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7(G) := number of spanning trees of G
Kirchhoff (1847): electrical networks

Example: Let a and z be two vertices of G. The effective resistance between a and z is

7(G/{a, 2})
(@)

Temperley’s bijection with dominos/dimers/matchings:
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Number 7 of spanning trees in n X n portion of square lattice:

n 7(square)

1 1
2 4
3 192
4 100352
5 557568000
6 32565539635200
7 19872369301840986111

n 7(torus)

1 1
2 32
3 11664
4 42467328
5 1562500000000
6 587312954081280000
7

2266101334892340404752383
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What is the growth rate? There are a certain number of choices at each vertex; in
fact, pick a root and then there is precisely one edge leading toward the root from each
vertex. So the natural asymptotic is lim,, o [V(G,)| "} log 7(G,) when |V(G,)| — oo

“within some family”.

In each of the above two cases, squares and tori, it is well known (because of dimers)
that this limit exists and both limits are the same, viz., 4G /7 ~ 1.16624, where

G=) (-1)*/(2k+1)* = 0.9160"
k=0

is Catalan’s constant and
o, @]

m/d=> (-1)F/(2k+1).

k=0
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G(100,2/100)

giant component



The usual Erdés-Rényi model of random graphs, G(n, p), is a graph on n vertices, each
pair of which is connected by an edge with probability p, independently of other edges.

This is a classic model that is studied in detail.

Fix ¢ > 1. With probability approaching 1 as n — oo, there is a unique connected
component, called the giant component, of G(n,c/n), that has Q(n) vertices. If
we fix a root vertex o, then the component of 0o has a limit of its neighborhood laws
as n — oo under G(n,c/n), which is PGW(c¢), where PGW(c¢) is the law of a rooted
Galton-Watson tree with Poisson(c) offspring distribution. This means the root has a
Poisson(c) number of offspring; each of the offspring, should there be any, independently
also have a Poisson(c¢) number of offspring; etc. We draw an edge between a vertex and

each of its offspring.

If we condition o to be in the giant component, then the component of 0o has a weak
limit PGW™(¢), which is PGW(¢) conditioned on nonextinction.
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A theorem of Lyons (2005) shows that for any graphs G,,, the existence of a weak limit

in an appropriate sense implies the existence of

. log7(Gp)
hm —_—
n—oo |V(G,)|

If the weak limit of G,, is a probability measure p on rooted graphs (G, o), then the

above asymptotic equals the “tree entropy” of p,

1
E, | log degg (o) = Y 1pu(0:G)]

k>1

where pi(0; G) is the probability that simple random walk on G started at o is again
at o after k steps.

Let f(c) be the tree entropy of PGW™(¢). Intuitively f(c) increases for large ¢ and for

small c. Is it increasing for all ¢? Is PGW™(¢) increasing in ¢?



If X and Y are real-valued random variables, we say that X is stochastically dom-
inated by Y if there are copies X’ and Y’ such that X’ < Y’ a.s. We then write
X<xY.

For example, Pois(c) < Pois(c) for ¢ < ¢’. One way to couple them is

Pois(c¢) & Pois(¢’ — ¢) = Pois(c') .

There is a similar notion for random rooted trees, with 77 < T5 meaning 77 C 15 and
they have the same root. Thus, PGW(c) < PGW(¢') for ¢ < ¢'.



What’s the distribution of a PGW(c) tree given to have k vertices in total? If the
numbers of children of the vertices of a tree of total size k are q,...,d; in depth-first

order, then the probability of this tree is

k c
[

1=1

k
o=k k- HL

When we condition that the size is %, then the terms involving ¢ disappear.

Thus, P[\/]: 1/3 and p”]: 2/3. Likewise, P[W]: 1/16,
o[ el ey ]

Let T, be a PGW tree on £ vertices. From the above, we see that T1 < To < T3 < Ty4.
In fact, Luczak and Winkler (2004) proved (essentially) that T, < Tx4q for all £ > 1.



If p increases stochastically, then does its tree entropy increase?

1

tree entropy(p) = E, [log degq(0) — Z Epk(o; G)}
k>1

The first term in the tree entropy would then clearly increase, but what about the

second term? Not necessarily!
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However, stochastic increase of p (among limits of finite graphs) does imply increase of
tree entropy (L., 2007).

Recall that PGW(¢) increases stochastically since Pois(c) does. But we are interested
in PGW*(¢), the tree conditioned on survival. Does PGW™(¢) increase stochastically?
What does conditioning do? It is not true that if one offspring distribution dominates
another, then the corresponding Galton-Watson trees conditioned on survival have the

same relationship. Example: pg = ps = 1/2 compared to p; = p3 = 1/2.



Our new work shows that PGW™(¢) is stochastically increasing: therefore f(c) is strictly

increasing in c¢. Furthermore, the second part of the tree entropy,

Epcw () [Z %pk(O; G)] :

k>1
is decreasing in ¢, which leads to an explicit lower bound on the derivative of f:

(c —1)e~cal)
2 9

f'(e) >

C

where ¢ = ("D and 0 < ¢ < 1. We also show that f € C*(1,00).



We will couple PGW™*(¢) and PGW™(¢’) as follows for ¢ < ¢

This requires the following to hold:

e for each k£ < oo, the number of children of the root with descendant subtree of size

k decreases; in fact, the same holds simultaneously in £

e simultaneously the number of children of the root with infinite descendant subtree

increases enough to make up the difference in number of finite subtrees

e finite subtrees can be embedded in infinite ones



To prove that PGW™(¢) stochastically increases, classify children of the root by their
total progeny size & = 1,2, ..., 00 (where the progeny includes the individual and all its

descendants).

