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Let T¢ be the d-dimensional torus R?/Z% and A\q be unit Lebesgue measure on T¢. For

integrable f on Td, define its Fourier coefficients

Vi € 72 T(k) = 5 Fz)e T drg(x) .

Suppose that f : T — [0,1]. Define a Z%invariant probability measure P/ on the
Borel sets of {0, 1}Zd by defining the probabilities of the cylinder sets

P/ [n(er) =1,...,n(en) = 1] == det [f(ej — ei))1<ijen

for all eq,...,e, € Z% If d = 1, this is a minor of the Toeplitz matrix

=1 Joy  jay -
[(=2) J(=1) JO) f(1) -
o f(=2) f(=1) f(0) f()




ExAMPLE: P/ [n(e) =1] = F(0) = Jra fdXg. All PJ are ergodic, so the density of 1s
is a.s. the average of f. How much of f can we recover from a sample of P/ — or,

equivalently, from P/ itself?

If n(e) are independent, then there is no more information than /]P(O) Fortunately, f

is then constant and conversely:
EXAMPLE: If f = p, then P/ is Bernoulli(p) measure and conversely.

ExAaMPLE: The covariance of 7(0) and 7(e) is

— I(O) ze) —F(0)2 = —|F(e)?
=1 72e) Fo) (0) £ (e)]

Thus, we can recover \ﬂ from P/. Can we recover f up to rotation and flips in the

variables? How are properties of f reflected in properties of P/?



ExXAMPLE: If d =1 and

627rza: o _6—27rwc :

N | —
] =

f(z) :=sin* 1z =
then P/ is 1-dependent. In particular, the restriction to 2Z is Bernoulli(1/2).
EXAMPLE: If d =1 and f := 19 /9], then

~ 1/2 if n =0,
fln)=<0 if n # 0 is even,
1/(mwin) if n is odd.

Again the restriction to 27Z is Bernoulli(1/2). P/ is the zig-zag process of Johansson
(2000) derived from uniform domino tilings in the plane (Burton-Pemantle 1993). The

process shows the dominos that go up or to the right from the diagonal.



(D.B. Wilson)



EXAMPLE: f(x,y) := sin® mz/(sin® 7z + sin® 7y).

These are the horizontal edges of a uniform spanning tree in the square lattice (Pemantle
1991).
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EXAMPLE: d = 1 and [ := 1[g,1/3] corresponds to a slice of the dimer model on the
honeycomb lattice (Kenyon 1997).




EXAMPLE: Let 0 < a < 1and d = 1. If f(z) := (1 — a)?/|e*™® — a|?, then P/ is a
renewal process (Soshnikov 2000). The number of Os between successive 1s has the same
distribution as the number of tails until 2 heads appear for a coin that has probability
a of coming up tails. Here,

~ l1—a

f(k) = T aa“"' .

EXAMPLE: If d =1 and f is the reciprocal of a trigonometric polynomial of degree n,

then P/ is a regenerative process, regenerating after n successive 1s appear.

EXAMPLE: If d = 1 and g(z) = f(2x), then P9[2Z looks like P/ (on Z), as does
P9[(2Z + 1). These two restrictions are independent of each other since g(2k +1) =0
for all k£ € Z.



Why are these processes interesting?
Relations with the theory of Toeplitz determinants.
Connections to certain combinatorial models.
Parameter space is infinite dimensional and rich.
Unusual property of negative association.
All are Bernoulli, i.e., isomorphic to i.i.d. processes.

Interesting phase diagram in all dimensions.



An event A is called increasing if whenever A € A and e € Z%, we have also AU {e} €
A. From a general study of determinantal probability measures by L., we deduce the

following for our processes:

e If n has the distribution P/, then 1 — 7 has the distribution P*~/. I.e., n ~ Pf «—
1—n~P17,

o If f < g, then P/ < PY, i, for all increasing events A, we have P/[A] < PY[A].
Alternatively, 3,7, on a common probability space with 7, ~ P/, ng ~ P9, and
ns(e) < ngye) for all e € Z%,

o If A is a finite subset of Z¢ and 7y € 24, then P := P/[« | n] A = 9] has negative
associations, i.e., if A; and A; are increasing events that depend on disjoint subsets
of Z¢, then

P[A; N As] < PlA|P[A,].

Le., if A is any increasing event, then P[ e« | A] < P off the “support” of A.



ExampLE: If p < f < g, then
Bernoulli(p) < P/ < Bernoulli(q).

This means that there are random fields 7,, 7,7, on a common probability space with

np ~ Bernoulli(p), n, ~ Bernoulli(¢), and n ~ P/ that satisfy
Ve Z¢  my(e) < nle) <ngle) as.

Can we improve this? Let 1, be Bernoulli(p) and

GM(f) := exp/ log fd\g .

Td

THEOREM (L. & STEIF). For any f: T% — [0,1], we have

pp < PT = p <GM(/)
P/ 5, < ¢>1-GM(1—f).



THEOREM (L. & STEIF). For any f: T% — [0,1], we have

pp < PT = p <GM(/)
P/ <y <= ¢>1-GM1 - f).

