider the corresponding probability mea-
sure P/ on 2%°. We shall define a probability measure (P/)* on 2Z* which will be “P/
conditioned on all 1s at oco”; more specifically (but still not precisely), we want to define
(P/)* by

(PHT:= lim P/[-|n=1on (BY)].

n—oo

To make sure this is well defined, we proceed in stages. Let
(PHF), = lim P/[-|n=1on BZJrk\BTdL] .

k— o0
This limit is taken in the weak*-topology. Proposition P23 implies that, when restricted to
B2, this sequence is stochastically decreasing and hence necessarily converges. ((Pf)*),
is therefore well defined. One next defines

(P/)* = lim ((P4)*),..

where again the limit is taken in the weak*-topology. Proposition P8 again implies that
for fixed k, ((P7)*),, restricted to By is stochastically increasing in n for n > k and hence
converges. This implies that its limit (P/)" is well defined and completes the definition of
(P/)*. The stochastic monotonicity results also imply that (Pf)* < P/ and that (Pf)*
is translation invariant.

In exactly the same way (using 0 instead of 1 boundary conditions), one defines (P/)~,
which satisfies P/< (P/)~. Analogy with the ferromagnetic Ising model in statistical

mechanics leads us to the following definition.

DEFINITION 7.5. The probability measure P/ has phase multiplicity if (P/)~ # (P/)*,

and otherwise has phase uniqueness.
LEMMA 7.6. P/ has phase uniqueness if and only if it is strong full K.

The reason this is true is that Proposition 8 implies that the most extreme boundary
conditions are when all 1s or all Os are used and the measures corresponding to any
other boundary conditions are “stochastically trapped” between these two special cases. A
detailed proof follows straightforwardly from the stochastic monotonicity arguments above
and is left to the reader.

We shall now obtain necessary and sufficient conditions for the equality of P/ and
(P/)*. From these, a necessary and sufficient condition for the strong full K property will

easily emerge.
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Let 7 denote the set of trigonometric polynomials on T?. Let L?(1/f) denote the set

{h:’]I‘d—>C; Td@dkd<oo}.

Here we use the convention that 0/0 := 0. Note also that h needs to vanish where f does.

Our main result on phase multiplicity is the following.

THEOREM 7.7. Assume that f : T — [0,1] is measurable. The following are equivalent.
() (Pf)* =P7;
(ii) f is in the closure in L*(1/f) of T N L2(1/f);
(iii) There exists a nonzero trigonometric polynomial T such that @ c LY(TY); i.e.,
TNL21/f)#0.
Moreover, if (PT)T #£ P7, then (Pt = 6.

Proof. We shall first show that (i) and (ii) are equivalent and then that (ii) and (iii) are
equivalent.

(i) implies (ii): Let u, be the element in [B]s achieving the minimum in for
B := (B%)¢. Then

ILIF = 111 = wnl[F + [l -

By (i) and [2.5], we have ||1 — u,||s — ||1]|s as n — oo, or in other words, ||u,||; — 0 as
n — oo. Furthermore, 1 — u,, L [(B%)]; in L?(f), which is the same as (1 — u,,)f being
a trigonometric polynomial 7;, with T; supported in BE. We have that

1 T,
I = Tully = [V =T ana= [1-T

tends to 0 as n — oo, which proves (ii).

2
‘Maz/wwﬁﬁfﬂwﬁ (7.1)

(ii) implies (i): Given € > 0, let T be a trigonometric polynomial with || f —T'||(1/5) <
e. Let n be such that T is supported in B%. Define v := T'/f, which is in L2(f). Then
v L (B in L) and [[1— oy = If = Tllasp < € 50 [Py 1 > 12— &
Combining this with [2:6), we see that (P/)*[n(0) = 1] > P/[(0) = 1] — €. Since this
holds for any ¢ > 0, we obtain that (P/)*[n(0) = 1] > P/[n(0) = 1]. However, since
(P/)* < P/ and both are translation invariant, the two measures are actually equal by
Lemma B3, which proves (i).

(ii) implies (iii): This is immediate.