Let N, be the number where the progeny size is k. These are independent Poisson

random variables thinned from Pois(c), except that IV, is conditioned to be at least 1.
How do they behave as c increases?

What is the probability prg, that a PGW(c) tree has total size k?



Recall that the component of o in G(n, ¢/n) tends weakly to PGW(¢). Thus, the proba-
bility prg, is the same as the limiting probability that the component of 0 in G(n, ¢/n) is
a tree of size k. Cayley proved that there are "2 trees on k (distinguishable) vertices.

Thus, the expected number of trees of size k in G(n,c/n) is

n kk?—Z <£)k’—1 <1 B £>k(n—k)+(§')—k:+1 N n]{jk_z Ck_l (1 B E)kn |
k n n k! n

Since all vertices have the same probability prg,gn) to be in a tree of size k, we have
n- prgé,n) = k - E[number of trees of size k].

Thus,

prg, = lim prg(n) = lim
k n—oo k n—oo k!

(This is the Borel(c) distribution.) Thus,

(ce‘c)kkk_l
k!

NkNPois< > for k£ < 00.
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Since ¢ — ce” ¢ has its only local maximum at ¢ = 1, the distribution of N} is stochas-

tically decreasing in ¢ for k < oo.



Let Pois"(A) denote Pois(\) conditioned to be at least 1. Then N, ~ Pois™(c¢(1 — g)),
where ¢ = ¢(c) is the extinction probability. The p.g.f. of Pois(c) is s — e“*~1) | so the

extinction probability of PGW(c¢) is the smallest positive solution to

q= ecla=1)

Note that

ce” © = cqe 1.

Thus, c¢q decreases in ¢, whence ¢(1 — ¢) = ¢ — ¢q increases in c.



How much does N, ~ Pois™(¢(1 — ¢)) increase in ¢? If 1 < X < p, then
Pois™(\) & Pois(a)) < Pois™ (1)

when
et —1 1 e — 1
—lo
SIS\

a = a(\ p) = log

(This is best possible: look at the probability of 1.)



If T and T" are rooted trees, write T" <; T" if there is an injective map 7 from the
children of the root in T to the children of the root in T’ such that for every child x of

the root in 7', the number of progeny of z is at most that of i(x).

If T'and T” are random rooted trees, write T' <1 7”7 if T and T’ may be coupled in such
a way that T <; T" a.s.

Recall that T, is a PGW tree on k vertices and that T, < Tyiq.

This implies Ty <1 Tr41 and conversely.



Claim: If 1 < ¢ < ¢, then PGW™(¢) 51 PGW™(¢).
Proof: Tt suffices that N (c) ® Pois(cqg — /¢’) < Noo(c’). This follows from

cqg—cq <alc(l—-q),d(1—-4")).

Claim: If ¢ > 1 and k < oo, then T <1 PGW™(¢).

Proof: Let PGW* (1) denote the weak limit of PGW*(¢) as ¢ | 1. This is the same as the
(increasing) weak limit of T, as k — oo. Since T, <1 Tr41 and PGW™ (1) <1 PGW?*(¢)

by the preceding claim, the result follows.



So
l<c<d = PGW*(c) <1 PGW*(¢) (1)

and

T, <1 PGW*(¢). (2)

To complete the proof that PGW™(¢) < PGW*(¢’), we apply (1) and (2) to each vertex
of PGW™(¢).




Open Questions

Does one have similar stochastic domination for supercritical percolation on regular
trees? This is almost the same as supercritical Galton-Watson trees with binomial

offspring distribution.

Does one have similar stochastic domination for supercritical percolation on Z¢? If so,

one would prove the existence of the “incipient infinite cluster”.

Does one have similar stochastic domination for the rooted giant component before
taking the limit?



How does this give a rate of increase?” Recall that

(e) = Epaw-(o [ log des (0) = 3 2peo:7)]
E>1

The expectation of the first term is clearly increasing in c¢. We claim the expectation of
the second term (without the negative sign) is decreasing in ¢. Recall this is not true

for 17 C T5, unless their roots have the same number of children.

Let X(7,0) := Y, 5opk(0;T)s", the expected number of visits V to the root for a

random walk on 7" with geometric killing. Since

"E[V] -1 Y "E[X] -1 . L
| s [ EE =B Y ) |

S S
k>1

it suffices to show that the PGW*(c)-law of the random variable V' is stochastically
decreasing in ¢ > 1. Again, this is true for fixed trees 7'y C 75 with the same root

degree.



Let Q = Q(7',0) be the probability of at least one return to the root. If the root has
children and (7', 0) is obtained by identifying the roots of the « subtrees (7';,0), then

Q=-Y 0.
1=1

For 1 < ¢ < ¢, we can couple the trees 7" and 7" so that ¢ < ', T; C T for 1 <i < d,
all T'; are independent, all 7% are independent, and the distribution of 77 for j >
dominates that of 7'; for ¢ < <. This means that Q; > @/ for i < ¢ and the distribution
of (); for each 7 < (/ dominates that of Q; for all j >




We want to show that for each k£ > 1,

P[V(T,0) > k] > P[V(T",0) > k].

P[V(T,0) > k] = E[Q"] = E (1 ZQ)

We want to show this is at least
k

B|(Lyar Y ¢
=1

i=d+1

We write the average of ' terms as the expectation of a random average of « terms:

k

/

E EXE[ZXiQ;‘i‘ Z XiQ;}
i=1

1=d+1



k

/

E EXE[ZXiQ;‘F > XiQfL}
i=1

i=d41
By convexity, this is at most

) k
BB ([T x@+ Y we]
=1

i=d+1

By monotonicity, this is at most

o(20) - 20)

This completes the proof.