Proof. We do d := 1. Let r,, be the probability of having n consecutive 1’s. By Szego’s

limit theorem,
Fat1/Tn L GM(f) = lim r}/™.

n—oo

Because of negative associations, for any fixed n and any a1, ...,a, € {0, 1},
P/ln,=1|n =a;,i=1,...,n]

is minimized when all the a;’s are 1. In this case, the value is 7,11 /r,. Since this is at
least GM(f), we deduce that pu, < P/ for p < GM(f).

Conversely, if P/ = p,,, then certainly r,, > p" for all n. Hence GM(f) > p. |



EXAMPLE: Let f(x,y) := sin®?7x/(sin® 7z + sin® my), so that P/ is the law of the

horizontal edges of a uniform spanning tree in the square lattice Z2. Then GM(f) =

e—4G/™ where

G:iﬂ = 0.9160~
' — (2k + 1) ’

is Catalan’s constant. Therefore p, < P/ < p1—p for p:= e—4G/m™ = 0.3115".



What is the entropy of P/?
Conjecture: Entropy is a concave functional of f.

ExAMpLE: If p := f(O) is fixed, then the maximum entropy among such P/ is when
f = p, in which case the entropy is —plogp — (1 —p)log(1 —p). Which f give minimum
entropy? Conjecture: some 1 4.

ExAMPLE: Consider all f := 14 with p := |A]| fixed. Which A give the largest and
smallest entropies?



Phase Multiplicity

For the ferromagnetic Ising model, it suffices to consider the plus and minus states
in order to determine whether there is a phase transition. Likewise, it suffices for

determinantal processes to consider analogous conditionings.
Let BE := [-n,n]¢ N Z%.

For f : T — [0,1], we define a probability measure (Pf)* on 2Z% that will be “Pf
conditioned on all 1’s at co”. We want to define (P/)* by

(P = lim P/[«|n=1o0n (B)].

n—aoo

We proceed in stages. Assume throughout that f # 0 and f # 1.



Let
(Pf);t ‘= lim Pf[- |n=1on Bngk\Bg} .

k—o0

Negative associations implies that, when restricted to B¢

n’

the sequence on the right
is stochastically decreasing and hence necessarily converges. Therefore (P/)t is well
defined. Next let

PHT = lim (P))}.

n—aoo

For fixed 7, (P)} restricted to BY

iy ¢, is, for n > r, stochastically increasing in 7 and

hence converges. This implies that its limit (P/)* is well defined and completes the

definition of (P/)*. The stochastic monotonicity results also imply that
PHT <P/,
Using 0 instead of 1 boundary conditions, one defines (P/)~, which satisfies

P/ < (P~



The probability measure P/ has phase multiplicity if (PY)~ # (P/)*. (The most
extreme boundary conditions are when all 1’s or all 0’s are used and the measures
corresponding to any other limiting boundary conditions are “stochastically trapped”

between these two special cases.)

THEOREM (L. & STEIF). P/ has phase uniqueness if and only if there is a nonzero
trigonometric polynomaial " such that

s

1 d
fa—p <)

This follows from
THEOREM (L. & STEIF). (P/)* = P/ iff there exists a nonzero trigonometric poly-

@ e LY(T?).

nomaal T such that

Moreover, if (P))t #£ P/, then (P/)* = 4.



One-Dimensional Examples: |T|2/f € L*(T%)?

ExampLE: If f: T — [0,1] is continuous and has a finite number of 0’s with f ap-
proaching each of these 0’s at most polynomially quickly, then (P/)* = P/, If the 0’s
are x; and have order at most n, then take 7" := Hle sin” 27 (x — x;).

ExAMPLE: Suppose f : T — [0,1] is continuous, vanishes at a single point z(, and
equals e~ /1=l in a neighborhood of zy. Since the rate at which a trigonometric

polynomial approaches 0 is at most polynomially quickly, there is no nonzero trigono-
metric polynomial 7" with |7'|2/f € L*(T). Hence (P¥)* = 6.

EXAMPLE: Let f(z) := /z|sin(r/x)| on [0,1]. Then (P/)* # P/ since there are an
infinite number of first-order zeroes. But if g is the increasing rearrangement of f on
0,1], then (P9)" = P9.