(iii) implies (ii): Assume there exists a nonzero trigonometric polynomial T €
L?(1/f). Let € > 0. Choose B C T¢ such that

/ (E+2|T|—|—f> <€
B\ [
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and B is an open set containing the zero set of 7' (which is a set of measure 0, as remarked in
the proof of Theorem B2). Let g := T1g+ f1g.. Then g/T € L°(T9) since T is bounded
away from 0 on B¢ and 0 < f < 1. We can now choose trigonometric polynomials p,, on T¢
such that p,, — ¢g/T a.e. on T? with ||p,|lec < ||g/T|leo for all n (just use p, := (g/T) * K2,
where K¢ is, as before, the Fejér kernel for T¢). Since |T|?/f € L'(T%), it follows from the
Lebesgue dominated convergence theorem that

T

lim — | = —Dn
n—roo 'H‘d f T p

2

Hence there exists a trigonometric polynomial A such that

T|? 2
/ ITF ‘T—h‘ <e. (7.2)
Td

Minkowski’s inequality (applied to L2(|T|?/f)) yields

(L) = (L4 (L

The second summand is at most €'/ by [7.2]. The first summand is

(Lg ) </f+2|T|+| |2> o

by choice of B. Hence [, |f— Th|2% dzr < 4e. Since Th is a trigonometric polynomial, (ii)

f g
Th T T

_h‘
rl)

L1
T

is proved.
Finally, assume that (P/)* # P/. Since (iii) fails, [(Bg)c]]% = 0 for all n, which means
by that (P¥)*[n(0) = 1] = 0, or, in other words, (P/)* = dq. i

ExampLE 7.8. If f : T — [0,1] is continuous and has a finite number of Os with f ap-
proaching each of these Os at most polynomially quickly, then (Pf)* = P since it is
easy to construct a trigonometric polynomial 7" with the same Os as f and approaching
0 at least as quickly as f (for example, T could be of the form Hle sin” 27(x — a;)). In
particular, if f is real analytic and not 0, then (P/)* = P/.

EXAMPLE 7.9. If f vanishes on a set of positive measure, then (P¥)* = 4.

ExampLE 7.10. If f : T — [0,1] is a continuous function with a single zero at zy € T
and f(x) = e~ '/I*=%l in some neighborhood of zg, then (Pf)T = §y. Indeed, there is
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no nonzero trigonometric polynomial 7" with |T'|?/f € L'(T) since the rate at which a

trigonometric polynomial approaches 0 is at most polynomially quickly.

EXAMPLE 7.11. We give an example to show that the property (P/)™ = P/ does not de-
pend only on the distribution of f, even among real-analytic functions f. In 2 dimensions,
the function

f(z,y) = sin*(27y — cos 27x)

generates a system for which (P/)* # P/. This is because f vanishes (even to second

order) on a curve

1
y=5_cos 2rx + Z (7.3)

that is not in the zero set of any trigonometric polynomial in two variables except the
zero polynomial. However, f has the same distribution as the trigonometric polynomial
g(z,y) = sin?27ry and (P9)T = PY9. To see that the curve [7.3)] does not lie in the
zero set of any nonzero trigonometric polynomial, suppose that T'(x,y) is a trigonometric

2mix

polynomial that vanishes there. Write w = e and z := e?™¥. By multiplying by
a suitable complex exponential, we may assume that P(w,z) = T(z,y) is an analytic

polynomial. Our assumption is that
h(w) = P(w, ei(w+w71)/2)

satisfies h(w) = 0 for all |w| = 1. Since h is an analytic function for w # 0, it follows
that h(w) = 0 for all w # 0. Now for each z # 0, there are an infinity of w such that
ei(wtw™)/2 — ; Therefore for each z # 0, there are an infinity of w such that P(w, z) = 0.
Since a polynomial has only a finite number of zeroes if it is not identically zero, this means
that for each z # 0, P(w, z) = 0 for all w € C. Hence P = 0, as desired.

ExaMPLE 7.12. For d = 2, if f is real analytic on a neighborhood of its zero set, then
(P/)* = P/ iff its zero set is contained in a (nontrivial) algebraic variety, where we view
T? as {(z1, 22) € C?; |21| = |22| = 1}. This is because the slowest f can vanish at a point
is of order x% +y? (since the constant and linear terms of f must vanish) and 1/(z%+y?) is
not integrable. Therefore, all the zeroes of f must be cancelled by those of T'. Conversely,
if the zero set of f is contained in the zero set of a trigonometric polynomial 7', then
by Lowasiewicz’s inequality (see, e.g., Bierstone and Milman (II8R), Theorem 6.4), for a

sufficiently large n, we have |T'|"/f is bounded, whence integrable.

EXAMPLE 7.13. Here, we give a 1-dimensional example showing that the property (P/)* =

P/ does not depend only on the distribution of f, even among continuous f. Let f(z) :=
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Vz|sin(r/x)| on [0,1]. Then (P/)* # P/ since there are an infinite number of first-order
zeroes. However, let g be the increasing rearrangement of f on [0, 1] and define
[ g(2x) if x <1/2,
M) = {9(2 —2z) ifx>1/2.
Then h is continuous and has the same distribution as f, yet (P")* = P" by Example 3

together with an easy computation. Of course, there is no such example for real-analytic

f in one dimension by Example [[R.

We finally state and prove our necessary and sufficient condition for the strong full K
property.

COROLLARY 7.14. Consider f : T¢ — [0,1] and the corresponding probability measure P .

Then P71 is strong full K if and only if there is a nonzero trigonometric polynomial T such

that 741+ € L}(T%).

Proof. According to Theorem 72, (P7)* = P/ iff there exists a nonzero trigonometric

polynomial 7% such that @ € L'(T?%). The same argument applied to 1 — f tells us

|T2|2 c
-7
LY(T94). Lemma [Z8 now completes the proof. (Take T := T1T5.) |

that (P/)~ = P/ iff there exists a nonzero trigonometric polynomial T, such that

REMARK 7.15. Observe that by trivial scaling, we could have an f whose Fourier coeffi-
cients go to zero slowly but which is bounded away from 0 and 1. Hence slow decay of
Fourier coefficients does not imply phase multiplicity. On the other hand, if the coefficients
decay exponentially, then ), f(n)z” is complex-analytic in an annulus around the unit
circle, which implies that its restriction to the unit circle is real-analytic and hence there

is phase uniqueness.

REMARK 7.16. We mention that if (P/)* = P/, then this measure is Fglner independent
in the sense of Adams (IIIA) and if in addition (P/)~ = P/, then this measure is even
strong Fglner independent in the sense that any conditioning outside a box yields a measure
which is d close to the unconditioned process. The arguments for proving these facts are
analogous to those of Ornstein and Weiss (TI73) (see Adams (ICI9R) for a published version),
where it is proved that the plus state for the Ising model is a Bernoulli shift. (The concept
of Fglner independence has been used also in den Hollander and Steif (IT4) and Hoffman
(Tm).)

We close this section with an interpretation of our phase multiplicity results in terms
of interpolation questions for wide-sense stationary processes. The following comments

can be proved from Theorem EZ8 together with the well-known correspondence between
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interpolation and Szeg infima. First, (Pf)* = g is equivalent to being able to interpolate
perfectly from information far away for a wide-sense stationary process (Y;,) with spectral
density f, which means that for every n, Yj is in the closed linear subspace spanned by
{Yi}k>n- For d = 1, it is stated on p. 102 of Rozanov ([¥EQ) that this latter condition
is equivalent to the negation of condition (iii) in Theorem 4. A similar statement holds
for (P/)~ with f replaced by 1 — f. The proof of Theorem 2 implies (via this whole
correspondence) that, for spectral measures that are absolutely continuous with a bounded
nonnegative density, if perfect linear interpolation fails, then our ability to interpolate as n
gets large goes to 0; i.e., the length of the projection of Y, onto the closed linear subspace

spanned by {Y%}x|>n goes to 0 as n — oo.

§8. 1-Sided Phase Multiplicity.

We first study the notion of strong K for d = 1. This is natural since the struc-
ture of “one-sided” behavior can be very different from “two-sided” behavior in various
situations; for example, the existence of bilaterally deterministic Bernoulli shift processes
demonstrates this. In contrast with Example I3, we shall see that whether P/ is strong
K depends only on the distribution of f.

Consider a function f : T — [0,1] and the corresponding probability measure P/ on
22, We define a probability measure (P/)™! on 2% thought of as “P/ conditioned on all

1s at —oc0” (the superscript “1” refers to the fact that we are doing this on 1 side); namely,

(PHtt:= lim lim P/[-|p=1on[-n—k —n|NZ].

n—00 k—o00

The existence of the limit and its translation invariance follow from stochastic monotonic-
ity, as did that of (P/)*. As before, we also have (P/)*! < P/. In the analogous
way (using 0 instead of 1 boundary conditions), one defines (P/)~'!, which then satisfies
P/ (P/)~—L.

DEFINITION 8.1. The probability measure P/ has 1-sided phase multiplicity if (P/) ™! #

(P/)*1 and otherwise has 1-sided phase uniqueness.

Note the following analogue (whose proof is left to the reader) of Lemma [ for the

1-sided case.
LEMMA 8.2. Pf has 1-sided phase uniqueness if and only if it is strong K.