Two-Dimensional Examples: |T|2/f € L'(T%)?
ExAaMPLE: In 2 dimensions, the function
f(z,y) := sin?(2ry — cos 27x)

generates a process for which (P/)* # P/. This is because f vanishes to 2nd order on
a curve

27y = cos 2w

that is not in the zero set of any trigonometric polynomial in two variables. However,
f has the same distribution as g(z,y) := sin® 27y and (P9)* = P9,

EXAMPLE: Suppose f : T? — [0,1] is real analytic on a neighborhood of its zero set.
Then (P/)* = P/ iff f~1(0) is contained in a (nontrivial) algebraic variety, where we
view T? as {(z1, 22) € C?; |z1| = |22| = 1}. This is because the slowest f can vanish
at a point is of order 2% + y? and 1/(z? + y?) is not integrable. So all the zeroes of f
must be cancelled by those of T



The key to analysis is the following representation of conditional probabilities. For any

set B C Z%, write [B]; for the closure in L?(f) of the linear span of the complex

exponentials {e,; k € B}, where e;(z) := €>™"*. Let (s, +); denote the inner

product in L2(f). Then
P/ [5(0) = 1| nIB =1| = | P, 103,

where P[LB]f denotes orthogonal projection onto the orthocomplement of [B];

in L2(f).
Proof. Assume B is finite. Note that ?(k —Jj) = (e, ex) s, so that

P/[nIB = 1] = det[(e;, ex)f]jkeB

and similarly for P/[[(BU{0}) = 1]. Thus, the conditional probability is the quotient
of the squares of the volumes of two parallelepipeds, so equal to the square of the length

of the altitude on the base. This gives the equation. |



We use this to prove that if (P/)* # §p, then there exists a nonzero trigonometric

polynomial 7" such that

g e LY(T%).

If (PF)* # §g, then for large n,
P/[n(0)=1|nB=1]>0,
where B := (B%)¢. Thus, u := P[LB]fl # 0. Now u € L?(f) and for all k € B, we have
0= (u, o)y = wf(h).

That is, 7" := uf is a nonzero trigonometric polynomial with T supported in B¢ = BY,

) s Ju= | 1= 5 -




Now consider 1-sided phase multiplicity. As before, we want to define (P/)*:! on 2%,
which will be “P/ conditioned on all 1’s at —oc0” (the superscript “1” refers to the fact
that we are doing this on 1 side). We define (P/)*! by

PHT! .= lim lim Pf[ eln=1lon[—n—k —n]].

n—oo k—o0

We say the probability measure P/ has 1-sided phase multiplicity if
(P>t # (@t

TueoreM (L. & STEIF). For f : T — [0,1], the measure P/ has I-sided phase

uniqueness if and only if GM(f)GM(1 — f) > 0. In particular, this depends only on the
distribution of f.



EXAMPLE: Suppose f is continuous, bounded away from 1, vanishes at a single point

xo, and equals
6—1/|a:—3130|1/2

in a neighborhood of xy. Since a trigonometric polynomial vanishes at its zeroes at
most polynomially quickly, there cannot exist a trigonometric polynomial 7" such that
T2/ f € L*(T). Hence P/ has phase multiplicity. On the other hand,

GM(f)GM(1 — f) >0,

so P/ has 1-sided phase uniqueness.



To prove the theorem, we need some background. If GM(f) > 0, define the analytic

function

1 627Tit +Z

for |z| < 1. The outer function

or(t) == liﬁl be(re%it)

exists for A\i-a.e. t € T and satisfies

s> = f A1-a.e.
If GM(f) = 0, then define ¢ := 0.

Using a formula of Kolmogorov and Wiener for prediction of stationary processes, we

get

THEOREM. For any measurable f : T — [0,1],

P/ [1(0) =1 [ ni(~se.—n] =1] = 3" [FF()I.
j=0



Taking n — oo, we find that
(P Hn(0) = 1] = 273 = llesll3-
If GM(f) > 0, then we get
(B [n(0) = 1] = |I £l = F(0) = P/ [5(0) = 1] .
Since (P/)*! < P/ it follows that (P/)*! = P/. However, if GM(f) = 0, then
(PH)"Hn(0) =1] =0,
so (P/)T1 = 6.
REMARK. The above asymptotics for n = 1 give

kgg;rhu/rk::;gg;PfPK0)==1In_lzzn_2==~-=:n_k=zﬂ
= 27(0)]* = |@£(0)]* = GM(f).

This is the Szeg6 limit theorem we used earlier.



But why does the formula define a probability measure?

Proof of Shirai-Takahashi: The Toeplitz matrix 7' is the matrix of the multiplication
operator My : g — f-g on L2(T%). This is a positive contraction. For A C Z¢,
write Py : £2(Z%) — ¢%(A) for the orthogonal projection and (T';) 4 := P4Ty P4 for the
compression of T to ¢2(A). Claim: Given any finite A C Z? partitioned as Ay U A,
then

A (?7_1(0) NA= AO) = det (PAO (IA — (Tf)A) + PAl (Tf)A)

defines a consistent family of probability measures that are the restrictions of P/ to A.

This follows from

LEMMA. If E is finite and S and T are E by E matrices, then

det(S+1T) = Z det (PaS + Pp\aT) .
ACE

If also S and T are nonnegative definite and commute, then each of these terms is > 0.



LEMMA. If E is finite and S and T are E by E matrices, then

det(S+T) = )  det (PsS + Pp\uT) .
ACE

If also S and T are nonnegative definite and commute, then each of these terms is > 0.

Proof. If S and T are positive definite and commute, then ST~! = T-1/25T-1/2 is

also positive definite, so

det (P4S + Pp\uT) = det T'det (P4ST ™" + Py )
= det T'det (ST_l)A > 0. |