Our main result for 1-sided phase multiplicity is the following.
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THEOREM 8.3. If f : T — [0,1], then (P¥)*! = P/ iff GM(f) > 0. Moreover, if (P¥)*1 #
P/, then (PF)*1 = 4.

Proof. By Theorem EI2, we have

n—1
lim P/ [n(0) =1[n_pn=n_p1=-=nnup=1=> [5;0).
=0

k— o0

(In fact, via Theorem PR, this special case of Theorem BI2 is due to Kolmogorov and
Wiener; see Grenander and Szegé (CIR), Section 10.9.) Taking n — oo, we find that

(P [0(0) =1] = 112715 = llesll3 -

If GM(f) > 0, then we obtain

()™ [n(0) = 1] = [If]lx = F(0) = P'[n(0) =1].

Since (P/)*1 < P/ and both probability measures are Z-invariant, it follows by Lemma B3
that (P/)*! = P/. On the other hand, if GM(f) = 0, then

(PH)* [n(0) =1] =0,

so (PF)T1 = §g. i

Our necessary and sufficient condition for the strong K property now follows imme-

diately.

COROLLARY 8.4. For f : T — [0, 1], the corresponding probability measure P7 is strong K
if and only if GM(f)GM(1 — f) > 0.

We now construct a process P/ that is strong K but not strong full K.

THEOREM 8.5. There exists an f : T — [0,1] such that P’ is strong K but not strong full
K.

Proof. Choose f such that f is continuous, bounded away from 1, vanishes at a single point
xo, and such that f(z) = e~/ (lz=20)"* ip some neighborhood of xy. Since a trigonometric
polynomial vanishes at its zeroes at most polynomially quickly, there cannot exist a nonzero
trigonometric polynomial 7" such that |T|?/f € L'(T). Hence by Corollary 14, P/ is not
strong full K. On the other hand, it is clear that GM(f)GM(1— f) > 0, so by Corollary B4,
we know that P is strong K. |
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REMARK 8.6. By combining Theorems B3 and B3, we see that P/ = P9 implies (P/) 1! =
(P9)*1. However, it is not necessarily the case that (P/)* = (P9)*. For example, let
g = 1/2 and f be a function as described in the last result, but which has a geometric
mean larger than 1/2 (recall Theorem E23). This example also shows that if P9< P/, there
do not necessarily exist ¢ < f’ such that P9 = P9 and P/'= P/. To see this, let f and
g be as above. Then P9 = P9 easily implies that ¢’ = 1/2, which in turn (using ¢’ < f')
implies that (Pf)* = P/". Since (P/)* # P/, this contradicts the fact that P/= P/’

It may be of interest to see another proof (which we only sketch) of Theorem that
does not depend on the asymptotics of Theorem B2, but rather follows the lines of the
proof of Theorem [Zd. The appropriate replacement of the trigonometric polynomials for

this question is the set
A:={h € L*(T); there exists ¢ such that ﬁ(k) =0 for k < /}.

Note that when /¢ is taken to be 0, we get the Hardy space of analytic functions, denoted
H?(T).

THEOREM 8.7. Assume that f : T — [0,1] and let A be as defined as above. The following
are equivalent.
() (P/)+! = P/,
(ii) f is in the closure in L*(1/f) of AN L2(1/f);
(iii) There exists a nonzero element T' € A such that # e LY(T); i.e., ANL?*(1/f) # 0;
(iv) GM(f) > 0.
Moreover, if (PF)T1 £ PF then (PH)T! = &.

Proof. (i) iff (ii) and (ii) implies (iii): These are proved exactly as in Theorem .
(iii) implies (ii): Fix a nonzero T' € A with @ € LY(T). Given any ¢, there exists

0 > 0 such that if B is any subset of T with measure less than ¢, then

2
/ (’T—+2|T|+f) <eE.
B\ [

Since T vanishes only on a set of measure 0 (see Rudin ([987), Theorem 17.18, p. 345),
there is a v > 0 such that {z € T; |T(z)| < v} has measure less than §. If we take B to
be this latter set, then we can proceed exactly as in Theorem [Z1 since now T is bounded
away from 0 on B€.

(iii) implies (iv): Any function in A is a complex exponential times a function in the
Hardy space H?(T). Hence there is a nonzero function T € H?(T) with |T|*/f € L1(T).
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Now GM(|T|) > 0 (see Rudin ([¥XA), Theorem 17.17, p. 344). Letting g := |T|?/f, we
have that g € L*(T) and hence GM(g) < [ g < oco. Therefore GM(f) = GM(|T|*/g) =
GM(|T])?/GM(g) > 0, as desired.

(iv) implies (iii): If GM(f) > 0, then take T" := ¢y, defined in Section B. For this
T, we have |T|?/f = 1, which is trivially integrable.

The final statement is proved as in Theorem 2. |

We now extend Theorem BZ3 and Corollary B4 to higher dimensions. Fix a choice of
ordering of Z% given by a set II and a sequence (k,) € Z? such that the distance from 0
to —(II + ky,) goes to oo.

DEFINITION 8.8. A translation-invariant probability measure p on 2Z° has phase unique-
ness relative to the ordering induced by II and the sequence (k,,) as above if for

any finite cylinder event E and for all € > 0 there exists an N such that for all n > N
(B | F(—(IT+ky,))) — u(BE)| <e pae.

It is easy to check using Proposition 8 that this definition does not depend on the
choice of the sequence (k,). However, it turns out that the choice of ordering, II, of Z?
can make a difference. In particular, if the ordering is archimedean (meaning that for any
two positive elements a and b, there exists an integer n such that na > b), such as when
the ordering is induced by IT := {k € Z¢; k- > 0}, where x € R is a fixed vector having
two coordinates with an irrational ratio,” then we have a complete characterization of
1-sided phase multiplicity in terms of the geometric mean. For the standard lexicographic
ordering, however, 1-sided phase multiplicity cannot be characterized by the geometric
mean alone, as shown by the example f := 1jg1)x[0,1/2] in two dimensions. Here, both
f and 1 — f have 0 geometric mean, but the columns of a configuration are independent
under P/, so that conditioning on the remote past has no effect on the present. On the
other hand, positivity of the geometric means will still suffice for phase uniqueness relative
to the ordering induced by II, as we now prove. Analogously to the one-dimensional case,

we let, for our given ordering II,
(PHT! = lim Pf[~ In=1on — (I+k,)].
n—oo

By Proposition 28, this limit exists and is independent of (k,). As before, (P/)~! is
defined analogously using boundary conditions of Os, one-sided phase multiplicity is defined
by (P/)=1 # (P/)*!, and the property in Definition is equivalent to one-sided phase

uniqueness.

* In fact, all archimedean orders arise in this way; see Teh (IIB1), Zaiceva ([UIA3), or Trevisan ([CIR3).
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THEOREM 8.9. Let f : T — [0,1]. If GM(f) > 0, then (P/)*! = P/. If GM(f) =
0 and the ordering is archimedean, then (P/)t' = 6q. In particular, if the ordering

is archimedean, then P/ has phase uniqueness (relative to this ordering) if and only if
GM(f)GM(1 — f) > 0.

We begin with the background results on which we rely for the proof. For an ordering

induced by II, define the corresponding Helson-Lowdenslager space
HL2 = HL2(T9, 11) == {f € L*(T%); supp f C ITU {0}} .

For 0 < f € LY(\), let [[1U{0}] be the linear span of {ey; k € IU{0}} and [IIU{0}]; be
its closure in L?(f). The replacement for outer functions is the class of spectral factors,

which are the functions ¢ € HL? with the additional properties
»(0) >0 (8.1)

and
1/Q0 S [H U {0}]|¢|2 . (82)

Helson and Lowdenslager (IUa8) show that for any II and for any 0 < f € L*(T9), the
condition GM(f) > 0 is equivalent to the existence of a spectral factor s such that
lps|? = f a.e. [More precisely, they prove GM(f) > 0 iff 3p € HL® satisfying |¢|> = f a.e.
and [8.I]. Their proof shows that in this case, ¢ can be chosen so that also holds.]
Furthermore, Lyons (2003d) shows that ¢y is then unique.

Denote by v; the measure on 2'"Y{0} given by P/[ - | n[(—II) = 1]. This is, as usual,
defined by conditioning on more and more 1s in —II and using Proposition Z8. The results
of Lyons (PO03d) imply the following.

THEOREM 8.10. Fiz an ordering induced by a set I1. Let f : T¢ — [0,1] be measurable. If
GM(f) > 0, define w5 to be its spectral factor (with respect to I1). Otherwise, define ¢ =
0. If GM(f) > 0 or the ordering of Z% given by 1 is archimedean, then the measure vy
1 equal to the determinantal probability measure corresponding to the positive contraction
on 2(ITU {0}) whose (j, k)-matriz entry is
> w0k —1).
leniu{0}, 1<,k

Proof of Theorem BA. Suppose first that GM(f) > 0 or the ordering given by II is

archimedean. By Theorem B0, we have

P/[n(0) = 1| nl—+k,) =1] = Pl n(k,) = 1 [ n(-1) = 1] = > @ik —DP .
1ETIU{0}, I<kn
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Taking n — oo, we find that

(P2 [n(0) =1] = 15715 = lleesl3

If GM(f) > 0, then we obtain

()1 [(0) = 1] = |I£l: = F(0) = P/ [n(0) = 1].

Since (Pf)*! < P/ and both probability measures are ZZ-invariant, it follows that
(P/)+! = P/. However, if GM(f) = 0 and the ordering is archimedean, then

(P *n(0)=1] =0,

so (P/)T1 = §g. The last statement of the theorem follows as before. |

Analogously to Section @, our one-sided phase multiplicity results for d = 1 can be
translated to known results for prediction (rather than interpolation) questions for wide-

sense stationary processes. We leave these observations to the reader.

§9. Open Questions.

QUESTION 9.1. Calculate H(P/).
We conjecture that entropy is concave:
CONJECTURE 9.2. For any f and g, we have H(P(f+g)/2) > (H(Pf) + H(Pg))/Z.

QUESTION 9.3. Letting A vary over all sets of measure 1/2, how do we get the largest and
the smallest entropies for P14? More generally, given f, which g with the same distribution

as f maximize or minimize H(PY)?

QUESTION 9.4. If d = 1 and GM(f)GM(1— f) > 0, do we get arbitrarily close lower bounds
(in principle) on H(P7) by the method in Section B? How can one get close lower bounds

on the entropy for higher-dimensional processes?

QUESTION 9.5. Suppose f : T — [0, 1] is a trigonometric polynomial of degree m. Then
P/ is m-dependent, as are all (m + 1)-block factors of independent processes (as defined
by Hedlund ([9EY)). Is it the case that P/ is an (m + 1)-block factor of an i.i.d. process?
Broman (ZO03) has shown this when m = 1. If one could find such block factors suffi-

ciently explicitly for trigonometric polynomials, then one could find explicit factors of i.i.d.
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processes that give any process P¥. This would enable one to use more standard proba-
bilistic techniques to study P/. More generally, in higher dimensions, if f : T¢ — [0,1] is

a trigonometric polynomial, is P/ a block factor?

QUESTION 9.6. Given an ordering IT on Z? and an increasing sequence of finite sets II,, C II

whose union is all of II, when is there phase multiplicity in the sense that

lim P/[n(0) = 1| n[(I1\11,) =1] # lim P[p(0) =1 |n[(I1\1L,) = 0]?

n—oo

This clearly does not depend on the choice of 1I,,. In one dimension, this is the same as

1-sided phase multiplicity, where we know the answer.

QUESTION 9.7. Suppose that d = 1. Note that translation and flip of f yield the same

measure Pf. Does P/ determine f up to translation and flip?

We now ask about some properties that are important for models in statistical physics.
Let Z be as in Definition BT3. A stationary process v is called almost surely quasi-local
if v[n(0) = 1 | Z] has an almost surely continuous version, where the product topology is

used on 2Z°\{0}

QUESTION 9.8. For which f is P¥ quasi-local or almost surely quasi-local? As we remarked
in Section B, Theorem 6.2 of Shirai and Takahashi (ZII3) implies that P/ is both quasi-
local and one-sided quasi-local if f is bounded away from 0 and 1. When is P/ (a.s.)
one-sided quasi-local? When there is phase multiplicity, then P7 is as far as possible from

this since then each version of P/[5(0) = 1 | Past(0)] is nowhere continuous.

We say that a stationary process v on 22” is insertion tolerant if vin(0)=11]Z]>0

v-a.s. Similarly, v is deletion tolerant if v[n(0) =0 | Z] > 0 v-a.s.

CONJECTURE 9.9. Every Pf is insertion and deletion tolerant, other than the trivial cases
f=0and f =1.

Theorem B8 implies a positive solution to Conjecture 9 when 1/[f(1 — f)] is inte-
grable. Indeed, we see by Theorem B8 that this is the exact criterion for uniform insertion

tolerance and uniform deletion tolerance.
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matrix inversion was accomplished using the formulas of Kenyon (CIIQ). The resulting
tiling gives dual spanning trees by the bijection of Temperley (see Kenyon, Propp, and
Wilson (E000)). One of the trees is Figure B.
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